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Preface 


The theory of elasticity is not applied mathematics. Solving differential equations and integral 
equations is not the objective of the theory of elasticity. Students and young researchers, who 
can use the modern commercial finite element method (FEM) software, are not attracted by the 
classical approach of applied mathematics. This situation is not good. Students, young 
researchers and young engineers skip directly from the elementary theory of the strength of 
materials to FEM without understanding the basic principles of the theory of elasticity. The 
author has seen many mistakes and judgement errors made by students, young researchers 
and young engineers in their applications of FEM to practical problems. These mistakes 
and judgement errors mostly come from a lack of basic knowledge of the theory of elasticity. 
Firstly, this book provides the basic but very important essence of the theory of elasticity. Sec- 
ond, many useful and interesting applications of the basic way of thinking are presented and 
explained. Readers do not need special mathematical knowledge to study this book. They will 
be able to understand the new approach of the theory of elasticity which is different from the 
classical mathematical theory of elasticity and will enjoy solving many interesting problems 
without using FEM. 

The basic knowledge and engineering judgement acquired in Part I will encourage the 
readers to enter smoothly into Part Il in which various important new ways of thinking and sim- 
ple solution methods for stress concentration problems are presented. Approximate estimation 
methods for stress concentration will be very useful from the viewpoint of correct boundary 
conditions as well as the magnitude and relative importance of numerical variables. Thus, 
readers will be able to quickly find approximate solutions with practically sufficient accuracy 
and to avoid fatal mistakes produced by FEM calculations, performed without basic knowledge 
of the theory of elasticity and stress concentration. 

The author believes with confidence that readers of this book will be able to develop 
themselves to a higher level of research and structural design. 


Preface for Part I: Theory of 
Elasticity 


Part I of this book presents a new way of thinking for the theory of elasticity. Several good 
quality textbooks on this topic have already been published, but they tend to be too mathem- 
atically based. Students can become confused by the very different approaches taken towards 
the elementary theory of strength of materials (ETSM) and the theory of elasticity and, there- 
fore, believe that these two cannot be easily used cooperatively. 

To study this book, readers do not need special mathematical knowledge such as differential 
equations, integral equations and tensor analysis. The concepts of stress field and strain are the 
most important themes in the study of the theory of elasticity. However, these concepts are not 
explored in sufficient depth within ETSM in order to teach engineers how to apply simple solu- 
tions using the theory of elasticity to solve practical problems. As various examples included in 
this book demonstrate, this book will help readers to understand not only the difference 
between ETSM and the theory of elasticity but also the essential relationship between them. 

In addition to the concepts of field, the concepts of infinity and infinitesimal are also import- 
ant. It is natural that everyone experiences difficulties in imagining infinity or infinitesimal. As 
a result, we must use caution when using unbounded or very small values, as the results are 
sometimes unexpected. We should be aware that infinity and infinitesimal are relative 
quantities. 

Once the concepts of field and those of infinity and infinitesimal are mastered, the reader will 
become a true engineer having true engineering judgement, even if they cannot solve the prob- 
lems using lengthy and troublesome differential or integral equations. However, the existing 
solutions must be used fully and care must be taken at times, very large values being treated 
as infinitesimal and very small values as infinite values depending on the specific problem. It 
will be seen in many cases treated in this book that small and large are only our impressions and 
that approximation is not only reasonable but very important. 


Part I Nomenclature 


Stresses and strains in an orthogonal coordinate system 
@, y, Z) 


Stresses and strains in a cylindrical coordinate system 
(r, 8, 2) 


Rotation 

Normal stress and shear stress in a &-7-¢ coordinate 
system 

Remote stress 

Principal stresses 

Principal strains 

Direction cosines 

Pressure 

Concentrated force 

Body force 

Bending moment per unit length 

Twisting moment per unit length 

Twisting moment (torsional moment) or temperature 
Torsional angle per unit length or crack propagation 
angle 

Surface tension 

Airy’s stress function or stress function in torsion 
Stress concentration factor 

Stress intensity factor of Mode I 

Stress intensity factor of Mode II 

Stress intensity factor of Mode III 


Normal stress (6,, 6,, 62) 
Normal strain (€,, €, €z) 
Shear stress (ty, Tyz, Tzx) 
Shear strain (Yxy, Yyz5 Vex) 
Normal stress (6,, 69, 6) 
Normal strain (€,, €9, €2) 
Shear stress (7,9, Toz, Tzr) 
Shear strain (7,95 Yass Yer) 
o 

Normal stress (62, 6), 6¢) 
Shear stress (Tz, Tye, Tce) 
60, To OF Ox00, Syoos Txyoo 
01, 02, 03 

E1, €2, €&3 

i, m,n, @=1, 2, 3) 
porg 

P, Q 

X, Y, Zor F,, Fo 

M,, M, 

M,, or My, 


xviii 


Part I Nomenclature 


Radius of circle or major radius of ellipse or crack 
length 

Minor radius of ellipse 

Notch root radius or radius of curvature in membrane 
Notch depth 

Young’s modulus 

Poisson’s ratio 

Shear modulus 

Displacement in x, y, z coordinate system 


Displacement of membrane 
Width of plate 


8 


Qtmrs.s 


u,v, W 
(Note: v looks the same as 
Poisson’s ratio but is different.) 


Zz 
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Preface for Part I]: Stress 
Concentration 


Part II of this book is a compilation of the ideas on stress concentration which the author 
has developed over many years of teaching and research. This is not a handbook of stress con- 
centration factors. This book guides a fundamental way of thinking for stress concentration. 
Fundamentals, typical misconceptions and new ways of thinking about stress concentration 
are presented. One of the motivations for writing this book is the concern about a decreasing 
basic knowledge of recent engineers about the nature of stress concentration. 

It was reported in the United States and Europe [1-3] that the economic loss of fracture acci- 
dents reaches about 4% of GDP. Fracture accidents occur repeatedly regardless of the progress 
of science and technology. It seems that the number and severity of serious accidents is increas- 
ing. The author was involved in teaching strength of materials and theory of elasticity for many 
years in universities and industry and a recent impression based on the author’s experience is 
that many engineers do not understand the fundamentals of the theory of elasticity. 

How many engineers can give the correct answers to basic problems such as those in 
Figures | and 2? 

The theory of elasticity lectures are likely to be abstract and mathematical. This trend is evi- 
dent in the topics and emphasis of many text books. Such textbooks may be useful for some 
researchers but are almost useless for most practicing engineers. The author has been aware of 
this problem for many years and has changed the pedagogy of teaching the theory of elasticity 
by introducing various useful ways of thinking (see Part I). Engineers specializing in strength 
design and quality control are especially requested to acquire the fundamentals of theory of 
elasticity and afterwards to develop a sense about stress concentration. The subject is not dif- 
ficult. Rather, as readers become familiar with the problems contained in this book, they will 
understand that the problems of stress concentration are full of interesting paradoxes. 

Few accidents occur because of a numerical mistake or lack of precision in a stress analysis. 
A common attitude that analysis by FEM software will guarantee the correct answer and safety 
is the root cause of many failures. Most mistakes in the process of FEM analysis are made at the 
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Figure 1 Stress concentration at a circular hole in a wide plate. How large is the maximum stress? 
(See Figure 1.2 in Example problem 1.1 in Part I, Chapter 1.) 


Figure 2 A cylindrical specimen for comparison of the fracture strengths at a smooth part and a notched 
part under tension (material is 0.13% annealed carbon steel, dimension unit is mm). Where does this 
specimen fracture from by tensile test? (See Figure 14.7 in the Example problem 14.1 in Part II, Chapter 14.) 


beginning stage of determining boundary conditions regarding forces and displacements. Even 
worse, many users of FEM software are often not aware of such mistakes even after looking at 
strange results because they do not have a fundamental understanding of theory of elasticity and 
stress concentration. 

The origin of fracture related accidents are mostly at the stress concentrations in a structure. 
As machine components and structures have various shapes for functional reasons, stress con- 
centration cannot be avoided. Therefore, strength designers are required to evaluate stress con- 
centration correctly and to design the shape of structures so that the stress concentration does 
not exceed the safety limits. 

In this book, various elastic stress concentration problems are the main topic. The strains in 
an elastic state can be determined by Hooke’s law in terms of stresses. In elastic—plastic con- 
ditions, the relationship between stresses and strains deviates from Hooke’s law. Once plastic 
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yielding occurs at a notch root, the stress concentration factor decreases compared to the elastic 
value and approaches one. However, the strain concentration factor increases and approaches 
the elastic value squared. Therefore, in elastic-plastic conditions, fatigue behavior is described 
in terms of strain concentration. However, if the stress and strain relationship at the notch root 
does not deviate much from Hooke’s law or work hardening of material occurs after yielding, 
the description based on elastic stress concentration is valid. In general, in the case of high cycle 
fatigue, it is reasonable and effective for the solution of practical problems to consider only the 
elastic stress concentration. Thus, it is crucially important for strength design engineers to 
understand the nature of elastic stress concentration. 
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Part If Nomenclature 


Stresses and strains in orthogonal coordinate system (x, y, z) 
Stresses and strains in cylindrical coordinate system (r, 0, z) 


Normal stress and shear stress in 7 coordinate system 


Remote stress 

Principal stresses 

Pressure 

Concentrated force 

Stress concentration factor 

Stress concentration factor in elastic plastic state 
Strain concentration factor in elastic plastic state 
Stress intensity factor of Mode I 

Stress intensity factor of Mode II 

Stress intensity factor of Mode III 

Radius of circle or major radius of ellipse 
Minor radius of ellipse (or Burger’s vector of dislocation) 
Notch root radius 

Notch depth 

Young’s modulus 

Poisson’s ratio 

Shear modulus 

Displacement in x, y, z coordinate system 


Shape parameter of ellipse 
Plastic zone size 


Normal stress (6,, 6,, 62) 
Normal strain (€,, €, €z) 
Shear stress (ty, Tyz, Tzx) 
Shear strain (Yxy, Yyz5 Yzx) 
Normal stress (6,, 69, z) 
Normal strain (€,, €9, €2) 
Shear stress (7,9, Toz, Tzr) 
Shear strain (7,95 Yass Yer) 
Normal stress (62, 6), 
shear stress Tz, 
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Part I 
Theory of Elasticity 


1 


Stress 


1.1 Stress at the Surface of a Body 
1.1.1 Normal Stress 


When a body is in a liquid of pressure p, the surface of the body is subject to the same pressure p 
everywhere, irrespective of the material. Naturally the pressure acts perpendicular to the curved 
surface, unless the surface is subject to a frictional force. However, the action of frictional force 
is impossible because a liquid cannot sustain shear stress. 

We describe this condition by saying that the normal stress o, at the surface of the body 
is —p, that is o, = —p. Thus, the normal stress is the force per unit area, when a force acts per- 
pendicular to the surface (Figure 1.1). 


1.1.2. Shear Stress 


When a block, of weight W, is on a flat plate, there is a minimum force, F,, which is necessary to 
move the block (Figure 1.2). This force is expressed by the equation 


F=yuWw (1.1) 


where yz is the coefficient of static friction. Hence, both the bottom surface of the block and the 
top surface of the plate are subject to the same frictional force, F. In this situation both surfaces 
are subject to a shear stress t. Denoting the average magnitude of the shear stress by Taye, 
we have 
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Figure 1.1 
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where A is the area of the bottom surface of the block. In this way we can use the term shear 
stress to express the tangential force per unit area. 


1.2 Stress in the Interior of a Body 


If we consider the small area, AA, in the body shown in Figure 1.1, we can see that it is sub- 
jected to a force acting on the area AA. However, we cannot talk about the normal stress o,, at 
that point yet, because we do not know either the magnitude or the direction of the internal 
force. However, supposing that there exists a normal component of the internal force, AF,, 
we can use this to define the normal stress o,, at that same point in the same way as we did 
at the surface by the limiting expression 


= NA (1.3) 
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Similarly, supposing there exists a tangential component AF; of the internal force, we can 
define the shear stress, t, at AA by a similar equation, 


t= lim — (1.4) 


In the previous case shown in Figure 1.1 we see that, irrespective of the position and direction 
of the area, the only force acting is the normal one. That is to say, o, = —p and t=0 everywhere 
in the body. However, in general problems the conditions are different and the stress varies 
from point to point and the stress field is not uniform. 

When we first meet a problem, we usually have no information about the stress state inside 
the body, as only the stresses at the surface are known. Hence, we can only use this information 
to solve the problem. The stresses at the surface of the body are the keys to solving the problem. 
These, already known stresses (or deformations), are called boundary conditions. 

So now we can start to use the theory of elasticity using boundary conditions, but how can we 
use them to obtain the stresses inside the body? 


1.3. Two Dimensional Stress, Three Dimensional Stress and Stress 
Transformation 


1.3.1 Normal Stress 


When a plate of uniform thickness having an arbitrary shape (Figure 1.3) is subjected to a con- 
stant pressure, p, along its periphery I’, the normal stress o, and the shear stress t at the per- 
iphery I’ are o, = —p and t=0, respectively. However, we still cannot determine the values of 
6, and 7 at an arbitrary point A. How to find the stresses at point A will be explained later. 
Now let us consider a rectangular plate of uniform thickness, as illustrated in Figure 1.4. Its 
boundary conditions are 6, = 0x9 along the side BC and AD, o, = oyo along the side AB and CD 
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Figure 1.4 


and t=0 along all sides. The usual method of describing these conditions is to say, ox = 0x0, 
Txy =0 along BC and AD, and oy =oyo, tyx =0 along AB and CD. The subscripts, x and y in 0, 
and oy mean that o, and o, are normal stresses in the directions of the x and y axes respectively. 
The order of the double subscripts, like xy in t,y, have a universal meaning. The first indicates 
the face on which the stress acts and the second indicates the direction of the shear stress. Thus, 
Txy acts on a face normal to the x axis and acts in the y direction. 

If oyo =0, we can easily see that o, =o 0 at an arbitrary point, E, inside the plate. Likewise, if 
6x9 =0, then oy =oyo everywhere in the plate. Therefore, when either oxo or oyo is not Zero, we 
can easily see that o, = 6x9 and oy =oyo in the plate. This interpretation comes from considering 
the equilibrium of forces within the plate. 


1.3.2 Shear Stress 


Considering the case where shear stresses are the only boundary conditions, as shown in 
Figure 1.5, how do we find the stresses inside the plate? From the equilibrium of forces we 
can see that if tyx9 acts along AB in the negative x direction, ty,9 along CD must act in the 
positive x direction, otherwise the plate would not be in equilibrium. By the same reasoning 
we can see that the shear stresses along BC and AD will act in opposite directions. 

In addition, the plate must be in equilibrium from the viewpoint of rotation as well. There 
must be no effective moments to cause rotation. This is known as the condition of rotation. 
Considering the condition of rotation we can use any z axis which pierces the plate. If we 
choose the z axis which pierces the plate at the point, A, then the equilibrium condition for 
rotation is written as follows. 


BC-t.9-AB—CD-1,,;9 -AD=0 (1.5) 
and as CD=AB and AD=BC then this simplifies to 


Txy0 = Tyx0 ( 1 6) 
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Figure 1.6 


This is simple, but a very important relationship. Equation (1.6) means that shear stresses exist 
only as shown in Figure 1.6a, b. All the shear stresses are equal in magnitude and a shear stress 
cannot exist only on a single side (e.g. AB) or only on a couple of parallel sides (e.g. a couple of 
AB and CD). This rule also holds inside the plate. Although students and engineers sometimes 
underestimate this rule, an exact understanding of it will help to solve advanced problems later. 


1.3.3 Stress in an Arbitrary Direction 
1.3.3.1. Two Dimensional Stress Transformation 


If the boundary conditions of a rectangular plate are like those shown in Figure 1.7, we can 
immediately see that the stresses at an arbitrary point inside the plate are 0, =0x0, oy =oyo 
and Txy =7xyo. However, these stresses are those defined in the x-y coordinate system. In many 
practical problems the stresses in different coordinate systems are needed. 

Now let us determine the stresses o¢, 0, and T;,, defined in the coordinate system (€, 7) which 
is rotated by the angle @ from the x axis in the counterclockwise direction. 

If we imagine a right angle triangle ABC as in Figure 1.8, inside the rectangular plate of 
Figure 1.7, the stresses ox, oy and tx, along the sides AB and AC are 6; =o,0 (along AC) 
Oy = 6yo (along AB) and txy =7xyo (along AB and AC) respectively. For the sake of simplicity 
we take the length of the side BC to be unity, that is |BC|=1. 
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Using the direction cosines of the € and 7 axes with respect to the x and y axes, we can 
express the equilibrium conditions of the triangle AABC in the € and y directions. 
Table 1.1 defines the direction cosines as follows: 


1, =cos0, mj,=sin0 
lb =-sin0, m=cos0 
(og-1)-1=(o,-h)- 1+ (oy: my): my + (try: ly) -my + (tay-71) +L (1.7) 
2t (oy: 


m): my + (Try) +m + (try) “be (1.8) 


In the above equations, the quantities in the parentheses are forces acting on the side of the 
triangle, (stress - area), and the direction cosines that follow the parentheses are the operators for 
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Table 1.1 Direction cosine 


x y 
¢ q my, 
n I my 


obtaining the components of the forces. A common mistake students make when using the 
stress transformation is that they multiply stresses and direction cosines only once. This is 
because they use the wrong condition of stress instead of force! when they are trying to solve 
for equilibrium conditions. 

Arranging Equations 1.7 and 1.8 and adding that for o, gives: 


Oz =6,1)7 + Gym? + 2tyl)m, (1.9) 
On, = Oyly? + oymy? + 2yyl2m2 (1.10) 
Ten = Oxly ly + OyM M7 + Ty (Lym2 + bm) (1.11) 


Rewriting these equations using the angle 0 in Figure 1.8 gives: 


Of = 0, cos?6 + Oy sin’O + 27, COS@- sind 
6n = 6x Sin’ 0 + oy COS*O— 27, CoS O- sind (1.12) 


Tén = (oy - Ox) cos@-sinO + Tyy (cos*0 - sin’) 


When students look at Equation 1.12, they often forget that it was derived using the equi- 
librium condition of forces. This is a very important equation and later we will use it often to 
solve various problems. 

On deriving Equation 1.12, we usually draw a diagram similar to that in Figure 1.8. How- 
ever, it should be noted that in Figure 1.8 we know the stresses on two sides (AB, AC) of the 
triangle and on only one side, (BC), is the stress unknown. 

If we draw the figure like Figure 1.9 instead of Figure 1.8 then we cannot derive 
Equation 1.12 because we know only the stresses on the side (AB) and we do not know the 
stresses 6, 6, and Tz, acting on BC and AC. This is another mistake that confuses many 
students. 

Equation 1.12 was derived assuming that the plate of Figure 1.7 was subjected to a uniform 
stress. However, as we did not talk about the size of the plate we can also use Equation 1.12 in 
the cases of non-uniform stress, simply by imagining a sufficiently small rectangle inside the 
arbitrarily shaped plate, over which the stresses do not vary. As we shall see, Equation 1.12 is 
used often in such cases. 


' The author believes that the teaching of Mohr’s circle is another major cause of misunderstanding. This is because the 
use of Mohr’s circle is usually taught after the derivation of Equation 1.12 and cosine and sine appear only once in its 
analysis. 
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Example problem 1.1 

When an arbitrarily shaped plate of uniform thickness is subjected to a constant pressure, p 
along its periphery, I, verify that the normal stress, o, and the shear stress, t, are o=—p 
and t=0 throughout the plate (Figure 1.10). 


Figure 1.10 


Solution 
We cannot solve this problem by dividing the plane into small parts. We will solve the problem 
by visualizing the plate as an arbitrary shaped part within a larger, known plate instead. 
Look at Figure 1.11. We know that the plate is subject to a constant pressure p along its per- 
iphery. We also know that the stresses inside the plate will be 0, = —p, oy = —p and txy =0 when 
the x—y coordinate system is used. Now, drawing in the periphery /’, as shown with the dotted 
line in Figure 1.11, we take the € axis to be normal to periphery at the arbitrary point B on the 
periphery 7’. Now we take an arbitrary point on the axis, the point O’, and define a &-7 
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Figure 1.11 


coordinate system with the origin at the point O’. When the angle between the x axis and the € 
axis is 0, the stresses at the point B can be obtained from Equation 1.12 and are as follows: 


Oz= 0, c0S"0 +o, sin?0 + 27,yCOS@- sin? = —pcos”0—psin’0 +0=-p 
Ten = (oy -6;x) cos@-sin@ + Ty (cos’0- sin’@) 


=(-p+p)cosé- sind + 0(cos*0- sin’) =0 


Point B is not a special point on the periphery of the plate and so we can see that the normal 
stress and shear stress will be the same everywhere along the periphery. This means that the 
conditions on the boundary of the plate in Figure 1.10, correspond to those of the periphery 
of the plate indicated by I, described within the rectangular plate in Figure 1.11. Consequently, 
to determine the stress state at point A in Figure 1.10, we have only to think of the stress state of 
the identical point A in Figure 1.11. 

As was noted before, point B is not a special point in the rectangular plate and so the stresses 
at point A can be expressed in the same way as those at point B. Thus we can see that the stres- 
ses will be o= —p and c=0 at any point and direction within I’. 

This example demonstrates how we can determine the stress state inside a plate, knowing 
only the boundary conditions and the stress transformation equation. We should notice the fact 
that we did not mention the material of the plate besides its uniform thickness. Never forget the 
conclusion gained from this problem. It is very important not only in elasticity but also in vari- 
ous problems of plasticity. 


1.3.3.2 Three Dimensional Stress Transformation 


This section describes the method to find the stresses in an arbitrary direction, when a solid, 
brick-like body is subjected to a uniform stress (Figure 1.12). 

Suppose that the stresses 6,, Oy, Oz, Txys Tyz» Tzx (MOLE: Tyx = Txy, Tyz = Tzy, Txz = Tx) are known 
and the stresses in the €—7—€ coordinate system are required. We denote the direction cosines 
between these two coordinate systems as shown in Table 1.2. 
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Table 1.2 Direction cosines 
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Even before we find the solution it is possible to guess the form of the final solution. It is 
similar to the method adopted for the two dimensional (2D) case (Section 1.3.3.1) but is length- 
ier. So, before taking the lengthy approach, let us look at Equations 1.9 to 1.11 carefully, spe- 
cifically by paying attention to the regularity of the direction cosines. In addition, we should be 
aware of the fact that the 2D case is just a special case of a 3D case, that is in 2D cases the z and 
€ axes are perpendicular to the 2D plane (x—y and &—-7 planes). Thus, from these considerations 
and Equations 1.9 to 1.11, we can predict the following equations for the 3D case: 


Oz= oh? + oymy? + on + 2(taylimi + Tym Ny + TxM11 ) 
Ten = Onl ly + OyMy My + ON Ny + Ty (lymz +m) 
+Tyc(my nz +m2N1) + T(Ny bh +n2l1) 
(1.13) 
Tee = Oyly 13 + OyMy M3 + O,NjN3 + Ty (Lm3 +13m,) 


+Ty-(mN3 +m3N1) + Tx(m1b +7311) 


Actually, Equation 1.13 is an exact expression. The orthodox, and lengthy, derivation of 
Equation 1.13 was obtained by considering a triangular pyramid (tetrahedron) instead of the 
triangle that was used for the 2D case (Figure 1.8). We take the & axis to be perpendicular 
to the plane ABC and the area of AABC to be 1. Denoting the areas of AOBC, AOAC and 
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AOAB by A,, Ay and A,, respectively, we can see that Ay =/;, Ay =m, and A; =n,. Using these 
relationships and by following a similar method based on the equilibrium condition of force, we 
can obtain Equation 1.13. 

How the stresses of Equation 1.13 act on the plane ABC is illustrated in Figure 1.13. In 
Figure 1.14, we denote og by o and express the resultant shear stress, t, on the plane ABC 
(€-7 plane), as follows: 


T= Tey” + TeC" (1.14) 
We also express the resultant stress, p, on the €—-n plane by the following equation: 


port? (1.15) 


&(1,, my, 1) 
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Figure 1.14 
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When t=0, we have p=o and the resultant force acts perpendicular to the é—n plane. In this 
case, we call € a principal axis. As will be shown later, there are three principal axes. 


1.3.4 Principal Stresses 
1.3.4.1 Principal Stresses in 2D Stress State 


By looking at Figures 1.7 and 1.8, we can see that in general there will be two kinds of stresses 
acting on the plane BC: normal stress o; and shear stress tz,. However, if we vary the angle 0 
continuously from 0 to 2x, we will find that 7;,, vanishes at certain values of 6. 

In Figure 1.15, p is the resultant stress, where p* = oe + Tin? If we take the length |BC| =1 
then we have |AB| =m, and |AC|=1,. Now, by considering the equilibrium conditions of the 
element ABC and denoting the x and y components of the force acting on the side BC by p, and 
Py, respectively, we have: 

Px Oxl; + TyyM (1.16) 


Py =Txyl) + oymy 


As was mentioned before, at certain values of 0, tz, vanishes, so we can write 


+ =Oel 
oo (1.17) 


Py =O0gm, 


because p =o; at those special angles. 


Figure 1.15 
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From Equations 1.16 and 1.17 and denoting o; by o, we have 


Oxi, + Tym =ol 
Pete Te (1.18) 
Txyl] + Oym, =omy 
Rewriting Equation 1.18 gives 
0,—-o)l, + Tym, =0 
ame i (1.19) 
Txyly + (o,-o)m =0 


And by considering the properties of the direction cosines so that we know /,; and m, cannot 
both be zero at the same angle, (i.e. /;7 +m 7 40) then the following equation must hold. 


=0 (1.20) 


Solving Equation 1.20 gives us two roots of o. Denoting these roots by o, and 62, we obtain, 


2 
x 5 od x 4 cor 
01,0.= C + oy) # i oy) bac (1.21) 


0, and o2 are the principal stresses (we define o; > 02). Ina 2D stress state, such as this, there 
are usually two principal stresses. 

From the above discussion, the principal stresses are the normal stresses acting on the 
planes with no shear stress. We can see that the process to obtain Equation 1.21 from 
Equation 1.16 is identical with that to obtain the eigenvalues in linear algebra. This means that 
0, and o> correspond to the eigenvalues and, therefore, are the maximum and minimum normal 
stresses, respectively. The directions they act in are called the principal axes. The direction 
cosines for the principal axes can be obtained from Equation 1.19, that is 


my, 


O-O0> -1 {O-Ox 
tand= or 6=tan (1.22) 


I, Txy Txy 


In linear algebra, two eigenvectors, (i.e. the two principal axes), orthogonally intersect one 
another. This means (J;,7m) - (/;',71’) =0. The same result can be derived by differentiating Oz 
with respect to @ in Equation 1.12 and using the condition do; /d@=0. However, the author 
recommends readers to memorize Equation 1.20 rather than Equation 1.21 or the conventional 
derivation by do; /d0 =0, because Equation 1.20 is not only easy to memorize but it also helps 
us to see the physical meaning in a compact way. This method for the interpretation of the phys- 
ical meaning of the principal stresses helps us to move easily into 3D problems, in which the 
conventional method of reduction becomes very lengthy and boring. 
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Example problem 1.2 
Verify that the principal stresses o, and o> are the maximum and minimum values which nor- 
mal stress can take. 


Solution 
Denoting the direction cosines between the principal axis | and the axes (€, 7) by (J, /2) and the 
direction cosines between the principal axis 2 and (&, 1) by (m,, m2), from Equation 1.9: 


62= 01,7 +o2m 7 S oily? +047 =64 


62= 01,7 +62m\ > ool; + 62m? =67 


Hence, 62 <0¢<0}. 


Example problem 1.3 
Find the principal stresses on the surface of a uniform round bar which is subjected to torsion, 
by determining a shear stress t on the surface. 


Solution 
(Ox-0) ty -o T 
= =o°-7-=0 
Txy (oy - o) T -O 
0, =T, 02=-T 
0|_0 _1O = Nt 
6, = tan~! ——~ = tan 1 stan-!1=— 
Txy T 4 
_1 072-0, _102 2 4 
6, = tan~! ——— = tan7! = = tan“!(-1)=-— 
Txy T 4 


This result means that, as shown in Figure 1.16, the stress state of 0, = oy =0, Txy =T is iden- 
tical to the stress state of o; =7 (tension) and o2 = —t (compression) if looked from + 45°. The 
phenomena of shear fracture of ductile materials along the plane perpendicular to the axis of 


Figure 1.16 
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twisting moment and spiral shape fracture of brittle materials along the plane of ~ 45° are 
related to this stress state. 


1.3.4.2 Principal Stresses in 3D Stress State 


In a manner similar to that used with 2D problems, we can obtain an equation which determines 
the three principal stresses 01, 62 and 03, (6; > 02 >063) in 3D problems: 


(Ox-6) ty Tx 
Try  (dy-0) ty | =0 (1.23) 
Tx Tyz (6, —o) 


Resolving Equation 1.23: 


o- (ox +oy+ 6.)o" + (oxo + Oyo, + O0x-Ty” = Ty,” -Tz")o (1.24) 


- (o, 0,0; t 22 yyTypT ox — Cie —OyT x" —Oztxy") =0 
If we denote the roots by 01, 62 and o3, Equation 1.24 can be rewritten in the following form: 
(6-01) (0-02) - (6-03) =0 (1.25) 
And resolving again we have 
o —J\o° —Jho—J; =0 (1.26) 
where 


J) =0, +062.+03 


Jn = — (0102 +0203 +0301) 
1 
=5 (o1 -o2)° + (02-03) + (03-01) -2(o) +00 +03)" 


J3 =0 0203 


Since the principal stresses 0), o2 and o3 are independent of the coordinates chosen, Jj, J2 and 
J; are constant in a certain stress state and are called the first, second and third stress invariants. 
If we note the equivalence of Equations 1.24 and 1.26, we will understand that 


J| =01 +02 +03 =0,+ Oy +6, =0¢+ 0) +0¢ (1.27) 


Jn = — (6102 +0203 +0301) =— (oxy + 0y0,+ 00x Ty” —Tyz” —T zx”) (1.28) 
= — (6264 + 00¢ + 0¢02—Tin” — Tye” — Tee”) 
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2 2 2 
J3 = 010203 = 0,00; + 20 yyTy:T 2x — OxTyz” — OyT zx" — OzT xy (1.29) 
= 2 2 2 : 
= 6006 + 2eqTyetee— Cet” — Ontee” —OcT én 


We have obtained these important equations (Equations 1.27 to 1.29) without solving 
Equations 1.23 and 1.24. In general we cannot solve Equation 1.24 in the traditional manner, 
using a compass and triangles (which are used to find the principal stresses in 2D problems). 
This means that we cannot draw a so-called Mohr’s circle from the stresses (6,, oy, 62, Txy 
Tyz» Tzx). However, we should not be disappointed, because Mohr’s circles are not as important 
as they are widely assumed to be. J; is the quantity related to the component of hydrostatic com- 
pression of a stress state and, as explained later, it is the quantity related to the volume change in 
terms of strains through Hooke’s law. J> is the quantity related to the cause of plastic deformation. 
The meaning of J; is not clear as J, and Jz. Equation 1.23 is simple and impressive, and as engin- 
eers know there is beauty in simplicity. This equation will also be very useful in later problems. 


Example problem 1.4 
Verify that the three principal axes intersect each other orthogonally in 3D problems. 


Hint 
Pay attention to the definition of the principal stress and the nature of shear stress. 


1.3.5 Principal Shear Stresses 


In the case of 2D stress states, the principal shear stress is called the maximum shear stress. 
Materials can fail by tensile normal stress or by shear stress depending on their ductility or 
brittleness. Failure of materials by shear stress occurs mostly in a plane with the maximum 
shear stress. 

First we shall consider the maximum shear stress in a 2D stress state. From Equation 1.11, 
when ox, oy and Tx, are known, the shear stress on the plane = constant, or 7 = constant, can be 
expressed as 


Ten = Onl ly + OyM{ M2 + Try (Lymz + Lm) 

Since 6x, oy and Tx, are known, we can determine the principal stresses o, and 62 and the 
direction cosines. Now, supposing that /,’, /,’ and so on are direction cosines defined between 
the € and 7 axes and the principal axes (direction of the principal stresses), we have 

Tey = Ol; ly’ + onmy'my’, 0|>02 (1.30) 
and by considering the nature of the direction cosines (see Appendix A.1 of Part J), 
L'L! +m 'm!' =0, 
we obtain, 


Tey = (01-02) hb! (1.31) 
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Now we need to know the direction in which /;'1,’ becomes maximum. Since (6; —62) is a quan- 
tity that is constant irrespective of the direction, we must make |/,'/,"| the maximum. 

Since 1'\2 + I'.:= 1, we have the absolute maximum value of zz, when |/;'| = |/'| and so we 
have the angle at which the maximum shear stress acts: 


O=2/4 or (#/2+27/4) (1.32) 


(01-02) (1.33) 


Tmax = 


Nile 


In Equation 1.33, the plus and minus signs in front of the parentheses are not important, they 
only indicate the direction of the shear stress. This result means that the maximum shear stress is 
in the plane at an angle of x /4 from both the principal axes. Looking at the stress state from the 
direction of one of the principal axes and using a similar method, we can derive the principal 
shear stresses in three dimensions that correspond to Tmax in 2D problems as follows: 


I I 1 
71 = 5 e203], 72=5|63—01|, 73 = 5|61—02| 88) 


One of the shear stresses is algebraically maximum, another minimum and the last one is 
between these. 7; acts on the plane which divides equally the angle made by two planes on 
which o2 and 063 act. The same rule applies to 72 and 73 respectively. 


Problems of Chapter 1 


1. A tensile test was carried out on a belt which was made by bonding the straight ends, as 
shown in Figure 1.17a. A tensile fracture occurred from the bonded end at 1/400 of the 
original strength of the belt. In order to increase the strength of the bonded end, the belt 
was sliced in an inclined direction and was bonded again with the same bond. Determine 
the approximate angle of slicing in Figure 1.17b to prevent fracture at the bonded interface. 
Assume that the bonded interface fractures only by tensile normal stress and the fracture is 
not influenced by shear stress. 


(a) (b) 
Bonding 


t 


Bonding 


Figure 1.17 


2. Determine the stress inside a cylinder which is subjected to the same internal pressure p; 
and external pressure p,, that is p;=Po = —Do. 

3. When the normal stress o; and shear stress 7;,, in the direction of 0 =o against the axis of 
the bar at the outer radius of a cylindrical bar under a twisting moment are og =o9 and 
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Ten =To, respectively, determine the normal stress o, acting on the plane =p +2/2 in 
terms of oo, where 0 is measured in the counterclockwise direction against the axis of 
the cylindrical bar. 

When a solid body with no hole inside is under a certain stress state and is afterward 
subjected to a constant pressure p at the outer surface, verify that the shear stress in the 
interior of the body does not change regardless of the shape of the body due to the applied 
pressure p. (The conclusion of this problem means that the increase in hydrostatic 
pressure does not contribute to the deformation and fracture of materials originated by 
shear stress. Actually, many objects which we can deform easily on the ground can endure 
the deformation even under high pressure at the bottom of deep sea without chan- 
ging shape.) 

Denoting three principal stresses by 01, 62 and 03 (6) 2062 203), verify that the possible 
value at which normal stress o in an arbitrary direction is limited within 03 <o0<o,. 
There is a tubular rubber balloon which has length /, diameter d(d<</) and thickness of 
rubber t (t<<d). This balloon is subjected to an internal pressure p. Figure 1.18 shows the 
balloon which is subjected to a twisting moment T in addition to the internal pressure p. 
The twisting moment T is increased gradually. When T approaches a critical value Ty, it 
suddenly becomes impossible to increase T continuously. What phenomenon occurs to 
the balloon? Describe the phenomenon as quantitatively as possible and determine the 
value of Ty. 


Figure 1.18 A tubular balloon subjected to an internal pressure p and a twisting moment T 


2 


Strain 


2.1 Strains in Two Dimensional Problems 


Strains are quantities which indicate a measure of the deformation of bodies. When a plate is 
loaded as shown in Figure 2.1, the position and shape of an arbitrarily imagined small element 
will change. 

In two dimensional problems, as in Figure 2.1, the change in position of a point (x, y) in the 
body is usually described by the displacements (u, v) in the x and y directions, respectively. We 
can easily see that a large magnitude of u and v do not necessarily correspond to a large deform- 
ation of the plate, because it is possible to move the whole system in the x or y direction without 
deforming the plate. This is illustrated in columns (a) and (b) in Table 2.1. 

In practical problems, the variation in the length of the sides of element ABCD in Figure 2.1 
and the variation in the angles made between neighboring sides are important. The former is 
normal strain and the latter is shear strain. 

We denote the coordinates of the four points (A, B, C, D) which compose a small rectangular 
element as shown in Figure 2.2. If the x coordinate of point A changes from x to (x+u) after 
deformation of the plate, the x coordinate of point B may be written as (x+u+dx+0u/dx-dx) 
(note that 0 is partial differentiation). Therefore, the length between A and B changes from dx to 
(dx + du/dx-dx). So, as mentioned in the elementary theory of strength of materials, normal 
strain e, in the x direction is defined as 


€, = Increase in length /initial length 


(dx+(du/dx)dx)—dx _ du 
dx ~ Ox 
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Figure 2.1 
Table 2.1 
Deformation — (a) (b) (c) (a) (e) (f) 
B--G ony f q Orww =! pes] 
p qo 1 at \ ' ' 
Eo 6 
oO N rg { o _ 
Cl = ‘ 7 
Strain €,=0 €,=0 ou €,=0 €,=0 ou 
&=— &=— 
ox ox 
dv dv 
éy=0 €y=0 éy=0 art €y=0 er 
du av du ov 
YVxy =0 Yxy =0 Yxy =0 Vxy = Vy = oy zr ax Vay = oy f ox 
Rotation w,=0 —_ 1 fav du\ @,=0 @,=0 a 1 /ov du _1fov_ du 
“~2\dx dy ““2\ax dy) * 2\ax ay 
Di, y+dy) C(x+dx, y+ dy) 
AC, y) Bix+dx, y) 


Figure 2.2 
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Likewise, in the y direction we have 


_ ov 


a (2.9) 


ey 


So, physically, the normal strain is defined as the increase in length per unit length. However, 
knowledge of the normal strains, ¢, and ¢,, which describe the elongation of length is not suf- 
ficient by itself to describe the deformation of the rectangle ABCD. 

In general, the right angle corners at A, B, C and D do not remain right angles after deform- 
ation. For example, the rectangle may undergo deformation as shown in Figure 2.3a. In this 
case, points C and D move to points C’ and D’, respectively. This deformation is described 
by the angle y. The angle y is called shear strain and is usually written as y,,. However, in 
general, a rectangle will deform as shown in Figure 2.3b and not like Figure 2.3a. In such cases 
it may be seen that y,, is written as 


Yxy = ZDAD! + ZBAB’ 


du ov 
are + a (2.3) 

Now, in addition to shear strain, we can see that the body in Figure 2.3 is rotated, that is in 
Figure 2.3a the line AD rotates by y but the line AB does not rotate. The definition of rotation 
for the element ABCD is reasonable if we manipulate the deformation to obtain the state of non- 
rotation of the element, that is, if we have equal angle displacements of B to B’ and D to D’ by 
removing the counter-clockwise rotation w, from the state of deformation. Therefore, 


1 fou = av : ov fe 1 fou x ov ou (2.4) 
=~(~—+=]+o,= -o,=— ; 
2\dy ox “Ox 2\dy ox * oy 
So we have the following equation as the definition of rotation of the element: 
1 fov ou 
2==(—-— 2 
neg (= | 2>) 


A B 


Figure 2.3 
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In this way we arrive at the basic patterns of deformations, illustrated in Table 2.1. 

Although the deformations in Table 2.1 and Figure 2.3 are exaggerated, it must be noted that 
strains e and y of metallic materials in an elastic region are in the order of 107. Thus, we must 
treat carefully the analysis of the small quantities related to strains. 


2.2 Strains in Three Dimensional Problems 


In the consideration of three dimensional problems, we have to regard an rectangular element, 
ABCD in Figure 2.1 as a single rectangular plane of a brick-like body, within a three dimen- 
sional body. We have additional two planes, the y—z and z—x planes. Thus, we can define the 
following six strains and three rotations using the displacements u, v and w in the x, y and z 
directions, respectively. It should be noted that six strains can be denoted by only three 
displacements. 


ou ov ow 


ae ay" Oe (2.6) 

_ ou, ov _ ov, ow _ ow | ou ; 
Pay By ax? 92" By? TO Ox Oz 

_1(av_aey 1 (a_d») 1 (au_aw a 

ee 9 \ Ox dyf? * 2\ay az]? * 2\dz ox 


2.3 Strain in an Arbitrary Direction 
2.3.1 Two Dimensional Case 


In practical problems it is often necessary to determine the strains in a direction, different to the 
directions €x, €y, 7xy, in which the strains are already known. Using the same method of denot- 
ing the direction cosines as we used for stresses and by studying Figures 2.4 and 2.5, we can 


Figure 2.4 


Strain 25 


a 
Figure 2.5 


calculate the relative displacements of the point C from the point O. For the sake of simplicity 
we take the length OC and OC’ to be unity. So the relative displacement 6, and 6, of the point 
C to the point O are written: 


Oy = Exl, + Om, (2 8) 


dy = Oil; + EyM| 
In the above equation /, and m, indicate the lengths of triangle sides. Since €; denotes the exten- 


sion of the length OC in the direction of the € axis, by taking the components of 6, and 6, in the € 
direction we have 


€¢ = Oyl} + dm (2.9) 
Combining Equations 2.8 and 2.9 gives us 
€e= el + eym? + (0; +02)lim, = el + eymy? + Yoylim (2.10) 


And since the relative displacements 6’, and 6’, of point C’ to O are 


61. = €,l, +O2m 
oe ee (2.11) 
oy =O,lb+ éyM2 
We have the following equation for e,: 
€,= Bl" + eymMy” + ,yloita (2.12) 


Now, from Equations 2.8 and 2.11 and by further considering Figure 2.5b, we can see that yz, is 


Ven = 91 + 03 = (5xl2 + Sym) + (dd, + dy) 


(2.13) 
= 2ehb + 2eym M2 + Voy (Lime + bm) 
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Finally, if we rewrite the equations for é¢, €, and yz, using cos@ and sinO instead of /; and m, and 
so on, we have 


&¢ = €,COS"O + eysin’@ +7,yCosd- sin 
E, = €x8in’O + €ycos?O— YxyCOSO- sind (2.14) 
Yen =2 (ey —€,) cos@-sind +7,,, (cos*@—- sin’) 


It is interesting to compare Equation 2.14 with Equation 1.12 for stress, and examine the simi- 
larities. If oz, 6, and tz, in Equation 1.12 are replaced by éz, €,, and yz,/2, the equation becomes 
the same as Equation 2.14. It obeys the rule of tensor. 


2.3.2. Three Dimensional Case 


Using the same theory and method as we used for stress, we can predict the transformation x, y, 
z to &, n, ¢ into three dimensional strain components by using direction cosines. Alternatively, 
we can reach the same conclusion by studying the similarities between the stresses and the 
strains where normal stresses and shear stresses correspond to normal strains and the half values 
of shear strains, respectively. Either way will lead to 


2 2 2 
Es = Ely teymy ten +7 yhim + yy +711 
=e] 2 2 2 i l 
Eq = Exly” + €yMg* + E-N2” +7122 + Yy,-MQN2 + Y N22 
Yen = 2(élih + €ymymy + €:N\N2) +Y xy (Lim +m) (2.15) 


+Yy-(min2 +g) + 7(Mb +N2h1) 


2.4 Principal Strains 


The normal strains in the coordinate system in which the shear strains are zero are called the 
principal strains. Although the principal strains can be determined in a similar way as principal 
stresses (see Section 1.3.4), we must take extra care in deriving them, because rotation of the 
coordinate system can lead to much confusion. 

For example, the displacements in Equation 2.8, include rotation w, and can be decomposed 
into elements of pure deformation and pure rotation. So: 


1 1 
Ox =é,l; + 02m, =é,l; + 5 (M1 + O2)m = 5 (M1 —O2)m, 
(2.16) 
oy =O,1,+ EyM, = 5 (M1 HF 2) ly + éym, + 5 (M1 -65)l, 
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Equation 2.16 may be expressed in matrix form: 


1 1 
by Ex 5 (91 + 92) h 0 — 5 (41-82) h 
= + 
6 1 1 
y 5(1+%) — & me 5 (41-02) 0 a 
(2.17) 
Ex ay I 0 -—W, I 
= + 
1 m a, 0 m 
ay &éy : : : 


The first term in Equation 2.17 describes pure deformation and the second term in 
Equation 2.17 describes pure rotation. What this equation means is that, due to the effect of 
rotation, there is an infinite number of possible displacement systems that have the same pure 
deformations, but different rotations. In order to determine the actual deformation of the body, 
we must obtain the principal strains from pure deformation when rotation is not present. 

The manner in which we determine the principal strains is similar to that used to determine 
the principal stresses. Thus, the necessary condition for € and 7 to be the principle axes, is that 
the points C and C’ in Figure 2.4 stay on the € and 7 axes respectively after deformation. If we 
write this condition for a two dimensional case, we have 


1 
(€x =e) ay 
' =0 (2.18) 
ghey (é = e) 


and by solving this quadratic equation, we can obtain the principal strains, ¢; and €2(€) > €2). 


€1,€2.= ((e-+6) + (ex-€) +15] /2 (2.19) 


The mathematical procedure used to find the principal strains is similar to that used to find the 
principal axes of an ellipse which was a circle prior to deformation. The same method is used in 
three dimensional problems to find the principal axes (and hence strains) of an ellipsoid which 
was a sphere before deformation. Therefore, using a similar derivation, we can get the follow- 
ing equation from which we can calculate the three principal strains: 


1 1 
(ex =e) ay gla 
1 1 
aly (e) -e) ahve (2.20) 
1 1 
ala ahs (€ é) 
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We can derive the three principal strains €), ¢2 and €3 (€] > €2 > €3), and using factorization, 
we have the following form: 


(e-€1)-(€-€2) -(e-€3) =0 (2.21) 
And if we note that expanding Equations 2.20 and 2.21 give the same results, we obtain 
THe tey te, =€) +62 +83 


ene 2a 
Ih=—| bxby + €y€ + E€x— Tay Gly Glo 


gry ~4he 4 
= —(€1€2 + €2€3 + €3€) (2.22) 
el li % 
= ExEyE, + gil ylox gets: = goa aes getay 
= E1E2€3 


So, principal strains are scalar quantities which are independent of choice of coordinate system; 
accordingly J, J, and J; are constants. [,, J, and J, are called the first, second and third strain 
invariants, respectively. 

Due to the fact that the angle 2/2 between the two principal strain axes does not change dur- 
ing deformation, J; gives us a measure of the change in the volume of a cube. In the same way 
we can easily see that (ex + ey) gives us a measure of the change in the area in a two dimen- 
sional problem. It is interesting to note that, although the result for strain has the same form as 
that obtained for stress, their derivations are totally independent of those for stress. 


2.5 Conditions of Compatibility 


From Equation 2.6 we can see that the six strain components (€x, €y, €z 7xy> Yyz» Yzx) are defined 
from the three deformation components (u, v, w). However, we still do not know if it is possible to 
obtain the deformation components from the strain components. If we assume the six strain com- 
ponents to be independent functions of x, y, z, it would appear that we could calculate the deform- 
ation components from part of the strain components by Equation 2.6 because we do not need all 
six strain components for the calculation of the displacements. However, by this calculation we 
may obtain different displacements at the identical point, depending on the choice of strains for 
the calculation. In such a case, the different displacement at the identical point produces the dis- 
location. If a problem contains a dislocation from the beginning, these solutions may be allowed. 
However, in most cases the existence of a dislocation, that is the discrepancy of displacements 
obtained from a finite number of strains, is not acceptable for the exact solution. To avoid such 
incompleteness in solutions, we must assume that the strains are interdependent. Their relation- 
ships are called the compatibility conditions and are derived as follows. 
0/dx, d/dy and d/dz are represented by D,, Dy, D, and so the strains are written as 


€:=D,u, ey=Dyv, &€,=D,w 
: (2.23) 
Vxy =Dyut+ Dyv, Yy,=Dv+Dyw, 7z.=D»w+ Du 
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where the strains €, €y, €z, Yxy> Vyz» Yzx are considered to be the vectors in the three dimensional 
space (u, v, w). If we choose four arbitrary strains from six strains, they must be linearly 
dependent on each other. 


Example 


Choosing éx, €y, €, and yxy as the four arbitrary strains, we can write their linearly dependent 
relationship as follows: 


CLEx + C2Ey + CZEz =7V xy (a) 
cD,u+cxDyv + c3D,w = Dyut+ Dyv (b) 
then 
Dy D, 
a Se awa o = 0 Cc 
cl D, C2 D, C3 (c) 
substituting (c) in (a) 
D D 
D.* + Dp,” =Yxy (d) 
From this 
Dye, + Dy ty =DyDyY ny (e) 
Namely 


Oey dey _ OY ry 


dy” +e = ax-dy (f) 


Equation (f) is one of the conditions of compatibility. There are 15 different combinations for 
arbitrarily chosen four strains from the total six strains. If the above method is used for each of 
the 15 combinations of four strains, many results are repeated. As a result, we arrive at a final set 
of six equations. These are the compatibility conditions. 


We, a Oey Wy Oey 0 ( OY yz re OY -x + 32 


dy2 dx? dax-dy’ “dy-dz ax\ ox dy az 
dey a de. = ee 2 dey _ 0 OY yz 7 OY x ~ Oi (2.24) 
022 oy? dy-dz’ ~~ dz-dx = dy\ ax day az 


0", ; ee Ory 5 de, 0 (= F Oe 2 32) 


ax az dz-dx’ “ox-dy az\ax oy a 
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Equation 2.24 is the necessary and sufficient condition that must be satisfied when the strains 
are defined in the manner of Equations 2.6 or 223°. 


Problems of Chapter 2 


1. Ingeneral, the measurement of shear strain at a certain point is more difficult than the meas- 
urement of normal strain at a point. Identify the minimum information required about nor- 
mal strains at the same point, to determine the shear strain without measuring shear strain. 

2. Draw an x—y coordinate with origin O on a plate. Define point A on the x axis and point 
B on the y axis as OA=a and OB =D. Calculate the rate of the change in the area AOAB 
when the plate is subjected to uniform strains e,, €, and /xy. 

3. Verify that, although y,,=0 in the case of Table 2.1c, the shear strain yz, (defined in a 
different coordinate system ¢-7) is 7z, #0. Verify, however, that the rotation w, measured 
in the —n coordinate system is also 0; that is w,=0, as in the xy coordinate system. 

4. Inorder to make approximate equations for expressing the stress and strain distribution in a 
limited area of a plate under a certain loading, normal strains in three directions €,, ¢y and 
€45° at Six selected points on the plate were measured by using strain gages. Regarding ex 
and ey, the values were successfully measured at the six points and the following approxi- 
mate equations were made. 


Ex =Ay Fay X+ Any + 43x +.a4y” + asxy (a) 

€y =by + bx + bry + byx” + bay” + bsxy (b) 

However, regarding €45°, the strain at one point could not be measured due to the failure 

of electric wire and only the data at five points were obtained. In such a case, judge whether 


there is a logical method to express yxy approximately by an approximate equation as 
follows: 


Yry =C0 +C1X+CoY +.03X° +049" + O5xY (c) 
5. Referring to Figure 2.6, show that the strain components in the polar coordinate (r, 0) are 


expressed by the following equation, where u is the displacement in the r direction and v is 
the displacement in the @ direction, respectively. 


_ ou 
o= 5, 
ul adv 
Se gaps 2 ger 2.25 
e eat 00 ( ) 
1 du ovev 


a A ee 
tro r 00 or r 


' A more complicated, classical derivation of the compatibility equation is shown in Reference [1]. 
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Figure 2.6 


In the above equation, it must be noted that the importance of the first term in the equation 
of €g is very often overlooked, though ég is directly related with u even in the case that 
displacement v in the 6 direction is 0. 

For two dimensional axisymmetrical problems, v=0 and Equation 2.25 is written as a 
special case of Figure 2.6 as follows: 


ee 
o (2.26) 
u 

€g=—- 
7 


Equation 2.26 is the basic equation for axisymmetrical problems and actually will be 
applied for solving many 2D axisymmetrical problems. It must be noted that a very typical 
and common mistake for the determination of u is to pay attention to the first equation of 
Equation 2.26. However, the first equation is expressed in the form of a differentiation and 
it is not relevant to obtain u from e,. If we use the second equation, u can be directly 
obtained from €ég. 


Reference 
[1] I. S. Sokolnikoff (1956) Mathematical Theory of Elasticity, 2nd edn, McGraw-Hill, New York. 
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Relationship between Stresses and 
Strains: Generalized Hooke’s Law 


Here we will consider the relationship between stress and strain in the elastic region of isotropic 
and homogeneous materials. If a material is isotropic, it means that the elastic properties do not 
change with a change in direction. However, this is for an ideal case. In reality we cannot have 
completely isotropic materials. Many materials, when considered in microscopic detail, are 
anisotropic. However, if the microstructure is randomly formed then such materials can be trea- 
ted as isotropic when dealt with on a macroscopic scale. 

Homogeneous means that the elastic properties of the material do not vary from place 
to place. Once again this is a simplification as we cannot have completely homogeneous 
materials. In particular we must be careful not to take materials that have a different structural 
organization on a microscopic level in each crystal unit to be homogeneous. 

Furthermore, if we consider materials on an even smaller scale, they become discontinuous. 
If we take the crystal unit to be the smallest element in the material, then when we consider the 
macroscopic scale, we can treat the material as a practically homogenous one. 

In this book, we deal with the elasticity of isotropic and homogeneous materials only. In 
addition to this, the cases we will consider will be in the region of the linear relationship 
between stress and strain, as we will only use small values of strain. 

If we assume that stress and strain are a function of one another, we have the relationship: 


Ox =f (ex, Ey, Ez, xy? on -) (3.1) 


If ey =€y =€,=Yy, = ... = 0, 0, = 0, then by using the Taylor expansion to expand o, and 
neglecting the small terms (second degree and higher order), we will obtain the following 
equation: 


Ox = Cp Ex + C12£y +C13Ez + C1A4Y gy + C15 ye + C16 cx (3.2) 
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where c,, to ci6 are material constants. The other components can be expressed in the same way 
as follows. 


Ox =Cyey + C12€y +C13E, + C14V xy + C15V yz + C16Y zx 
Oy = C21 Ex + C22Ey + CIZ3Ez + C24V xy + CI5V yz + C26V zx 
Oz = C31 Ex + C32€y + C33Ez + C347 xy + C35 Yyz + C36 2x 
Try = Cay Ex + Can Ey + C43€z + C44 yy + C457 yz + C46Y zx 
Tyz = C51 Ex + C52Ey + C53E, + C54Y xy + C55Y yz + C56 2x 


Tz = Col Ex + Ce2€y + C63E€z + C647 xy + C65 Vyz + C66Y zx 
Rewriting these equations and expressing strain as a function of stress gives 


Ex = A] Ox + Aj20y +1307 + A 4Txy + A15Ty, + A16T zx 
Ey = 21 Oy t+ A772 0y + 47307 + A74T xy + A25Tyz + A26T zx 
Ez, = 310, + a320y + 4330,+ 34T xy + A35Tyz + 36T zx 
V xy = 441 0x + Aq20y + 430, + AggT yy + Ag5Tyz + A46T zx 
Vyz = 51 0x + 52 0y + A530 + A54T xy + A55Tyz + A56T zx 


Vex =A610x + 620 y + 630, + A64Txy a Aes5Tyz + d66T zx 


where aj;(i, j= 1-6) are the values related to elastic moduli. 

Considering the above equation, it would appear to be possible to alter e, by changing txy. In 
reality, however, this does not occur. 

Additionally if we consider the case of a4 >0, as shown in Figure 3.1a, when 7x, is positive, 
€x > 0, that is it extends in the x direction. Inversely if t,y <0 (Figure 3.1b), the plate contracts in 
the x-direction. 

Now, if we look at Figure 3.1a from the back it is the same as Figure 3. 1b, that is e, <0. This 
means that if a,4 >0 we get two contradictory conclusions. The same happens if we take a,4 <0. 
Therefore the satisfactory solution is only for a,;4= 0. Using the same logic we can write 


(a) (b) 


Figure 3.1 
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Q4 = 415 =a16=0 
24 = 425 = Ay =0 


34 = 35 = 36 =0 


(3.5) 
41 = G42 = 443 = 45 = A4g =0 
51 = 452 = 453 = 54 = 56 =0 
61 = 462 = 463 = 464 = 65 =0 
And considering an isotropic and homogeneous body, we can see 
Q\1 = 422 = 433 =a} 
42 = 13 = 421 = 23 = 431 =A32 = az (3.6) 
044 = 455 = 66 = 43 
Thus, 
€y =A 6, +a (oy +0:) 
£y =A 0y + a2(0, + 0x) (3.7) 
€:=|0,+a (ox +oy) 
Vay =43T xy. Vyz=3T yz, Vzy = 3 Tx (3.8) 


From Equation 3.8 we can understand that when the shear stress is zero, the shear strain is 
also zero. We can also see that the principal axes of strain correspond to those of stress. So if the 
strain is in the direction of the principal strain of the axes, 


€) =ajo, + ay(o2 + 03) 
£2 =a) 02 + a2(03 +61) (3.9) 
€3 =ajo3+ a7(o1 + 02) 

Using the direction cosines already defined between the principal axes and the coordinate 
axes, we can express shear strain in terms of normal strain and shear stress in terms of normal 
stress, that is from Equations 2.15 and 1.13 as follows. 

Voy = 2 (rl + enmymy + €3\N2) (3.10) 
Txy = Oy lL + 0pm, Mz + .63N{N2 (3.11) 
Now, looking at the relationship between the first part of Equation 3.8 and Equations 3.9, 


3.10 and 3.11, we find that a3 is not independent of a, and a>. So, from Equations 3.8, 3.10 
and 3.11, 


2(e1lib + €m,mM2 + €3N\N2) =a3(o lly +02m,mM 2 +03N\N2) 
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Substituting Equation 3.9 into the left-hand side (LHS) of the above equation, 


LHS =2/a) CD +o2om,mM)2 + 063N\N2) +ay(o1 +02 +03) 
(lil +m mM +nn2)-a2(oilh +o2m,mM2 +03N\N2) 


=2(a)-a2)- (oil + opm m2 + 03N\N2) 
Hence, 


a3 =2(a)-a2) (3.12) 
We can see that the number of independent elastic constants are two, where by using, 
a =1/E, ay=-va, (3.13) 
Thus, we get 
a3=2(1+v)/E (3.14) 


Finally, we get the following equations as the generalized Hooke’s law equations for iso- 
tropic and homogeneous materials. 


1 
&x= 5 [ox-v (oy +o-)| 

1 
&= 5 [oy -U(:+6%)] (3.15) 
ee 


Vxy = Txy/G, Yyz2 = Ty,/G, Va = Tx/G 


where, E is Young’s modulus, v is Poisson’s ratio and G is shear modulus. The relationship 
between them is as follows. 


G=E/2(1+v) (3.16) 


In addition, Hooke’s law for the cylindrical coordinate system (7, 0, z) is written as follows. 
=e [o,-v(o9 + 0;)| 


1 
€9= 7 [00—v(oz + or)| (3.17) 


1 
E,= E [o,-v(6, + 66) 


Yro = Tro/G, Yo, = T9:/G, Yer = Tz/G 
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Example problem 3.1 

Looking at Figure 3.2, we can see that a holed rectangular plate subjected to the stresses shown 
here will obviously have no shear stress on its certain planes. Using OA (as in T,,), denote the 
coordinates where shear stress is zero and explain why the shear stress is zero. 


Solution 

Since shear stress does not act on free surface, shear stresses at the free surfaces of the plate, 
which are the upper and lower ends of the plate, the both sides of the plate and the circumfer- 
ential edge of the hole, are obviously zero. 

Moreover, since shear stress is related to shear strain by Hooke’s law, the shear stress on the 
line, along which shear strain is obviously zero, is zero, even at nonfree surface. Such lines can 
be found as follows. Since shear strain is a change in the right angle which is 90 degrees in a 
coordinate before deformation, if the right angle is kept unchanged after deformation, the shear 
strain is zero and as the result shear stress is zero, according to Hooke’s law. To practice this 
judgement concretely and easily, we have only to put a small cross mark (+) at the point in 
question. We can judge, if shear strain exists or not by distortion of the cross mark. 

Following the procedure explained above, the solution for Figure 3.2 can be derived as follows: 


Ty =0 along y= +L 
Ty =0 along x= +W Reason: Free surface 
Tg =0 at the circumferential edge of the hole 


Reason: Cross mark on these axes are 


Txy=0 along x axis . 
“i . } not distorted due to the symmetry, 


T,=0 alon axis ; — 
7 ao that is the shear strain is zero. 


at) 


Figure 3.2 
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This problem may look easy, butin the author’s experience, most students are not good at solving 
this kind of problem, because this problem requires the ability to judge the location of zero-shear 
stress based on an intuitive ability without computational numerical analysis. If we know all the 
stress components after computing the stress field by software, such as FEM, and we determine the 
principal axes as explained in Chapter 1 of Part I, we can indicate the location and direction of the 
zero-shear stress. However, itis important to judge this kind of problem intuitively in practical situ- 
ations without time- and effort-consuming numerical computation. Such an ability will be useful 
for solving problems of a higher level and also to solve three dimensional problems. 

Hooke’s law is very important not only for the form of Equation 3.15 but also for the role of 
bridging the nature of stresses in Chapter | and strains in Chapter 2 of Part I. Hooke’s law will 
be used in many problems treated in this book in later chapters. 


Problems of Chapter 3 


1. Derive Hooke’s law of Equation 3.17 in the cylindrical coordinate (r, 0, z). 
A cylindrical bar of a diameter d was subjected to twisting moment T. The strain e in the 
direction of angle 0 against the cylinder axis on the surface of the cylinder was measured by 
strain gage. The value of ¢€ was ¢ =e9. Answer the following questions for 0= 30°, 
d= 50 mm, €) = 500x 107°, Young’s modulus E = 206 GPa and Poisson’s ratio v= 0.3. 


1. Determine the normal stress o in the direction of 0. 
2. Determine T. 


3. Figure 3.3 shows a rectangular plate containing a rigid circular plate and a circular hole. 
When tensile stress o, =o9 is applied at the ends of the plate y= +L, indicate the lines 


y 


Figure 3.3 
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where shear stress is judged obviously 0. Regarding the zero-shear stress, indicate the 
coordinate in the form of t,, and explain the reason for zero shear stress. 

4. The surface of a cylindrical bar of material A with diameter d is plated with material B with 
a very thin layer. When the material A is applied a tensile stress o in the axial direction, 
determine the axial stress o,, radial stress o, and circumferential stress og in material B. Use 
the materials’ elastic moduli (Young’s modulus, Poisson’s ratio) for materials A and B as 
(E,4, U4) and (Ep, vg), respectively. 

5. Figure 3.4 shows a glass container which is composed with two spherical glass bulbs con- 
nected with a glass pipe. The dimensions of the parts are as follows: 


Radius of the glass bulbs: R. Diameter of the glass pipe: d. Length of the glass pipe: /. Thick- 
ness of glass: h. Assume h«d <«l. 


Glass pipe 


Glass bulb (Thickness h<«d) Glass bulb 
(Thickness h) l<d (Thickness h) 
R=10d 
Figure 3.4 


When pressure p is applied in the glass container, answer the following questions. The 
Young’s modulus and Poisson’s ratio of the glass are EF and v, respectively. 


1. Calculate the axial stress o, and circumferential stress o, of the glass pipe. 
2. Calculate the variation 6 of the length / of the glass pipe. 


4 


Equilibrium Equations 


A small element inside a larger loaded body will be subjected to forces from the surrounding 
material. This element may also be subjected to body forces (X, Y, Z). These forces maintain the 
equilibrium of the element. 

Isolating the small element shown in Figure 4.1, we can calculate the forces in the x direction 
from the product of stresses and areas on which they act, as shown in Figure 4.2. 

Taking body forces into account, we can express equilibrium of force in the x direction as 
follows: 


ox Oty 
(«. + Far) dydz—o,dydz+ (+ + Fea) dzdx —Tydzdx 
ox oy 
Ore 
+ (t+ 5, & dxdy —t,,dxdy + Xdxdydz=0 (4.1) 


Rearranging gives: 


00, Oty OT zx _ 
(F + ay + a +X dye =0 (4.2) 
And so, 
OO, Oty OT 
Oe a + a +X=0 (4.3) 
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Figure 4.2 


The equilibrium equations of force for the y and z directions are derived using the same 
method. These equations take the form: 


06, Oty OT zx 


ox ody az bs 
Ory Oy OTe 

soa (4.4) 
Oty, Oty OO, 

a er 


Examples of the body forces (X, Y, Z) are gravitational force, centrifugal force, electromag- 
netic force and so forth, which act per unit volume. 

In three dimensional problems, there are three equilibrium equations and six unknowns (6x, 
Oy, Oz, Txys Tyzs Tzx). The equilibrium equations for two dimensional problems are obtained by 
omitting the z terms from Equation 4.4. 
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00x v Ore 
ox dy 
Oty Joy 


¥ 4 ¥=0 
i oy 


+X=0 


(4.5) 


In two dimensional problems there are two equations and three unknowns. We must be 
aware of the difference in the number of equations and unknowns between two and three 
dimensional problems. 

In symmetrical problems, it is usually better to use the cylindrical coordinate system for 
expressing the equilibrium conditions. The cylindrical coordinate representation of 
Equation 4.5 is as follows. 


do, lot 4 08 
or roo r 


1 000 Oto 2Tro 
r00. or 


+F,=0 


+F,e=0 (4.6) 


where F,. and Fg are the body forces in the r and @ directions respectively. 


Example problem 4.1 
When a cantilever beam is subjected to a load P at its free end, as shown Figure 4.3, determine 
the shear stress distribution t,, on a cross section away from the loaded point. 


Solution 
The equilibrium equations (Equation 4.5) for this problem are written as follows: 


00x OTxy _ 


noe (4.7) 


OT xy 


ox 


0 (4.8) 


In Figure 4.3, we define the bending moment positive when the moment acts to bend the 
cantilever convex upwards. 


M=P(I-x) (4.9) 
The stress o, in the x direction by the bending moment is calculated as: 


M 2 2P bh? 
o =~ 5 oa (Iox)ys Za (4.10) 


Substituting o,, of Equation 4.10 into Equation 4.7, 
Oty 2P 
oy = AZ 4 


(4.11) 
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= 
em 
N 


Figure 4.3 


Therefore, 


P 
ys 4.12 
ty = 57) +f (x) (4.12) 
From Equations 4.8 and 4.12, it follows that f(x) = constant. Since t,, = 0 at y=+h/2, the 
shear stress distribution is obtained as follows. 


PY 4 
ga] 41 
Txy ala | (4.13) 


From this result, the maximum shear stress Tyymq, Occurs at y= 0 as 


3P 


xymax = 777, 4.14 
Txy bh ( ) 


It should be noted that 7,y,,a, 18 1.5 times larger than the average value tyyqye=P/(bh). 


Problems of Chapter 4 


1. Derive Equation 4.6. 
Since the equilibrium equations (Equation 4.4) are written with stresses, and as the stresses 
are related with strains by Hooke’s law, we can obtain the equilibrium equations expressed 
by strains. Derive the equilibrium equations with strains. Furthermore, derive the equilib- 
rium equations expressed by displacements. 

3. Determine the distribution of shear stress for the cantilever of Example problem 4.1 when 
the shape of a section of the cantilever is an isosceles triangle (height and bottom side 2a). 


) 


Saint Venant’s Principle 
and Boundary Conditions 


5.1 Saint Venant’s Principle 


Figure 5.1 shows the stress distribution in a rectangular plate to which a concentrated tensile force 
is applied at the center of the end faces. The stress distribution was calculated by the finite element 
method software made by the author, using the mesh shown in Figure 5.1b to model the shaded 
area of Figure 5.1a. Due to the symmetry of the plate, modeling of this part combined with the 
boundary conditions completely describes the plate. The stress distributions at three cross sec- 
tions, A-A, B—B and C-C, are shown in Figure 5.1c by the solid lines. The mean stress is shown 
in each case by a broken line (constant throughout the length of the plate). The important point is 
that, as we move from the end of the plate to the middle, the stress distribution becomes less 
uneven. In this case, the section C-C, where L= 2W, is sufficiently far from the loading point 
for the stress distribution to be approximately uniform and equal to the mean stress in the plate. 

Figure 5.2 shows the stress distribution for the case where point loads are applied at the cor- 
ners of the plate. The stress distribution at the cross section A—A for this case differs from that of 
Figure 5.1, in that the peak stresses are at the edge rather than in the center. However, the stress 
distribution at section C-C is similar, with approximately uniform distribution to that of C—C in 
Figure 5.1. The total tensile load in this example is twice that of Figure 5.1, but if the magnitude 
of the force P is halved then the stress levels at C—C are the same for both examples. 

From these two examples we can see that, if the resultants of the applied static loads are equal 
(although the distribution of the load and the stress distribution in the plate, close to the point at 
which the load is applied, may be utterly different), then the stress distribution in a location far 
removed from the load application will be approximately the same. This phenomenon is known 
as Saint Venant’s principle. 

The examples in Figures 5.1 and 5.2 are comparatively simple, but it can easily be imagined 
that other cases, where the loading system may include bending moments or twisting moments, 
can be analyzed in the same way. In general, Saint Venant’s principle states that if the loading 
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1.0 mm. (b) Number of elements: 190; number of nodes: 115. 
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Figure 5.1 


(C) On 


196 GPa, v = 0.3, t= 1.0 mm. (b) o, = P/W 


Figure 5.2. (a) E 
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system in a certain region is replaced by another statically equivalent loading system, then 
although the stress in the neighborhood of the load may be very different, we can say that 
the stresses at a distant point, removed from the load by a representative dimension of the struc- 
ture, will be unchanged, ignoring small effects. In the examples of Figures 5.1 and 5.2, such a 
representative dimension is the plate width, 2W. 

The contents of Saint Venant’s principle may seem rather vague, but in fact the principle has 
many important applications. For example, when an experiment is being designed, it may be 
possible to achieve the desired stress in the test part of a sample by a variety of statically equiva- 
lent loading systems, so the most convenient system can be chosen. The same method of cal- 
culation can be applied to computational analyses. 


5.2 Boundary Conditions 


As mentioned in Chapter 1, before solving a problem we consider the known conditions, char- 
acteristics of the problem, or boundary conditions. In many cases, certain characteristics of the 
outer surface of a body are known, and these are known as the external boundary conditions. In 
some instances however, obvious characteristics of the body itself exist, such that if the body is 
divided into smaller parts in a certain way, new faces can be observed for which certain con- 
ditions must hold. These may also be considered to be boundary conditions. For example, in the 
problem of Figures 5.1 and 5.2, the symmetry of the plate means that the boundary conditions 
are easily defined for any of the quarters of the plate obtained by division along the center lines. 
Boundary conditions can be conveniently divided into two types for consideration: stress 
boundary conditions and displacement boundary conditions. 


5.2.1 Stress Boundary Conditions 


This term is used to describe cases where the known boundary conditions are the forces external 
to the body. A typical example of a stress boundary condition is a free surface where the result- 
ant of the external forces is zero. 

Figure 5.3 shows a common two dimensional fixed plane stress problem, in which the given 
conditions are the normal stress and the shear stress at the boundary. The following notation 
is used: 


Oz=O0n0, Tén =Tnt0 (5.1) 


Alternatively, considering the forces exerted on a unit length of the boundary, the forces in 
the x and y directions are denoted by X* and Y™, and the following relationship can be written: 


Oxl+ TymM=X", Tyl+oym=Y* (5.2) 


In the above equations, / and m are the direction cosines (see Table 1.2) in the xy coordinate 
system relating to the surface of the body. 

However, in reality, many types of problems exist for which, when we try to solve them, we 
are unable to satisfy the boundary conditions perfectly. In such cases, various approximate 
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1 


Figure 5.3 


methods can be used. We can choose a representative point on the boundary and satisfy the 
boundary conditions at the point (the point collocation method), or we can integrate the stress 
distribution over a particular section of the boundary (the resultant force method) and so on. 
The validity of such approximate methods can be understood by considering Saint Venant’s 
principle. Even though the boundary conditions are not perfectly satisfied, if we obtain the 
boundary stress by numerical calculation using a statistically equivalent loading system, then, 
although the stress distribution near to the boundary itself will deviate from the exact solution, 
we can assume that the stress distribution at a point far removed from the boundary will be 
approximately correct. 


5.2.2 Displacement Boundary Conditions 


When the boundary conditions are defined by the displacement at a boundary, we call it the 
displacement boundary condition. A typical example of this condition is the case of a com- 
pletely fixed boundary (no displacement). In general, nonzero displacement is given at a bound- 
ary. When we are unable to satisfy the boundary conditions perfectly, various approximate 
methods similar to the cases of stress boundary condition can be used. We can choose a rep- 
resentative point on the boundary and satisfy the boundary conditions at the point (the point 
collocation method), or we can calculate the average displacement over a particular 
section of the boundary and so on. Considering that the displacement at a boundary is correlated 
with the integration of strain fields of the total structure rather than the detailed strain fields near 
the boundary, we can say that the obtained solutions of stresses and strains far removed from the 
boundary are close to the exact solution. The validity of such approximate methods can also be 
understood by considering Saint Venant’s principle. 


5.2.3 Mixed Boundary Conditions 


When the boundary conditions are defined by a combination of the displacement and stress at a 
boundary, we call it a mixed boundary condition. In most cases, the stress boundary conditions 
and the displacement boundary conditions are defined separately at separate points. However, 
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Figure 5.4 


some problems contain both conditions in a coupled manner. One such example is a composite, 
such as the fiber reinforced plastics, which contains fibers or inclusions having elastic moduli 
different from the matrix material. In such problems, although the stresses (normal stresses and 
shear stresses) and the displacements at the boundary are unknown, we satisfy the condition 
that all these quantities must be continuous at the boundary. When we discuss this problem, 
we need to pay attention to Hooke’s laws which are separately applied to two materials facing 
or bonded to each other at the boundary. 


Example problem 5.1 
Pick up all the boundary conditions for the cantilever in Figure 5.4 as a three dimensional 
problem. 


Solution 
2 
1 ox=— 00, Txy =0, Tx = 0 (Tx, =0) at x=l1 
h 
2 oy =0, Txy =0, Ty, =0 at eae 
b 
3. o,=0, Tx =0, Ty; =0 at z= +5 


4. u=0, v=0", w=0 at x=0 


*dv/dx =0is not acorrect condition. 


Problems of Chapter 5 


1. Figure 5.5a, b shows the stress distributions at three sections in a cylinder which has the 
same sectional dimension as the plate of Figure 5.1a and is subjected to concentrated point 
forces at both ends of the cylinder. In the case of Figure 5.5a, the point force P is applied at 
the center of the end of the cylinder. In case of Figure 5.5b, the total point force P is applied 
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at the circumference of the end of the cylinder. Indicate the difference in the stress distri- 
butions between the plate and cylinder, and explain the reason. 


(b) 


On = PAW?) 


Figure 5.5 


2. Comparing the stress distribution between parts (a) and (b) in Figure 5.6, indicate where in 
the cantilevers the stress distributions show a difference. Explain in what condition of the 
length of cantilever / the displacements of both cases show a big difference. 


(a) 
y 


Figure 5.6 In part (b) Gmax = 6P/(bh) 
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3. Figure 5.7 shows a plate which is subjected to a distributed loading at the part of the bound- 
ary AB with length s of the plate with thickness b. The loading varies linearly from 0, to 62 
at the boundary from A to B. 


Figure 5.7 


When we replace the boundary condition at AB by one single concentrated force P and one 
single concentrated moment M which together act at the midpoint of AB, determine the 
relevant values for P and M. 

4. When these concentrated forces are applied to a plate, as shown in Figure 5.8 (the same 
plate as Figures 5.la and 5.2b), draw the approximate stress distributions at the sections 


2P 


Figure 5.8 
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A-A, B-B and C-C, where the thickness f of the plate is unity and P is the value over unit 
thickness. Refer to Figures 5.1c and 5.2b for illustration. 
Figure 5.9 shows a rectangular plate of a material A containing a different material B. The 
plate is subjected to a remote tensile stress oo at the edge of the plate. Young’s modulus and 
Poisson’s ratio of the plate A are FE, and va. Young’s modulus and Poisson’s ratio of the 
material B are Eg and vp. 

When we consider the stresses and strains at the interface of the two materials A and B, 
judge if the following equations are correct or wrong. The coordinates & and 7 are taken to 
the normal and tangential directions respectively at the interface of the two materials. 


A A A A A %0 Write “Correct” or “Wrong” in the boxes. 


O&A = OB 


A (Ea, Va) 


OnA = OnB 


Tend = TEnB 


EEA = EB 


EnA = EnB 


y v y y y op SNA = VénB 


Figure 5.9 
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Two Dimensional Problems 


The solutions for two dimensional (2D) problems were developed first by closed form stress 
function methods, by numerical methods and recently by the finite element method (FEM). 
Although the closed form solutions obtained in the history of theory of elasticity are limited 
to relatively simple problems, learning and understanding such solutions is very important, 
not only for effective applications of the solutions to many practical problems but also for 
checking the validity of solutions obtained by numerical methods such as FEM. 

This chapter describes the basic solutions for a cylinder with a hole, stress concentration due 
to a circular hole, stress concentration due to an elliptical hole, crack problems and other basic 
problems. The problems of stress concentration are very important for the discussion of 
strength and fracture of various structures (see Part II). 

In the following, we separate 2D problems into two typical cases. One is called the Plane 
Stress Problem and the other is called the Plane Strain Problem. These two cases correspond 
to the two extreme stress and strain conditions in 2D problems. If we study the characteristics of 
these two cases, we can understand the real cases which occur in the stress and strain conditions 
between Plane Stress and Plane Strain. 


6.1 Plane Stress and Plane Strain 
6.1.1 Plane Stress 


When we take an x—y coordinate within the plane of a plate and take a z axis in the direction of 
the plate thickness, plane stress is defined by the case that the stresses o,, oy and Txy are in 
question and other stresses are all zero. If the thickness of a plate is thin and both surfaces 
of the plate are free of stresses (a free surface), we may regard that the plate is in plane stress 
condition. The stress condition of a thin-walled pressurized cylinder can be considered approxi- 
mately close to a plane stress condition, because the internal pressure p is relatively very small 
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compared to the axial stress o, and circumferential stress o9, and then the stress in the direction 
of the thickness can be ignored. Thus, many problems which are not in a perfectly plane stress 
condition are analyzed by assuming them to be approximately in plane stress. 

In a plane stress condition, Hooke’s law is written as follows: 


1 1 
€y= (Or -0y)> Ey= (Or 2x)> E,= - 5 (or+65) 


Yxy =Tay/G, 6,=0, Ty,=0, t.=0 


(6.1) 


6.1.2 Plane Strain 


Plane strain is defined by the case that the strain in one direction (e.g. ¢€, =0) is completely 
restricted. For example, we can imagine problems such as a cylinder having a fixed displace- 
ment at both ends and a river dam having fixed ends in both sides to be approximately in a plane 
strain condition. Other typical examples we meet in practical problems are a case of a thick plate 
which have locally very different deformation due to a stress concentration such as at a notch 
root. If we have a large strain in the x-direction, we may have a large strain also in the z-direction 
due to the effect of Poisson’s ratio (see Equation 6.1). However, this does not occur, because the 
strains at the point apart from the notch root are smaller than those at the notch root and restrict 
free deformation at the notch root. This case cannot be regarded as a perfect problem of plane 
strain, but is very often regarded as an approximately plane strain problem. 
Hooke’s law for a plane strain condition can be written as follows: 


c= ={o.-v(0,+02)} 


1 
£y= FL Ov-U(oz + ox) } (6.2) 


€,= ={0:-u(0. +o,)}=0, namely o,=v(o, + oy) 
Vxy = Tay/G, Ly, =9, te=0 


Considering the third equation in Equation 6.2, the relationship between stresses and strains 
can be expressed as follows: 


1 1 


= (6,-U*oy), ey= a (o,-v*o,), Vay = Tay /G (6.3) 


&x 
However, we keep the following expression for the equivalent Young’s modulus E* and 
Poisson’s ratio v*. 


E v E* E 
E= ; * —, G= = =G 6.4 
i= 2(1+v*) 2(1 +0) (8-4) 


Thus, if the stresses o,, oy and Tx, are the same in a plane stress problem and in a plane strain 
problem, the strains ¢, and ey under a plane strain condition are equal to those of e, and ey under 
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a plane stress condition for a different material having the moduli E* and v * given in Equation 
6.4. Especially, it is to be noted that the equivalent Young’s modulus E* is 1/(1 — v”) times 
higher than E. For most steels, v= ~ 0.3 and the displacement and deflection in a plane strain 
condition are approximately 10% smaller than in a plane stress condition. 


Example problem 6.1 

Figure 6.1a shows an elastic material, having Young’s modulus E and Poisson’s ratio v, which 
is put in a rigid groove having a width 2a, (—a, a) in the x coordinate, height h in the z coordinate 
and being infinite in the y coordinate without any restriction of movement. A pressure p is 
applied on the top flat surface of the elastic material. Assume there is no clearance and no fric- 
tion at the interface between the elastic material and the rigid groove. Determine the stresses 6,, 
oy, 6, and the apparent Young’s modulus E” as defined by o-/e,. 

Figure 6.1b shows a similar problem in a cylindrical coordinate. A cylindrical elastic material 
is put in a cylindrical rigid hole without clearance and friction and subjected to pressure p on the 
top flat surface of the elastic material. Determine the stresses 6,, 69, 6, and the apparent 
Young’s modulus E’ as defined by o,/e,. 


Solution 
In Figure 6.la, o,= —p, oy=0; ty=0 and t,=0 at x= +a; and ¢,=0 at —asxs<a. 
From these conditions, 0, = —vp=vo;. 

Substituting the above o, and o, into e,= (1/E) [o,— v(oy+ox)]: 


E' =0,/@,=E/(1=1"), 


Figure 6.1 Elastic material (a) in a rigid groove and (b) in a rigid cylindrical hole 
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In Figure 6.1b, the known boundary conditions are o,= —p, €9= 0 (see Equation 2.25); 
to = 0 and t,,.= 0 atr= +a. 

Therefore, o,= —oo (unknown yet) is expected at r=a. In this case, the stresses are 
0; =09= —60 everywhere inside the cylinder (see Example problem 6.1). Considering 
€9 = 0 at r=a, 


Eg= poo U(r +0,)|=0, namely, —o9-v(—o9-p) =0 


Therefore, 


From Hooke’s law: 


6.2 Basic Conditions for Exact Solutions: Nature of Solutions 


Let us seek the conditions for the exact solution when we try to solve a problem. When we 
consider the stresses as the solution we want to find, it is natural that the solution must satisfy 
the equilibrium conditions and the boundary conditions. However, can we regard the solution 
satisfying these two conditions to be the exact solution? We can not necessarily say the solution 
is exact, because there is no guarantee that the deformation can be determined uniquely by these 
stresses. 

For example, let us look at a problem like Figure 6.2. The boundary conditions of this pro- 
blem can be expressed as follows: 


6,=0, Ty =0 at x=0 
Ox=00, Txy = —200(y/a) at x=a 

(6.5) 
6y=0, Ty =0 at y=0 


Oy =00, Txy = —200(x/a) at y=a 
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y 
0y=09 Ty, = —2oox/a 
Pott tt 
= Ty y=—2ooyla 
| — 
0,=00 
: _ 
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{— 
¥ 
v 
5 > Ss + 
a 
Figure 6.2 


These boundary conditions can be satisfied by assuming the stresses in the following forms: 


6x =00(x/a)’, 6 =00(y/a)’, Txy = —200(xy/a") (6.6) 


Following Equation 4.5, the equilibrium conditions for these stresses are given by: 


00x | OTxy _ 


val dy 


Oty doy 


0, ax” dy 


=0 (6.7) 


Substituting Equation 6.6 into Equation 6.7, we can see that the equilibrium conditions are 
satisfied irrespective of the values of x and y, namely also at internal points of the plate. 

Now, we check whether the stresses of Equation 6.6 are actually the exact ones in the plate of 
Figure 6.2. Referring to Hooke’s law, we have: 


1 oy vy" 
€x= 5% (01—Y0y) =F Zz 
Be 440, 
00 y-Ux 
by = 5 (0y-Vox) = a (6.8) 
Tx 200 xy 
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Considering e, = du/dx and ey = dv/dy, and integrating these equations, we obtain 


1 3 
1-2-5 (5-) +f(y) (6.9) 
o 1lfy 45 
VED (5-o ») + g(x) (6.10) 


where f(y) is a function only of y or a constant and g (x) is a function only of x or a constant. 
Therefore, 


du dv 4vo09 if of (y) . 0g (x) 


= + = 
ee) dy ox Ea > oy ox 


(6.11) 


However, we can easily see that y,, of (Equation 6.11) does not coincide with y,, of 
Equation 6.8. The meaning of this discrepancy is equivalent to that the conditions of compati- 
bility (Equation 2.24) given in the following are not satisfied. 


= (6.12) 


As described above, the stresses which satisfy only the boundary conditions and equilibrium 
conditions cannot be the exact solution. To avoid such a contradiction with respect to 
displacements, the coincidence of yx, of Equation 6.8 with y,, of Equation 6.11 is necessary. 
As the general requirement to solve this difficulty, the compatibility conditions must be satis- 
fied. Now, we understand that the exact solution is required to satisfy the following three 
conditions: 


1. Equilibrium condition 
2. Compatibility condition 
3. Boundary condition 


Let us seek the way to satisfy all these three conditions in two dimensional problems. 


6.3 Airy’s Stress Function 


The equilibrium equation, Equation 6.7, having two equations, contains three unknowns (6,, 
Oy, Txy). These unknowns are functions of the coordinates (x, y) and expressed as follows: 


Ox=f (x), Cy=8(%Y), Try =h(x,y) (6.13) 


Our final goal is to determine these three functions. We can see from Equation 6.7 that these 
three functions are not independent of each other. Since Equation 6.7 has two equations 
coupled with three unknown quantities, we can choose only one among the unknown functions 
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of Equation 6.13 to treat a problem. If we choose f(x, y) as the representative of three, tT, can be 
expressed as follows: 


ty=n [Faye + G(x) (6.14) 


where G(x, y) is a function only of x. 

However, the generally acceptable and more useful expression than Equation 6.13 is the 
introduction of a new function @(x, y) and express 6, in the form ox = ao /dy’. Expressing 
6, in this manner, we can obtain expressions for t,y and oy using @ automatically from 
Equation 6.7. Thus, we have: 


ao ao ao 
On By?” as eR fay Oy Oy (6.15) 


When we express the three unknowns 6x, Oy, Txy in two dimensional problems as in the form 
of Equation 6.15, we call the function #(x, y) Airy’s stress function. 

Now we understand that the form of Equation 6.15 satisfies the equilibrium conditions, 
because we determined the form using the equilibrium conditions. The next thing we need 
to do is to derive a general expression for satisfying the compatibility conditions in terms of 
p(x, y). 

Although the compatibility conditions of Equation 6.12 are written in terms of strains, we 
can replace strains by stresses using Hooke’s law: 


1 |e (o,-voy) * a (o,-vo;) 2(1+v) Oty 


= . “1 
E dy? ax? E  ox-dy i6:16) 
Inserting Equation 6.15 into Equation 6.16, we obtain: 
4 4 4 
28 2 ae ae (6.17) 


at” ax? - dy? t oy* , 


Equation 6.17 can be written as follows, too: 


2 &\ (ep & 
Googe = ainkonia an 


where V? is Laplacian defined by V? = 0” /dx* + 0° /dy”. Thus, the stress function ¢ must be a 
bi-harmonic function. There are an unlimited number of bi-harmonic functions. But the exact 
solution we want to find is the only one which is a bi-harmonic function and at the same time 
satisfies the boundary condition. 

Here, it should be noted that Equation 6.18 does not include Young’s modulus E and Pois- 
son’s ratio v. This means that, if the boundary conditions of a problem are given only by forces 
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or stresses, the solution does not include E and v. Therefore, the stresses are not influenced by 
these moduli.’ 

This property of Equation 6.18 is the basis of the validity of the photo elasticity method. We 
can also understand from Equation 6.3 that, if the boundary conditions of a plane strain problem 
are given by forces or stresses, the solution (6x, Gy, Txy) of a plane strain problem is equal to 
those of a plane stress problem with the same boundary conditions. 

Since Equation 6.18 is a linear differential equation, the sum of two stress functions ¢@, and 
> [1.e. (f; + G2)] is also a stress function which expresses the stress state obtained by super- 
posing the individual stress states of @; and go. 

This nature of stress function is called the principle of superposition. The principle of super- 
position is very useful for obtaining the solution of a complex problem by the combination of 
solutions for multiple simple problems and also for obtaining approximate solutions for prac- 
tical problems. Many interesting examples of applications of the principle of superposition will 
be explained later in this chapter. 


Example problem 6.2 
Explain the stress distribution given by the following stress functions. Show the equations 
requested for the coefficients a, b, c, ..., if necessary. 


i. P=ax’ + bxy+cy* 
ii, P=ax +bxy+cxy?+dy 
iii, P=axt + bx y+cxy* + dry? + ey* 
iv. p=axr+bxtyt+ory +dx’y’ + exy* +fyr 


Solution 
1. O,=2c, Oy=2d, Ty=—b 
li. Oy =2cx+6dy, oy=6axt+2by, ty = —2bx—2cy 

iii, 0, =2cx* + 6dxy + 12ey’, Oy= 12ax? + 6bxy + 2cy*, Ty = —3bx* —4cexy-3dy’, 
where e= — (a+c/3) is a necessary relationship from Equation 6. 17. 

iv. 0, =2cx? + 6dx’y + 12exy’ + 20f)", 
Oy= 20ax? + 12bx*y + 6cxy’ + 2dy*, 
Try = —4bx3 — 6cx*y—6dxy* —4ey’, 


where e= — (5a+c) and f= — (b+d)/5 are necessary relationships from Equation 6. 17. 
By combinations of the above stress functions, solutions for a rectangular region having 
various complex boundary conditions can be composed. 


6.4 Hollow Cylinder 


There are many practical problems of circular plate and hollow cylinder. To solve these pro- 
blems, it is convenient to express the stress function @ in the polar coordinate (r, 0). Therefore, 


' There is an exceptional case in which holes are contained in a plate and the forces applied along the boundaries of holes 
are not in equilibrium condition (see Chapter 10 of Part II). 
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it is necessary to express the differential Equation 6.18 in the polar coordinate as follows (see 
Appendix of this chapter). 


OD ord ad 106 1 Oo 
(et gen F). (Fe oon =e (o.19) 


The stresses are also expressed with polar coordinate as follows. 


ro Stat TRADES, Sa 10 Fae 
Sar ae pe ae? “ or he or\r 00 


_1 op 1 &¢ ad F) (: a6) (6.20) 


Now we start solving problems from the simplest case of Equation 6.19, that is, the case of @ 
being a function of only r. Thus, Equation 6.19 becomes 


@ 1d\ (ev 1 do 
(33) (ts rr 2!) 


Expanding the above equation, we have 


ap 2 rp 1 ao | dp _ 
a4 or a Pr ore 8 dr 


(6.22) 


Here, replacing the variable r by t by putting r=e' (or t = logr), Equation 6.19 can be 
expressed as: 


D?(D-2)’¢=0 (6.23) 


where D= d/dt. 
The general solution of Equation 6.23 is expressed as 


p=Cy' +Cy't + (C3! + Cy'the (6.24) 
Replacing t by r, we obtain the following equation: 
=A: log(r) +Br’ -log(r) +Cr°+D (6.25) 


where A, B, C and D are the constants to be determined by the boundary conditions. Therefore, 
the stresses are derived by Equation 6.20 as follows, excluding the terms related to 0: 

ld A 
1a =2C + + Bil +2log(r)] 
r dr r 


Op = 
(6.26) 
A 
09= 7 =2C-5 + Bi3 + 2log(r)| 
r 
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Figure 6.3 


Equation 6.26 can be used for the solutions of the problems shown in Figure 6.3. The 
unknown constants A, B and C are determined considering the boundary conditions of the prob- 
lems of Figure 6.3. Three conditions are necessary and sufficient. 

For the problem of Figure 6.3a, three boundary conditions are written as follows: 


Stress boundary conditions: (1) 6, =06, (we can decide) at r=a. 
(2) 0, =02 (we can decide) at r=b. 
Displacement boundary conditions: u and v are the function of only r. This is the special 
condition for Figure 6.3a. 


Namely, v= 0 and wu is the displacement only to be prescribed in terms of radial coordinate r. 
Considering Equation (2.25): 


€,=du/dr (6.27) 
€9=u/r (6.28) 


If we calculate du/dr from Equation (6.28), the value must coincide with Equation (6.27). 
This is the condition required to displacement. ¢, and ¢g can be expressed with stresses of 
Equation (6.26) through Hooke’s law and one equation which must be satisfied by the constants 
A, B and C is obtained as follows. 

From Equations (6.27) and (6.28): 


Then, 
B=0 (6.30) 
Thus, the solution for the problem of Figure 6.3a is expressed by the following equations. 


A 
6,=2C +> pe 
r 


e> (6.31) 
69=2C-—G o9=Ci— > 
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Equation 6.31 can be used for the solution of a hollow cylinder subjected to internal and 
external pressure. 
In case of the problems of Figure 6.3b, c, v is a function of 0 and B is not equal to 0. 


Example problem 6.3 
Determine the stresses in a hollow cylinder with inner radius a and outer radius b under internal 
pressure p; and external pressure py. 


Solution 


C, and Cy can be determined by applying the boundary conditions of o,= —p; at r=a, and 
09= —po atr=b to 6.31. 


_ pia? —pob* ab*(po-pi) 1 


aes OP a2 Fa 
(6.32) 

pia’ —pob” a’b*(po-p:) 1 

E> OL a ee 


Problem 6.4.1. When a hollow cylinder of the internal radius a and the outer radius b is sub- 
jected to external pressure p,, determine the decrease in the inner radius and outer radius. 


Problem 6.4.2 There is a very wide plate containing a small circular hole with radius a. When 
the plate is subjected to a uniform tensile stress 6, =o9 and 0, =o at far removed from the 
circular hole, determine the stresses o, and og at the edge of the circular hole. 


6.5 Stress Concentration at a Circular Hole 


When a wide plate containing a circular hole is subjected to a tensile stress far removed from the 
hole, the stress at the edge of the circular hole becomes higher than in other places. This phe- 
nomenon is called stress concentration. Since the failure of structures and machine components 
often initiates from sites of stress concentration, it is very important to make clear the intensity 
of stress concentration in terms of failure accidents in real cases. This section will investigate 
the stress concentration due to a circular hole with radius a, contained in an infinite plate sub- 
jected to a uniform remote tensile stress o, =o9, as shown Figure 6.4. Although there is no 
infinite plate, this is a convenient assumption to solve the problem mathematically. If the size 
of a plate is sufficiently large in comparison with the size of a circular hole, the solution 
obtained based on the infinite plate assumption can be used as an approximately exact solution. 

The problem of Figure 6.4 was solved for the first time by G. Kirsch (1898). The solution will 
be introduced in the following. 

Solving the problem of Figure 6.4 is equivalent to finding the stress function which satisfy 
the boundary conditions and V4¢= 0 (Equation (6.18)). If we consider Saint Venant’s prin- 
ciple, we can ignore the influence of the circular hole on the remote stresses. Then, we can write 
the boundary conditions as follows. 
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Figure 6.4 


Boundary conditions: 
1. Remote stresses: 6, =69, 6, =O, Tyy = O (in orthogonal coordinate). 
2. Stresses at the edge of the hole (r=a) :o,= 0, t,g= 0 (in polar coordinate). 


It is not convenient to find the solution ¢ by dealing with the boundary conditions expressed 
with different coordinates such as (1) and (2). Since it is presumed that satisfying condition (2) 
will be the key in finding the solution, it is better to rewrite boundary condition (1) in a polar 
coordinate. Thus, rewriting boundary condition (1) by Equation 1.12 as follows is denoted 


by (1’): 


Boundary condition: 


I. Remote stress (atr =o), 6, =69C08"0 = 09/2 + o9c0s20/2, t,9 = —oosin20/2 


Considering the form of the boundary conditions (1’) and (2), the problem of Figure 6.4 can 
be solved by the superposition, as in Figure 6.5. Since the problem of Figure 6.5b is substan- 
tially the same as the problem of the previous section (the problem of a hollow cylinder), we 
know the solution. 

The problem of Figure 6.5c can be solved as follows. 


Basic equation: V*+p =0 
Boundary conditions: (1) 6, =0, t,@=0 at r=a 
(Il) 6, =o9c0s20/2, t,9 = —o9sin20/2 at r= oo 


Namely, the problem is reduced to solving Equation 6.19 with the boundary conditions (I) 
and (II). 


_1 ap 1 Ob _ 
cane or r2 of 2 


a (ab ts 
Tr9= = (3) == 3708in20 


oycos20 
(6.33) 
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(a) (b) (c) 


O,-= $% cos20 


TQ=- ; 00 sin20 
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Figure 6.5 


Looking at the form of Equation 6.33 carefully, we can understand that ¢ must have the 
following form: 


p=f(r)-cos20 (6.34) 


where f(r) is a function of r. Introducing ¢ from Equation 6.34 into Equation 6.19 and excluding 
cos28, which is attached to the whole equation, we obtain the following differential equation: 


(f+ d ) (24 df *f) <0 (6.35) 


der dr Pr der dr P 
Expanding this equation, we have 


af 2@f 9 &f 9 df_ 


dé rd pr der dr i028) 
Solving this equation in the same way as Equation 6.22: 
2 4, 63 
f(r) =Cir' + Cor toa +a (6.37) 
Then, 
i ae re 0 
p=| Cir +Cor toy +a cos (6.38) 


1 dp 1 Oo 6C3 4Cy 
ono 5 ea (20 aS cos20 (6.39) 


66 Theory of Elasticity and Stress Concentration 


2 
Oo= oe = (2c; + 12Cpr* + =] cos20 (6.40) 
Wanye £16, IOS. 
sa=~ 5 (5 gp) = (261 +602" Pig ae sin20 (6.41) 


We can determine the constants C,, C2, C3 and C4 from the boundary conditions (I) and 
(I). Then, 


g 


1 at a 
Ci=—790: C2 =0, C3=-7 0, C1= 5 00 (6.42) 


Putting these constants into Equations 6.39 to 6.41, the solution for Figure 6.5c is obtained. 
Superposing this solution with the solution of Figure 6.5b, we can obtain the solution of 
Figure 6.5a. Thus, the stress distribution of Figure 6.5a is given by the following equations: 


2 4 2 
00 a 00 3a" 4a 
o=B(1-5)+5 (1+ A “5 os29 


2 4 
00 a 00 3a 
o9=— (1+5)- 5 (1+ S) 00s28 (6.43) 
00 3a* 2a? 
a= - 2 ~ +) sin2e 


Equation 6.43 is very important, because we can apply this solution to many practical 
problems. We can calculate the stresses at the edge of the circular hole using this solution 
as follows: 


o,=0 and t,g=0 at r=a (6.44) 
09 =0)—2069)cos20 at r=a (6.45) 
Equation 6.44 is natural, because it is the same as the boundary conditions from which we 


started seeking solution. Equation 6.45 expresses the variation of og along the hole edge, and o 
has a maximum value at 9= +2/2 and a minimum value at 0= 0, x. Then, 


O@max = 300 at O=+ ; (6.46) 
Comin = —00 at O=0,2 (6.47) 


Now, we understand that the stress is concentrated at the hole edge and the maximum value is 
three times higher than the remote stress 69. We use the term “Stress Concentration Factor Ky’ 
to express the magnitude of the stress concentration as K; = 3. The result of the stress concen- 
tration and the stress distribution around the hole is illustrated as Figure 6.6. 


Two Dimensional Problems 67 


a) 


FS) 


+ Ff tf t fF F ft 
. | 
a 


Figure 6.6 


The dotted line is the distribution of the stress og, namely o,, along the y axis and is expressed 
as follows: 


a 3a* 


09 =0;=00 (1 + 52 + x) along y axis (r2a) (6.48) 


The above solutions will be more extendedly applied to many other practical solutions using 
the principle of the superposition. Equation 6.47 means that the value of 6g (or oy on the x axis) 
at the point where the edge of the circular hole intersects with the x axis is compressive. This 
compressive stress is likely to be often ignored compared with the maximum tensile stress 3 oo. 
However, when we apply the principle of superposition, we must not forget the role of this 
compressive stress. 


Example problem 6.4 
Show that the solution of Problem 6.4.2 can be obtained by the superposition of the solution of 
Figure 6.4. 


Solution 

The boundary condition at the circumference of the circular hole is 6, = 0. Since 6, =o69 and 
Oy = 60 at aremote distance, the stress 6 at the circumference of the hole can be obtained by the 
superposition using Equation 6.45. 


69 = (oy -20c0820) + {0 —~2oycos2 (0- 5) \ <5, 


Thus, the stress at the circumference of the hole is og = 209 regardless of 0. 


Example problem 6.5 
When a thin cylindrical tube containing a small circular hole at the side, as shown in Figure 6.7, 
is subjected to a twisting moment 7, estimate the maximum tensile stress occurs at the edge of 
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the circular hole. Assume that the diameter of the circular hole is very small compared to the 
diameter of the tube, D. 


Solution 

Denoting the shear stress acting in the thin cylindrical tube without a hole by t,,, the small circular 
hole is regarded to be approximately equivalent to exist in a wide plate which is subjected to 7, at 
a remote distance, as in Figure 6.8. 
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In order to replace this problem by another problem made by the superposition of the pro- 
blem of Figure 6.4, we calculate the principal stresses. 

From Example problem 1.3 in Chapter | of Part I, 6) =7,, and 02 = —t,,, where o; acts ina+ 
45° direction and o> acts in a —45° direction. Therefore, as shown in Figure 6.9, the maximum 
StreSS Oma, Occurs at the locations of —45° and +135° at the circumference of the hole. 
Consequently, 

Omax = 361 — 02 =4 ty at a) (6.49) 
Omin = 302-0, =—4tyy at O= +45°, —135 


where 6 is measured from the axis of the pipe and from the size of the pipe and twisting moment 
T, Txy = 2T /(pD7h). 


Problem 6.5.1 Confirm Saint Verant’s principle in the stress distribution of Equation 6.48. 
Verify that the resultant force calculated by the second and third term of Equation 6.48 is equal 
to the force which is sustained by the part which existed when the circular hole did not exist. 


Problem 6.5.2 When a rotating disk having a uniform thickness and radius b rotates at 
an angular velocity w, the stress distribution inside the disk is given by the following 
equations: 


2/42 
= b*— 
Oo, 3 po ( ia) 
3+ 1+3 
o9=—— ab? - 3 ¥ a 7 


where v is Poisson’s ratio and p is the density of the disk material. 

When a small hole is drilled at the center of the disk, estimate the stress at the edge of the 
small hole. Assume the diameter of the hole is very small compared with the radius of the 
disk, b. 


Problem 6.5.3 There is a wide plate which contains a circular hole, A, with radius a. We take 
the origin of the x—y coordinate at the center of the hole, A. There is another small hole, B, at 
y= 3a on the y axis. Assume that the radius of hole B is very small compared with the radius a 
of hole A. Estimate the maximum stress which occurs at the edge of the small hole, B, when the 
wide plate is subjected to remote tensile stress 0, = 00. 


6.6 Stress Concentration at an Elliptical Hole 


Figure 6.10 shows a wide plate which contains an elliptical hole and is subjected to a remote 
tensile stress oy =o. 

The stress distribution of oy along the x axis (x2 a) is expressed by the following equation 
(see Part II): 
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where 


2 2 
gant NEO ona (6.51) 
c 


oy has the maximum value at the point A (x=a). We denote it by Cymax, and then, 


3 
Oymax = (1 # 3) 60 (6.52) 


Thus, the stress concentration factor K; is 


bie ai (6.53) 
t= a ? . 


Where, p is the root radius (9 =b*/a) of the elliptical hole at point A, denoting t=a. 
It is interesting to note that the stress o, at point B is expressed as follows irrespective of the 
aspect ratio of the ellipse, b/a: 


OxB = —00 (6.54) 
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As mentioned in the section on the stress concentration of a circular hole, not only 
Equation 6.52 but also Equation 6.54 are important from the viewpoint of practical 
applications. 

The solution of the stress concentration of an elliptical hole is often used for the approximate 
estimation of stress concentration for holes and notches whose shapes are not completely ellip- 
tical. For example, the hole shown in Figure 6.11 can be approximated by a dotted elliptical 
hole and the notch shown in Figure 6.12 can be approximated by a dotted semi-elliptical notch. 
This approximation is based on the rational consideration of the stress fields and the boundary 
conditions of these holes and notches. The key of the approximation is to keep the root radius of 
a hole or notch at the point in question equal to that of the dotted line. This way of thinking is 
called “The Concept of Equivalent Ellipse” [1,2]. 


Problem 6.6.1 Figure 6.13 shows an elliptical hole in an infinite plate. Figure 6.14 shows a 
semi-elliptical notch in a semi-infinite plate. 

The geometrical shape of the half (x >0) of Figure 6.13 is completely the same as 
Figure 6.14. However, the stress distributions are not completely the same. Describe the dif- 
ference between the stresses in the half plate (x > 0) of Figure 6.13 and those of Figure 6.14, 
and explain the reason why the difference in conditions along the y axis does not cause a big 
difference in the stress concentrations between these two plates. 
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Figure 6.11 
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Problem 6.6.2 A wide plate containing an elliptical hole expressed by x*/a*+y?/b* = 
1 (a>b) is subjected to remote stress 0, =00, Oy = 260, Txy = 0. Determine the maximum stress 
at the edge of the elliptical hole. 


6.7. Stress Concentration at a Hole in a Finite Width Plate 


Figure 6.15 shows a finite width plate with width 2W containing a circular hole with radius a at 
the center of the plate which is subjected to remote tensile stress o. This problem was solved for 
the first time by R. C. J. Howland (1930). 
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Figure 6.16 shows the result of the solution for a/W < 0.5. It must be noted that the stress 
concentration factor K;, is defined as the relative value to the mean stress at the net 
section of the plate, 2(W — a). 

Then, the maximum stress at the edge of the circular hole is defined by 


Omax =K;——o0 (6.55) 


Figure 6.17 shows a finite width problem with width 2W containing an elliptical hole at the 
center of the plate which is subjected to remote tensile stress o. This problem was solved for the 
first time by M. Isida (first in 1955 and later in 1990s). 

Figure 6.18 shows the result of the solution for a/W <0.95. 

The definition of the stress concentration factor K; is the same as the case for a circular hole, 
that is, K, is defined by the mean stress at the net section. It is interesting to see that kK, 
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Figure 6.18 Stress concentration factor K;, for an elliptical hole in a strip (M. Isida, 1955, and later in 
the 1990s) 


approaches to 2 (K, > 2) as a/W approaches 1.0 (a/W — 1.0), irrespective of the value of a/b. 
For long years (and even nowadays) it has been believed that K, > 1 asa/W — 1.0; and some 
papers have been published incorrectly insisting K;— 1. 

Howland calculated K, up to a/W = 0.5, beyond which he could not obtain reliable numer- 
ical values due to the manual calculating machine used. Isida calculated K, for an elliptical hole 
up to a/W = 0.95 (Figure 6.18), beyond which he could not obtain reliable values, even with a 
large-scale computer in the 1990s. Even today, it is difficult to determine the exact K; for the 
limiting case of a/W — 1.0, even by using modern FEM software, if we do not know the exact 
solution in advance (see Appendix A.4 of Part II). 

Although stress concentration factors for many cases are published in various handbooks, 
it is commonly accepted to define K, based on the mean stress at the net section. If we misun- 
derstand this rule and regard K;, is defined by remote stress o, the fatigue design based on the 
calculation will cause a fatal accident. 


Problem 6.7.1 Figure 6.19 shows a hollow cylinder which contains a circular hole of diam- 
eter d at the center between the inner wall of radius a and the outer wall of radius b. Estimate the 
approximate maximum stress at the edge of the circular hole for the case of a= 140mm, 
b= 260mm, d= 60 mm, internal pressure p; = 19.6 MPa. 


6.8 Stress Concentration at a Crack 


Since most failure accidents are caused by existing cracks or by the extension of newly nucle- 
ated cracks, the analysis of stress concentration and stress distribution at cracks is very import- 
ant for the prevention of fracture accidents. 

A most commonly accepted mechanics model of crack is the extremely slender ellipse in 
which the shorter radius of the ellipse is reduced to zero. Namely, an ellipse becomes a crack 
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by putting b — 0, as shown in Figure 6.20. This model of crack is called a Griffith crack. Grif- 
fith (1920, 1922) studied the fracture problem of glass for the first time from the viewpoint of 
the energy release rate calculated by the stress distribution around an extremely slender ellip- 
tical hole based on C. E. Inglis’ solution (1913) for an elliptical hole. Since it is easily under- 
stood that the stress in the vicinity of crack tip is extremely high compared to the remote stress, 
we pay attention to the stress at a point small distance ¢ away from the crack tip A. 

By putting b — 0 in Equation 6.50, the stress at (a+ ¢, 0) is expressed as follows: 


2 
+1 + 
ee ee (6.56) 
 &o] Ve-a V2ae+e 
Considering ¢/a<< | in the very near vicinity of crack, 
aw cova (6.57) 


Oy 
y J2e 


Now, we can understand that the stress in the vicinity of crack increases in proportion to the 
inverse of \/€. The common expression of this nature of stress singularity at the crack tip is that 
“the crack tip stress has the singularity of 1/,/e or 1/,/t or r~°°.” According to Equation 6.57, 
if two cracks having different sizes have the same value of o0./a, the stress distributions in the 
vicinity of the tips of these two cracks become identical. However, Equation 6.57 means that, 
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according to the linear theory of elasticity, putting e — 0 results 0, — oo. Of course, this can- 
not occur. Increasing o, at the crack tip, before a fracture starts, the material at the crack tip will 
deviate from an elastic condition and in most cases plastic deformation will occur. Namely, 
when we compare two cracks, A and B, having different lengths, as shown in Figure 6.21, iden- 
tical phenomena are expected to occur at the crack tips of these two cracks under the condition 
of 604 \/GA = 608 \/ap, even if we do not know the real phenomena at the crack tips. However, 
this expectation will be justified only when the plastic zone size at a crack tip is sufficiently 
small compared with the crack length, in other words only when the condition of small scale 
yielding is satisfied. From these considerations, the quantity oo,/a in Equation 6.57 is very 
important when we discuss the fracture condition. 

Focusing on the singular stress distribution at a crack tip, a systematic approach to fracture 
problems has been developed by G. R. Irwin et al. since 1957, giving birth to a new field, named 
Fracture Mechanics. 

In general, the displacement of a crack can be classified to three patterns as shown in 
Figure 6.22a-c. 

These three crack displacement patterns or modes are called Mode I, Mode II and Mode III, 
respectively. The stress and displacement in the vicinity of a crack tip for all these modes are 
expressed in terms of the coordinate system in Figure 6.23 as follows. 


Figure 6.21 Crack tips of two cracks (A, B) under the condition 004 ,/a4 = 00g ,/Gp 

(a) (b) (c) 
Figure 6.22 The displacement of a crack can be classified to three modes: (a) opening, (b) in plane shear, 
(c) out of plane shear 
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y 


px 
ple 
Figure 6.23 
Mode I (opening mode) 
aaa (Iams 8) 
O,= cos~{ 1-sin=-sin 
2ar 
0 a ‘si 0. =) 
Oy cos= sin= - sin— 
y= V xa 2 2 
ose! 
Txy = Geo ae (6.58) 
k-1+2 ag 
x sin? — 
Jcos5 5 
7 7) 
ag 5(é + 1—2cos” ) 
2 
Mode II (in plane shear mode) 
Ku 0 (2 : 0 >) 
Oy=- sin= cos= -cos— 
: V2ar 2 2 2 
Ky 30 
Oy sin= -COS= -COs 
2ar 2 
Ky 0 _O . 30 
ty= 585 1-sin; “sin (6.59) 
Ky | 0 0 
u= ae 5sin; («+ 1 + 2c05°5) 


au Oe ee 
2G\ 2x 2 2 
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Mode ITI (out of plane shear mode) 


Kn . 0 Kin 0 
= Typ = COS 


Tyr sinz, 
x V2ar 2 os Qnr 2 


(6.60) 


Kn /r . @ 
w= —,/—sin 
G \V2x 2 


where G is shear modulus, v is Poisson’s ratio, k= (3-v)/(1+v) for plane stress, k =3—4v for 
plane strain. 

Kj, Ky and Ky in Equations 6.58 to 6.60 are called the stress intensity factors for Mode I, 
Mode II and Mode III, respectively. 

Thus, if the remote stress o, is oy =00, we express the Mode I stress intensity factor by 


K,=00/na (6.61) 


Similarly for Mode II, if the remote shear stress 7, 18 Ty =o, 


Ky =t0.\/aa (6.62) 


And also for Mode III, if the remote shear stress t,, is ty, = 0, 


Ky =t0./ 2a (6.63) 


The expression of Equation 6.61 can be understood by comparing Equations 6.57 and 5.58. 
Although the importance of the quantity of the numerator, oo \/a (Equation 6.57), in the fracture 
problem was already described, in the current fracture mechanics it is common to add a con- 
stant, ,/z, to this numerator and call it the stress intensity factor. 

The stress intensity factor K expressed in Equations 6.61 to 6.63 present the simplest case. 
However, in general, the stress intensity factor K varies depending on the shapes of structures 
and boundary conditions. For such cases, it is common to express K as the following form: 


K,=Fo./na (6.64) 


where F is the function to be determined considering shapes of structures and boundary con- 
ditions. The values or equations of the function F for various cases are collected in the hand- 
books of stress intensity factors [3-5]. 

When Mode I and Mode II coexist (Mixed mode), it is convenient for practical use to express 
the stress distribution in the vicinity of the crack tip in terms of a polar coordinate, (r, #), using 
Equations 6.58 and 6.59, together with the stress transformation equation, Equation 1.12. The 
equation is given by Equation 6.65. 
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4 2 2ar 2 
I 1 Ky .O 3. 30 
- + + - - 6.65 
0 aa (qooss 7o5 ) ae ( goings — 4sin-5 ) (6.65) 


Kn 


Ki Dah” + age + ae + 2 aig 
Tro= 
o jet 2 A OS) ae a 


When a crack is inclined at angle / to the direction of the remote tensile stress as Figure 6.24, 


K; and Ky are expressed as follows: 


Ki =o0\/na-cos”B (6.66) 
Ky =0,/na-cosf-sinf (6.67) 


In problems of a mixed mode loading with K; and K7;, the angle 0) at which the stress og has 


the maximum value near the point O’ of Figure 6.24 is important for predicting the fracture 
direction and path of brittle materials [6]. The value of 0) can be calculated from 
Equation 6.65 and must satisfy the following equation: 


KjsinO + Ky(3cos9 — 1) =0 (6.68) 


The roots of Equation 6.68 are calculated as follows. 


0) 1/148  K, 
ak ee (6.69) 


Ky 


2 dy 


Figure 6.24 
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The value of these two roots which gives the larger value of og is the angle 0. 
Figure 6.25 shows some typical examples of stress intensity factors Kj. 


Problem 6.8.1 Estimate the stress intensity factor K; for the short crack in Figure 6.26 using 
the stress concentration factor for a circular hole and the K; for Figure 6.25a. Assume a<<R. 


(c) 


, aja A 
W Ww 
_— 


a er 


Figure 6.25 Typical examples of stress intensity factor Kj. (a) Edge crack in a semi-infinite plate 
(Kj=1.1209,/ma). (b) Center crack in a finite width plate [Kj=F(A)oo\/za,F(A)= 
(1-0.02527 + 0.061") /sec(zA/2), A=a/W]. (c) Penny-shaped crack in an infinite body [Kj= 
2/n(o0./2a)| 


= 


en ee 


Figure 6.26 
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6.9 Stress Field due to a Point Force Applied at the Edge 
of a Semi-Infinite Plate 


The solutions for the stress field produced by a point force (or concentrated force) applied at the 
edge of a wide plate as shown in Figures 6.27 and 6.28 can be widely used to obtain solutions 
for various practical problems by application of the superposition method. These problems 
were solved for the first time by Melan in 1932. 

The stress functions for these problems can be determined in the following manner [7]. 

We assume the thickness of the plate is unity. 

As already described, the solution can be obtained by solving the differential equation 
V‘g= 0 (Equation 6.18) for the given boundary conditions. The boundary conditions for 
the problem of Figure 6.27 are written as follows. 


1. og=0, t@=0 at O=+2/2 
2. The resultant forces F, and Fy which act along a semi-circular contour with radius r sur- 
rounding the origin have the following values irrespective of r: 


Considering the boundary conditions and the form of Equation 6.20, we can understand that 
¢ must satisfy the following equations: 


1 
ae =constant, —- og =constant at 0=+ (6.70) 
or r or 


NIN 


x4 


X¢ 


Figure 6.28 
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In order to satisfy these conditions, we write @ in the following form: 
p=r-f(9) (6.71) 


Putting @ of Equation (6.71) into the equation V*¢ in the polar coordinate, we have 


O. tide. Lee op 1df 1 a¢\ 1 (df  &f 
(sera) (Brea = 3 (GaveGes) =0 


df df 
— +2—54+f=0 6.72 
dé* de" J ( ) 


The solution can be expressed with unknown constants A, B, C and D as follows: 

f(0) =A-cos0 + B- sin? + CO-cos@ + D@- sind (6.73) 
Then, from Equations 6.71 and 6.73, we have 

p=r(A-cosé + B- sind + CO-cosé + DG - sing) (6.74) 


Using this equation with Equation 6.20, we have 


1 
Or — (—2Csin@ + 2Dcos@) (6.75) 


09 =0, 79 =0 


Looking at Figure 6.27, we understand that o, must be an even function of 0, and then C= 0. 


2D 
0, = — cos0 (6.76) 
r 
From boundary condition (2): 
1/26 
| cos0-rd@ = —P (6.77) 
-1/2 
[2 
| o,sin@ -rd0=0 (6.78) 
-2/2 
From Equations 6.76 and 6.77: 
P 
D=-— (6.79) 
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On the other hand, Equation 6.78 is satisfied with the form of Equation 6.76. Consequently, 
the stress function and the equation of the stress distribution for the problem of Figure 6.27 are 
summarized as follows: 


P : 
p= = rexsing (6.80) 


2P cosd 
0,=—-—-+-——,, 09=0, T9=0 (6.81) 
Xn r 


This stress distribution is very specific, because stresses other than 6, are all 0. This specific 
stress distribution is called the simple radial distribution. 

The problem of Figure 6.28 can also be obtained by the similar method. 

The solution is: 


ie 66088 (6.82) 
a 
2 ind 
poe o9=0, t9=0 (6.83) 
I r 


This stress distribution is also the simple radial distribution. The superposition of Fig- 
ures 6.27 and 6.28 gives also the simple radial distribution. 


Problem 6.9.1 Although the solution for the problem of Figure 6.29 in which an inclined 
point force is applied at the edge of semi-infinite plate can be obtained by the superposing 
the solutions for Figures 6.27 and 6.28, verify that the same solution can be obtained by putting 
boundary condition (2) as F, = —R-sina and Fy = —R-cosa in the procedure of solving the 
problem of Figure 6.29. 


Example problem 6.6 


Determine the stress in a long wedge having the tip angle a (see Figure 6.30) which is subjected 
to a point force Fo in the direction of the center line of the wedge. 


Solution 1 


The boundary conditions are written as follows. 


1. og=0, t,g=0 at O=+a/2 


XxX ¢ 


Figure 6.29 
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Figure 6.30 


Figure 6.31 


2. The resultant forces F’, and F’, which act along a partially circular contour with radius r sur- 
rounding the origin have the following values irrespective of r: 


F,=0, Fy =Fo 


If we imagine a wedge with the tip angle a inside a semi-infinite plate, as illustrated with 
dotted lines in Figure 6.31, we can see the boundary conditions along the dotted lines are 
the same as the boundary conditions of Figure 6.30. Considering that the stress distribution 
of o, inside the angle —a/2 <@<a/2 is given by Equation 6.81, we determine the value of 
the force P so that the resultant force produced by o, inside the angle be equal to — Fo. 


a/2 
| : o,cos0-rd@ = — Fo (6.84) 
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Then, 


1 
P= ——__F : 
(a+ sina) 7 ee) 


Thus, the stress inside the wedge of Figure 6.30 is given by 


2Fo cos@ 


aac =0, t,9=0 6.86 
(a+sina) r ne me ( ) 


Or=- 
Solution 2 Use the method of stress function as applied to Figure 6.27. 
Example problem 6.7 


Determine the stress distribution o,, 6, and t,, in the x—y coordinate for the problem of 
Figure 6.27. 


Solution 
2P cos0-sin?@ 2P_ cos*0 2P_ cos2@-sind 
3 3 OFS : > Txy = . (6.87) 
nu r 1 r a r 
or, 
2P xy 2P y 2P xy" 
cs . » Oy=— ae ty ee 6.88 
nr’ ® x re” n eee) 


Problem 6.9.2 Figure 6.32a shows a concentrated moment applied at the edge of a semi- 
infinite plate. Determine the solution as the limiting case of Figure 6.32b (s > 0, Ps=M). 


(a) (b) 


Figure 6.32 
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Problem 6.9.3 The solution for the case in which a distributed load is applied at the edge of a 
semi-infinite plate can be obtained by replacing P of Figure 6.27 by q(é)dé and applying the 
integral (see Figure 6.33). Using this idea, derive the stress distribution equation due to a simple 
distributed load. 


q(¢) 
és = 
x 
dé ¢ 
» 
Figure 6.33 


6.10 Circular Disk Subjected to Concentrated Force 


The solution for the problem of a circular disk under two equal concentrated forces P per unit 
thickness applied at the opposite ends of the diameter (Figure 6.34a) is useful for the strength 
analysis of cylindrical concrete, rolls of steel making mills, roller bearings and so on. 

The solution for Figure 6.34a can be solved by a surprising idea of superposing parts b—d of 
Figure 6.34 [8]. The problems in Figure 6.34b and c are the same as the problem of Figure 6.27. 
The normal stresses in the direction of r, and rz at the imaginary boundary with radius d are 
expressed by: 


==—+—_—— 6.89 
Or| = ( ) 


(a) (b) (c) (d) 


O73 


Figure 6.34 
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on=-— (6.90) 


Considering 0; + 0. =2/2, r) =dcos, and rp =dcos62, we obtain 


2P 2P 
On =~: 02 = (6.91) 
Ti Ti 


Since o,; =6,2 and no shear stress exists in the small element at (7;, 0;) and (72, 02), super- 
posing Figure 6.34b and c produces a compressive stress of — 2P/nd in the radial direction of 
the circular disk acting along the outer periphery of the circular disk except for the point of the 
concentrated forces. To vanish the compressive stress, we superpose the tensile stress 
6,3 = 2P/nd along the boundary of the disk of Figure 6.34d. 

Consequently, as the result of the superposition of Figure 6.34b-—d, we obtain the stress ox 
along the y axis (x= 0) as follows: 


2P 
<= 6.92 
ar (6.92) 
And the stress o, along the x axis is given as follows. 
4P coss@ 2P 2P 4d‘ 
aia aoe lies : (6.93) 
u r ad nd (a? +4x?) 


Problems of Chapter 6 


1. Figure 6.35 shows a combined cylinder which is composed with a solid cylinder A with 
radius a and a hollow cylinder B with inner radius a and outer radius b. Cylinder A is 
inserted inside cylinder B without clearance. There exist no initial stresses in A and B. 


itetttht 


Figure 6.35 


Two Dimensional Problems 89 


When only the end face of cylinder A is subjected to an axial compressive stress 6, = —60, 
calculate the circumferential stress og produced at the inner wall of cylinder B. Assume that 
there is no frictional stress between A and B. Young’s modulus is E and Poisson’s ratio is v. 
2. When we use the shrink fit technique to fit a cylinder having the outer radius ~d into a 
hollow cylinder having the inner radius d and outer radius D, determine the stresses o,. and 
6¢ at the inner wall of the hollow cylinder for the shrink fit size A [= the diameter of the 
inner cylinder (~ d) — the inner diameter of the hollow cylinder (d)]. 
Young’s modulus is E and Poisson’s ratio is v. Consider that A/d< <1. 
3. Determine the approximate stress at point A of the holes shown in Figure 6.36. 


(a) (b) (c) 


- - 7 
= 
B 


A — _ — 
& a 
B 


Figure 6.36 


4. When (as shown in Figure 6.37) a circular disk contains a small circular hole at the center 
and is subjected to radial concentrated forces at the opposite ends of the diameter, estimate 
the stresses at point A (the intersection of the loading axis and the circular hole) and point 
B (the point 90° moved from A along the circumference of the circular hole). Compare the 
estimation with the numerical results in Table 6.1. Note that the concentrated force is 
defined as the quantity per unit thickness. 


P 


Figure 6.37 
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Table 6.1 
ae 2P/xD 

d/D Kia Kip 
0.05 6.095 -10.03 
0.1 6.385 -10.11 
0.2 7.598 -10.53 
0.3 9.856 -11.56 
0.4 13.68 -13.70 
0.5 20.31 -17.80 
0.6 32.84 -25.72 
0.7 60.45 -42.99 


0.8 140.7 —92.07 


Figure 6.38 shows a wide plate having a slender column on the edge of the plate. The width 
of the column is 2a and the height is h. A force P (per unit thickness) is applied at the tip of 
the column. When a circular hole exists at (x, y) removed far from the bottom of the column 


(i.e. \/x2 +? > >2a), estimate the maximum stress at the edge of the circular hole. 


aa 


Pp 


h 


An 


Figure 6.38 


When 6, =060, 6 =00, Try =To and P= 30° in Figure 6.24, determine the stress intensity 
factors K; and Ky. 
When a crack exists at an incline angle / in a brittle material, as shown in Figure 6.24, the 
direction of crack propagation can be predicted by assuming that the crack propagates 
along the plane where tangential tensile normal stress og becomes maximum. 

Estimate the direction 0) when /=7/4. If necessary, use the values of Table 6.2. 
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Table 6.2 

a sin7!a@ cos!@ tana 
0.1 0.100 1.47 0.100 
0.2 0.201 1.37 0.197 
0.3 0.305 1.27 0.291 
0.4 0.412 1.16 0.381 
0.5 0.524 1.05 0.464 
0.6 0.644 0.927 0.540 
0.7 0.775 0.795 0.610 
0.8 0.927 0.643 0.675 


0.9 1.12 0.451 0.733 


8. When pipe A under internal pressure p is reinforced by pipe B, as shown in Figure 6.39, 
determine the circumferential tensile stress og at the inner wall (r=a) of pipe A and the 
circumferential tensile stress 6g at the inner wall (r=b) of pipe B, where pipe A is fitted 
to the inside of pipe B without any initial stress and with no clearance. The Young’s modu- 
lus and the Poisson’s ratio are E4, v4 and Ep, vg, respectively, for pipes A and B. 


A: Eg, VA; B: Ep, VB 


Figure 6.39 


Appendix of Chapter 6 


Transformation of coordinate systems in differentiation from x—y coordinate to r—@ coordinate: 
x=rcosé, y=rsind 


Pax ty’, 0= arctan~ 
x 


=—=cosd, oT 2) Sand 


ox or oy r 
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Thus, 
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Torsion of a Bar with Uniform 
Section 


Torsion problems of bars and columns with uniform section are encountered in many machine 
components such as power transmission shafts and many other structures. Torsion problems of 
thin walled sections are important in aircraft and ships, though the torsional rigidity of these 
structures is very different in closed section and open section. Although the solution method 
is a little bit different from the plane problems explained in Chapter 6, the three conditions of 
equilibrium condition, compatibility condition and boundary condition must be satisfied as the 
basis for an exact solution, as well as in 2D problems. 


7.1 Torsion of Cylindrical Bars 


Although this problem is basic and is usually treated in the so-called strength of materials, the 
solution will be explained in the following for reference with other problems having noncir- 
cular sections. 

Since tg, =T,9 in Figure 7.1, 7,9 will be used in the following equations as the representative 
shear stress. When a cyclindrical bar having diameter d is subjected to twisting moment 7, the 
twisting moment dT supported by an annular region having the ring width dr at radius r can be 
written as 


dT = 2nr°t-9dr (7.1) 
Denoting tz at r = d/2 by Tmax, 


tg = 2r/dtmax (7.2) 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
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Figure 7.1 


Figure 7.2 
Thus, 
4/2 Ag nd 
T= [ar | Fh tmaxdr 7 167m (7.3) 
Go = VOT [ad =T/Z, (Z,=0" 16) (7.4) 


Denoting the twisting angle per unit length by @, the twisting angle g can be expressed with 
reference to Figure 7.2, which represents the twisting deformation for unit length. 


— Y _ tmx T _ T 
~ d/2~ G(d/2) GZp(d/2) Gip 


nd* 
Ih= 37 Polar moment of inertia (7.6) 


8 (7.5) 
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Sie (7.7) 
ee er, 


Equations 7.4 and Equation 7.7 can be applied only to circular sections. 
If section shapes are not circular, the polar moment of inertia and section modulus must not 
be used to calculate shear stress and twisting angle. 


7.2 Torsion of Bars Having Thin Closed Section 


Shear stress and twisting angle for torsion of bars having a thin closed section under twisting 
moment T as in Figure 7.3a can be obtained as follows. 

Let us imagine a closed pipe like Figure 7.3a and cut it by a plane which includes straight 
lines across the thickness at A and B. Imagine the part cut by the plane having a unit length 
like Figure 7.3b. The cut plane should be subjected to shear stress in the direction indicated 
by arrows in Figure 7.3b. The equilibrium condition of the cut part in the longitudinal direction 
(z direction) can be written only with the shear stress in the longitudinal direction at 
A and B as follows. 


Tahal = Tphpl (7.8) 


where ha and hg are the thicknesses at A and B, respectively. Since A and B are not particular 
points, Equation 7.8 means that the following equation holds everywhere along the circum- 
ference of the pipe: 


th= constant (7.9) 


The relationship of Equation 7.9 is called the condition of constant shear flow. 

In order to obtain the relationship among twisting moment, shear stress and shape of section, 
let us consider the torsional moment dT with respect to the z axis passing a point O produced by 
the shear stress Tt acting at small part of the section ds along the tangential direction, as shown in 
Figure 7.4. 


(a) (b) 


|S 


Figure 7.3 
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Figure 7.4 


dT =thds-r' (7.10) 


Considering Equation 7.9, 
T= feds = ond (7.11) 


Since r’ds is equal to twice the area of AOCD, fr ds expresses twice the total internal area A 


covered by the center line at the thin section. Namely, we have 
T=2thA (7.12) 
The relationship between T and the twisting angle per unit length, 0), can be obtained by 


relating work done by T equal to the strain energy’. Namely, paying attention to the quantity 
per unit length, 


© nds=176 (7.13) 
=! Ss = _— . 
2G 7 aes 
From Equations 7.12 and 7.13, 
T fds 
= a 7.14 
% aaah h Gan) 


If the thickness of a pipe is constant (ig) along all periphery, the following relationship is 
derived by denoting the total periphery length by so. 


Tso 


= —___ 7.1 
4A?Gho or) 


% 


' The concept of strain energy is explained in Chapter 8. Here, the basic knowledge of strength of materials is sufficient 
for understanding this equation. 
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7.3 Saint Venant’s Torsion Problems 


Problems in which bars with a uniform cross section are subjected to twisting moment at the 
both ends are called Saint Venant’s torsion problems. The solution of the problems is based on 
the following three assumptions. 


1. If the twisting angle ¢g is defined by the values from the original coordinate z= 0, the twist- 
ing angles at z=z, and z=2» follow the following equation: 


2/9 =22/Z1 (7.16) 


2. The shape of the deformed cross section is the same along the length of the bar irrespective 
of z. 

3. If the twisting moment is applied in statically equivalent way, the effect can be equivalent at 
the section apart from the edge in the distance of the diameter or the representative dimension 
of the bar, regardless of ways of application of twisting moment (see Chapter 5 of Part I). 


Assumption 3 assumes that not only shear stress but also axial normal stresses may occur at 
the cross section near the edge of the bar where twisting moment is applied. However, since the 
resultant forces calculated by integrating these normal stresses over the cross section vanish, the 
disturbance is not transferred to the cross section far from the end of the bar. Therefore, assump- 
tions | and 2 are also rational. 

In order to solve torsional problems, Saint Venant started the analysis by assuming the 
deformation of a cross section based on assumptions 1-3. The solution method is named Saint 
Venant’s semi-inverse method. The method will be introduced in the following. 

Let us define the coordinate system as Figure 7.5 where the z axis is in the direction of the 
axis of a bar and the origin O is taken at the stationary point on the cross section coordinate x—y. 
Denoting the displacements in the x, y and z directions by u, v and w, the assumption of Saint 
Venant is expressed by 


u=-—Oozy 
V=Oozx (7.17) 
w= Ooy (x,y) 


Figure 7.5 
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(x+u, y+v) 


Figure 7.6 


where 6p is the twisting angle per unit length and y(x, y) is a function which expresses the warp 
of the cross section plane, being y(x,y) =0 for the case of a circular cross section. Although 
Navier assumed that shear stresses should be proportional to the distance from the origin O, it 
resulted in failure. 

Saint Venant’s assumption is expected to be reasonable, though it must be examined by judg- 
ing if it satisfies the three basic conditions of theory of elasticity, that is equilibrium condition, 
compatibility condition and boundary condition (Figure 7.6). 

Strains and stresses corresponding to the displacement of Equation 7.17 are expressed as 
follows. 


_ ow du _, (ow 

ee a (¥-») (7.18) 
_ ow ov_, (ow 

Yy Bi ae 0 (= +x) 


= aoe 
c= G0 (5 ) (7.19) 


Since the strains expressed in the form of Equation 7.18 satisfy the compatibility equation 
(Equation 2.24), the remaining task is reduced to how to determine the function w(x, y) which 
satisfies the equilibrium condition (Equation 4.4) and the boundary condition. 


7.4 Stress Function in Torsion 


Exact solutions in elasticity must satisfy the equilibrium condition, the compatibility condition 
and the boundary condition. These conditions will be examined in order. 
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7.4.1 Equilibrium Condition 


The equilibrium conditions in the x and y directions are naturally satisfied. 


The equilibrium condition in the z direction is expressed as 


OF ge OF yg Gz 


ax oy oz 


Considering o,= 0 and Z= 0, Equation 7.20 is reduced to 


OT is OTyz _ 


ox oy m= 
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(7.20) 


(7.21) 


The final goal is to find two functions: t,, =f(x, y) and 7), = g(x, y). Since we have one con- 
dition of the equilibrium equation (Equation 7.21), we can express 7,, and t,, by one function. 


Therefore, without using f(x, y), we use one function d(x, y) by which we put 


Here, we call ¢ the stress function in torsion. 


7.4.2 Compatibility Equation 


From Equations 2.24 and 7.18, we have 


0 OY y. OY 2x = 
=(- dx dy ) =" 


a Oye ex -0 
oy\ ax dy J 


G) OY). OY x = 
=( ax dy ) He 


(7.22) 


(7.23) 


(7.24) 


(7.25) 


Other equations of compatibility condition are automatically satisfied. Since y,, and y,, are 
independent from z, Equation 7.25 is naturally satisfied. Thus, from Equations 7.23 and 7.24, 


OY yz OY 2x 
~~ + =i 
ox oy 
namely, 
Oty, O 
fs, Tyz i Tzx = 6 


ox oy 


(7.26) 


(7.27) 
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To assure constant values in Equations. 7.26 and 7.27, the strains and stresses must have the 
forms of Equations 7.18 and 7.19 which are derived by Saint Venant’s assumption 
(Equation 7.19). 

Substituting Equation 7.22 into Equation 7.27, we have 


2 2, 
OW ae (7.28) 


Ox2 dy? 
By substituting Equation 7.19 into Equation 7.27, we have 
C=-2G6o (7.29) 


Thus, 


ro oo 
a5 +575 = —-2G60 7.30 
ox? dy? 0 ( ) 
Consequently, the exact solution is the one which satisfies Equation 7.30 and the boundary 
conditions. 


7.4.3 Boundary Conditions 


In order to investigate the relationship between the stress function @ and the boundary condi- 
tions, let us pay attention to a small triangular element which includes the boundary as in 
Figure 7.7. Since the outer surface of the bar AA’BB’ is a free surface, no stresses are acting. 
Therefore, the sum of the forces in the z direction acting on O; AA’O, and the force acting in the 
z direction on O,;O2B’B should be zero. Namely, taking the length of the small element in the z 
direction unity, we have 


Tl: 1+ty,m-1=0 (7.31) 


where / and m are the direction cosines of the normal direction fixed at the boundary with 
respect to the x and y axes. 
Defining s in the counterclockwise direction, / and m are expressed as follows: 


dy dx 


l=—, m=-— 7.32 
ds - ds 2) 
Therefore, substituting Equation 7.32 into Equation 7.31, we have 
dy dx 
ta Gea (7.33) 
Now, using the stress function of Equation 7.22, we have 
dp dy df ax dO 
eee ee =0 (along a boundary) (7.34) 


oy dix 0% as Os 


Torsion of a Bar with Uniform Section 103 


(b) 

y 

¢ 
ES ds 
x 
dx 
Figure 7.7 
Consequently, assuming C to be an arbitrary constant value, we can write 
g =C (alonga boundary) (7.35) 


Although C is an arbitrary constant, for simplicity we choose C = 0 for problems having one 
boundary. 

In order to determine the final form of ¢, the relationship between ¢ and twisting moment T 
in addition to Equations 7.30 and 7.35 must be formulated. Considering Figure 7.8 and @ = 0 
along boundary, the relationship can be derived as follows, where y* p and y" p are the y coord- 
inates of the boundary and x*g and x” x are the x coordinates of the boundary. 


T= | (-ytz.dx “dy + XTy,dx- dy) 


|(-ye +XTy,)dx-dy 


7 (0% +22) aay (7.36) 


104 Theory of Elasticity and Stress Concentration 


YB 


Figure 7.8 


a 


a>b 
Figure 7.9 Torsion of a bar with an elliptical section 
Namely, 


T= 2|aaa, A: Area of the section of a bar (7.37) 
A 


Example Torsion of a bar having an elliptical section (Figure 7.9) 
The torsion of a bar having an elliptical section expressed by x*/a? + y”/b?— 1 = 0 can be 
solved by assuming ¢ in the following form: 


2 
6-0,(5+3-1) (7.38) 
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where it should be noted that C= 0 in Equation 7.35 is taken into consideration in assuming 
Equation 7.38. Co is determined by considering Equations 7.30 and 7.37 as follows: 


ab 
Co= => :C 7.39 
° 2(a? +b?) ( ) 
2T(a* +b’) 
SGojos 0 74 
C GO 7a (7.40) 


It is interesting to note where the maximum shear stresses occurs on the elliptical section of 
Figure 7.9. 


7.5 Membrane Analogy: Solution of Torsion Problems by Using 
the Deformation of Pressurized Membrane 


L. Prandtl (1903) found that the differential equation for expressing the deformation of a pres- 
surized soap membrane is analogous to that for the torsion problem expressed by stress function 
and many torsion problems can be solved by the theory and experiments of soap membrane. 

If a soap membrane having the frame shape I is pressurized with pressure q, the soap mem- 
brane deforms like a hill as Figure 7.10a. Referring to Figure 7.10b, we can write the equilib- 
rium of a small membrane element dxdy as 


= = (7.41) 


Figure 7.10 Deformation of pressurized soap membrane 
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where z is the displacement of the membrane. 
Considering the following relationships, 


dé,=—, d0j=— (7.42) 
? J 
and denoting the surface tension by S, we have 


d d 
& sdy + = Sdx—qdx-dy=0 (7.43) 


Px y 


Consequently, from Equations 7.41 and 7.43, 


az oz 
Sear ae 5 (7.44) 

Equation 7.44 has the same form as Equation 7.30 which the stress function for torsion prob- 
lems must satisfy with the conditions dz/dx<«1 and dz/dy« 1. 

From the above analysis, the correspondences between torsion problems and soap membrane 
problems are summarized in Table 7.1. 

From these correspondences the following relationships are derived. 


Civ ae 
TGh = a/8 (7.45) 
dp/dn _ dz/dn 
2G0,q/S 788) 
Of thy 3G 
On 2G0) S rah) 


Table 7.1 Correspondences between torsion problems and soap membrane problems 


Torsion problem Membrane problem 
p ‘4 
= 0 on boundary z= 0 along on the same frame 
q 
—2G0o = 5 
T= 2| [ax -dy 2| [eas -dy (= twofold volume occupied by 
membrane) 
0 7) 
- oe (stress in direction of equiheight line) - = (gradient of membrane in normal direction to 
n in 
equiheight line) 


7) 
Zz = constant and — sae 0 along equiheight line 


os 
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Now, considering the following relationship along an equiheight closed loop, 


0 
7 sds =qA, A= area occupied by equiheight closed loop (7.48) 
n 


the following equation can be derived with Equation 7.47: 


pres =2GOA (7.49) 


The following section will show various applications of the membrane analogy. 


7.6 Torsion of Bars Having a Thin Unclosed Cross Section 


Bars having a cross section with a boundary expressed with one curve, such as Figure 7.1 1a is 
called a bar with an unclosed cross (or open) section. On the other hand, a cross section having 
two or more closed boundary curves, such as Figure 7.11b is called a closed section. 

Torsion problems with an unclosed cross section can be successfully solved by the applica- 
tion of membrane analogy. 


Example 1 Torsion of a plate having a narrow rectangular cross section 
In order to apply the membrane analogy to a plate having a narrow rectangular cross section, 
such as Figure 7.12, we imagine a narrow rectangular frame over which a soap membrane is 
covered. Then, we imagine that the membrane is pressurized from the other side of membrane 
with a pressure q. 

In this case, the equiheight curves will be like those expressed by Figure 7.12. 


(a) (b) 


od =const. 


, =const. =0 


Figure 7.11 (a) Unclosed section. (b) Closed section 
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. 
— 


Se 


Figure 7.12 Bar with narrow rectangular section 


Expressing this state by equation, we have 


az dz q 
af aes (7.50) 


Now, since d’z/dy* can be regarded as d*z/dy’ ~ 0 over almost all the cross section, 
Equation 7.50 can be approximately reduced to 


d?z qd 

By integrating this equation, 

dz q 

= =-=x+C 7.52 

aS! oe 
Considering dz/dx= 0 at x= 0, C; = 0. 
Therefore, 

oe 
z= sgh +O (7.53) 


Since z= 0 at x= +h/2, C)=qh"/8S. Then, 
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2 
Pein ee 
28 8S 
Thus, at x=h/2, we have 
2 _ oh 
dx max 2 


From the correspondences between 2G@p and q/S, 


bh? 
T= 2V = 3 0% 
7=2GOox 
Tmax =hGOo 
3T 
jj 
©” bIBG 
3T 
Tmax = > 
bh? 


Example 2 Torsion of a thin tube having a longitudinal slit 
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(7.54) 


(7.55) 


(7.56) 


In the case of a thin tube having a longitudinal slit and with h << D like Figure 7.13, the dimen- 
sion corresponding to b in Example | is xD. By this replacement, the solution of Example 1 can 


be applied automatically. 


h<D 


Figure 7.13 Thin tube having a longitudinal slit 
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Example 3 Torsion of bars having various unclosed cross sections 

The solution of Example | can be applied also to the bars having cross sections like 
Figure 7.14a—c. The dimension corresponding to b in Example 1 is b= ~ 2a for part (a) of 
Figure 7.14, b~b, + 2b, for part (b) and b ~ b; + 2b» for part (c), respectively. 


(c) 


Figure 7.14 


Example 4 Torsion of a bar having a rectangular cross section 
The torsion problem of a bar having a rectangular cross section [1], as in Figure 7.15, is dif- 
ferent from bending problems and must not be solved by a simple application of the polar 
moment of inertia which results in a completely wrong solution. 


Figure 7.15 


The basic equation of membrane analogy for this problem is 


az dz q 


Imagining the deformation as that of a soap membrane, we assume the form of z as follows: 
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foe) 
Z= S> B.cos—~Yp, Pp, : constant, Y,, = Y,,(y) (7.63) 
n=1,3,5 2a 


Applying the Fourier expansion to the right hand of Equation 7.62, —q/S, within -a<x<a, 


a a ee 
-g=- \- 5 —-(-1) Fos (7.64) 


nn 2a 


Substituting Equations 7.63 and 7.64 into Equation 7.62, we have 


272 
n WH q 4 (n-1)/2 
a n= -1 7.65 
4a? S np, 789) 
Solving this equation, we have 
16ga” e 
Y, =Asinh —> + Bcosh > + —— (Siete (7.66) 


2a 2a Sn3x3f, 


From the symmetry of the membrane deformation, A = 0. B can be determined from the con- 
dition Y,(+b) = 0 due to z= 0 at y= +b. Consequently, 


2 
Y,= l6ga (-1y"-)2 | 4 cosh(nay/2a) (7.67) 
Si3 2B, cosh(nab/2a) 


z can be obtained by inserting Y, of Equation 7.67 into Equation 7.63. 

Finally, @ is determined by the one to one correspondence between q/S and 2G@p and also 
between z and @. Once the form of ¢ is determined, the shear stresses (7, or ty,) and the equa- 
tion of twisting angle can be determined after some numerical calculations on the equations 
expanded by series. 

Table 7.2 shows the result of the numerical calculations k, k, and kp for the expressions of 
Tmax = kxGOoa, T =k, GOo(2a)° (2b), Tmax = T /k2 (2a) (2b). It must be noted that the maximum 
shear stress occurs at the midpoint of the longer side of the rectangular section. This nature of 
shear stress distribution in rectangular section is very often misunderstood. 


Table 7.2 

bla k ky ky 
1.0 0.675 0.1406 0.208 
1.2 0.759 0.166 0.219 
1.5 0.847 0.196 0.231 
2.0 0.930 0.229 0.246 
25 0.968 0.249 0.258 
3 0.985 0.263 0.267 
4 0.997 0.281 0.282 
5 0.999 0.291 0.291 

10 1.0 0.312 0.312 


fe) 1.0 0.333 0.333 
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7.7 Comparison of Torsional Rigidity between a Bar with an Open 
Section and a Bar with a Closed Section 


It must be noted that the reason why the torsional rigidity of a bar with a closed section is much 
larger than that of a bar with an open section is due to the contribution of the large area inside the 
boundary, as shown in Equations 7.14 and 7.15. A few examples will be shown in the 
following. 


Example 1A thin rectangular section plate and a thin circular pipe (Figure 7.16) 
The twisting angles per unit length, 49; and 992, for Figure 7.16a and b are 


37 
= 7. 
o” Gbk3 7-68) 
ToSo 4T> 
002. = SS = = 7. 
°"4A2Gh Gabeh ne) 
Therefore, if we compare the twisting angles for the case of T; = 72, we have 
Oo _ 3ab*h 3a (b\* 
= = 1 7.70 
On. 4b 4 \n) ~ a) 


If we compare the twisting moments for the case of 09; =9o2 (= the same twisting angle), 
we have 


a (Hy (7.71) 


T, 32\b 
and T, /T, ~ 4x 1073 for h /b= 0.1. It follows that welding (a) of Figure 7.16 to the diameter 
section of (b) of Figure 7.16 does not contribute to an increase in the torsional rigidity of 


the pipe. 


(a) (b) 


Figure 7.16 
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Example 2. A thin pipe having a slit and a closed thin pipe 
If we compare the twisting moments for Figure 7.17a and b with the identical twisting angle, 


we have 
T, 4/h\? 
ae (7.72) 
To 3\d 


This result means a large difference in the twisting rigidity of the two pipes (a) and (b) in 
Figure 7.17 as T;/T, ~ 0.01 for h/d= 0.1 and T,/T, ~ 4x 1074 for h/d= 0.01. 


(a) (b) 
h h 


Figure 7.17 


Example 3 A thin rectangular pipe with a closed section having a rib (Figure 7.18) 
Applying the equations obtained so far to the problem of Figure 7.18, we can obtain the fol- 
lowing equations. 


Thy =T2h. + 73h3 (7.73) 
T =2A thy + 2A2t2h2 (7.74) 


hy h 


t 
t 
Ay h, |tl A, 
“4 
t 


NS ee ee ee ee a 


s;*2atc, S.*2b+C, SZ=C 


Figure 7.18 
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Taking Equation 7.49 into consideration, we have 


T1S1 +7383 =2GOQA\ (7.75) 
T1282 — 7383 =2G@A2 (7.76) 


From the above equations, we can obtain 7, t2 and 73. Only the expression for 7; is shown in 
the following. 


T[s2h3Aq + sah(Ay +A>)] 
2 [sein yA? + shgh3Ay? + s3hyho(Ay +Az)”] 


(7.77) 


T= 


Problems of Chapter 7 


1. Determine the twisting angle g for a square sectioned thin tube of Figure 7.19 which is 
fixed at one end and subjected to a twisting moment 7 at the other, open end. The shear 
modulus of the material is G. 


h<a (h: plate thickness) 


Figure 7.19 


2. Determine the twisting angle @ for a thin cantilever plate of Figure 7.20 which is fixed at 
one end and subjected to a twisting moment T at the free end. Assume that the thickness of 
the plate t= constant and the height of the plate linearly varies from a; to a2. The Young’s 
modulus of the material is FE and the Poisson’s ratio is v. 

3. Determine the twisting angle ¢ at the central position of the thin tube of Figure 7.21 with 
mean diameter d and thickness h which has a slit for half the length of the tube. The tube is 
fixed at both ends and is subjected to a twisting moment T at the the central position of the 
tube. The shear modulus of the material is G. 

4. Determine the twisting angle 09 per unit length when a pipe having a cross section like 
Figure 7.22 is subjected to a twisting moment 7. Assume the thickness of the pipe is h 
and h< <D. The shear modulus of the material is G. 
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Figure 7.21 


Figure 7.22 


Reference 


[1] S. P. Timoshenko and J. N. Goodier (1982) Theory of Elasticity, 3rd edn, McGraw-Hill International, New York, 
p. 309. 
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Energy Principles 


The several basic principles of the theory of elasticity have been obtained by paying attention to 
the energy of a system. The typical principles of these will be explained in this chapter. 


8.1 Strain Energy 


The historical sequence of describing the change of internal state of an elastic solid under the 
application of external forces was to pay attention to the change in location of atoms and mol- 
ecules. However, the trial was not successful, though recent progress in computer analysis is 
making a new trend. The work done by the external forces results in a change in the location of 
atoms, namely stored as the strain energy. The expression of strain energy in the present form 
has been made possible by a simple and basic definition of stress and strain by Cauchy. 

The definition of the concept of stress and strain which is used currently in general was given 
by Cauchy (1868)'. Without getting into the details of the microstructural conditions of solids, 
Cauchy thought the physical quantities of stress and strain should be related to deformation and 
failure. This simple idea became the beginning of the theory of elasticity. 

Equations 8.1—8.4 were all derived by Cauchy. px, py and p, in Equation 8.1 are the x, y and z 
components of the resultant force per unit area acting in the x, y and z directions on the plane 
having the direction cosines J, m, n (Figure 8.1; see the explanation related to Figure 1.13). 
Equations 8.2—8.4 are already explained in earlier chapters. 


Py =Oxl + TxM+ TN 
Dy =Tyl t+ oymt+Tyn (8.1) 


Dz =Txzl + TyM+ ON 


"Regarding the details, see Reference [1]. 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
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C 
(1, m, n) 
B 
————$_$$___<—<$<> y 
A 
x 
Figure 8.1 
Txy =Tyx, Try =Txz,  Tyz = Ty (8.2) 
06x  OTyx — OT xx 
; : Xyye 
ox oy . oz [or 
Ory + Ons + Oey +Y=0 } (Equilibrium equation) (8.3) 
ox doy az 
Oty, Oty, OG, 
eine a ey fe 
ae” dy 7 oz ae 
_ Ou _ ov _ ow 
eS a dy’ Oe 
(8.4) 
du ov dv dw _ ow ou 


yonT ta, venta, : +— 
Vay dy ox Nye Fe oy Yay Fz 


Clapeyron (1799-1864) pointed out that the work done by external forces under a constant 
temperature and iso-entropy process is equal to the strain energy. 

The initial state in which no external forces are applied is a thermodynamically equilibrium 
condition and is called a natural state. The energy in the natural state is termed Epo. If external 
forces are applied to a body, the energy state E, of the body in question is increased due to the 
disturbance from the natural state. If the external forces are unloaded, the natural state is 
recovered and the difference AE between FE; and Ep is written as follows: 


AE=E,-Eo 


We can regard AE >0. We call AE the strain energy, and the nature of AF >0 is called the 
positive form. 

We express the strain energy with stresses and strains in a body as follows. 

Let us imagine an infinitesimal rectangular solid in a body, as in Figure 8.2, and define the 


stresses by 6,, Oy, Oz, Txy and so on, the strains by e€,, €,, €z, Yxy and so on and the body forces by 
X,Y, Z. 
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dz 
dy 
dx 
Figure 8.2 
O. 
O,+ — ae 
Ox X xX 
—_— eo — 
dz 
' dx 1 
! ' 
1 ! 
' ! 
1 ' 
I ' 
u ou 
u+— dx=ute,dx 
ox 
Figure 8.3 


Considering the contribution of o,, €,, and X to strain energy in terms of Figure 8.3: 


1 00, 1 
~{ o,+—dx dy-dz(u+ €xdx)—oxdy-dz-u 
x 


2 r) 

1 1 0c 
~w ee ee cote 8.5 
Boxe xc dy-dz+ he a dx-dy-dz (8.5) 
= gO Vaca 

= 5 | Oxex us Ix - dy - dz 

1 1 1 

5X (« + 5) dx-dy-dz= aXudx- dy dz (8.6) 


Referring Figure 8.4, the contribution of r,,, to strain energy can be expressed as follows: 


ay ec ee erm mee 
2 Txz Be X Y:QZ\| W ox xX 7% sy AZ* Ww 


5( ow OT 


XZ 
= ox 7 ox 


(8.7) 


) dy ae 
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ow 
w------ > wt dx 
ox 
tx Txz+ “dx 
@ ------ 
Figure 8.4 


Likewise, the contribution of other stresses and strains can be expressed as follows: 


1 doy 1 0o- 

5 (a2, + se) dx-dy-dz, 5 (ox. =) dx-dy-dz, 

1 1 du OT 

Z| Tex ‘d 2a xa ~ d. d > 
5 ay 5a -dy-dz 5 (0 5e +H 5) aed Zz 


ow | woe 1 aan yore 
(= Soy 5a dy -dz, 5 (s.524 ay ar =) dy - dz, 


OP youn 


Nile 


ou | xz 


Tes a WS) a dy-dz 


1 
2 
The contribution of the body forces Y, Z to strain energy can also be expressed as 
1 1 
3 Yvdx- dy -dz, wax. dy- dz. 


Denoting the sum of all the contributions listed above by dU, and considering Equation 8.2 
and Equation 8.4, we have 


1 
dU= 5 (ove + Oyby + OzEz + TxyV xy + TycVyz + TV ex) 
Sul lon i‘ OTyx ; OT ex \ay Oxy 4 2% fs OT zy ay 
ox oy oz ox Dy Oz 
Oe . Oy 00; 
~ : <+Z -dy: : 
+w(SE+ ae je ly dz (8.8) 


The second, third and fourth terms in [ ] are reduced to zero, because they include the 
equilibrium conditions itself. Therefore, 


1 
dU= 5 (Ox€ + OyEy + OzEz + Try py + TyeV yz + Tex z,) dX: dy-dz (8.9) 
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Denoting the strain energy per unit volume by Up and using the relation- 
ship dU = Updx-dy-dz: 


Up = (Ox€ + Oyby + OE; + Try yy + Tye yz + Testes) (8.10) 


Nile 


Up is called the strain energy density function. 
Using Hooke’s law, Uo can be expressed only by stresses or strains as follows: 


1 1 
Upj= Et Ca + os + o.”) —2v (oxo, + OyO,+ 0-0) } + 5G (ie + a + tz") (8.11) 


Ev 2 2 2 2,1 2 2 2 
Uy aan +64 (6 + &y +€; )+5(% Aves +72.) (8.12) 


If Up expressed by the polar coordinate is prepared, many applications in polar coordinate 
problems will be possible. 

Since Up 20 (positive form), the possible range of Poisson’s ratio v can be determined as 
follows: 


-l<v<1/2 (8.13) 


Poisson’s ratios for most metallic materials are y= 0.25—0.33; and especially for steels, 
v~ 0.3. According to Equation 8.13, Poisson’s ratio can have a negative value, though no 
material having v<0O is known. 


Problem 8.1.1 Derive Equations 8.11 and 8.12 from Equation 8.10. 
Problem 8.1.2 Derive Equation 8.13. 


Problem 8.1.3 Verify the following relationships. 


_ dU _ dU _ dU _ dU 
Ey = a éy= ee €,= aN Yxy = a se (8.14) 
ae dUp . dUp dUp dUo (8.15) 


= Oo = ua — eee 
POE, 0Ez Oye.” 


Problem 8.1.4 Figure 8.5a, b shows a wide plate with unit thickness under a uniform remote 
tensile biaxial stress oo. The plate of Figure 8.5a does not contain a hole. The plate of 
Figure 8.5b contains a circular hole with radius a. 

Answer the following questions. 


1. Calculate the strain energy U; for the plate of Figure 8.5a and U; for the plate of Figure 8.5b 
inside the region included by the dotted line. The Young’s modulus and the Poisson’s ratio 
of the plate are E and v, respectively. 

2. When the radius a is reduced to 0, a— 0, which one of the following relationships is 
correct. 


U; =U2 U,;>U> U, <U> 
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8.2 Uniqueness of the Solutions of Elasticity Problems 


The uniqueness of the solution of elasticity problems can be solved in the following. Assum- 
ing two solutions for Problem A, we denote the solutions by Solution 1 and Solution 2, 
namely: 


if / / / / / / / 
Solution 1: 6,', 6y',62 ,Txy «+15 Ex Ey 9€2 Vy oe 


Solution 2: 6," ,6y" ,62" ,Tyy" «6.5 €x" 5 Ey" Ex", Vey ee 


Since Solutions 1 and 2 both satisfy the compatibility equation, the equilibrium condition 
and the boundary condition, first of all we write the equilibrium condition with Solution | as: 


do,’ 7 OT xy" * OT! n 
ox oy az 

OT xy : doy’ " Oty, 
ox oy az 

OT’ OTy,' do, 


ax oy az 


xX=0 


+Y¥=0 (8.16) 


+Z=0 


denoting the resultant forces per unit area in the x, y and z directions by px, py and p, and the 
direction cosines with respect to the x, y and z axes by (J, m, n): 
0x1 + TyyM + Tx'N = Py 
Tyx' 1+ oy'M + Ty'N = Py (8.17) 
Txz' Lt Ty.'M + 0;/N = pz 
Likewise regarding Solution 2, we can obtain equations with the same form as 
Equations 8.16 and 8.17. We denote these equations as Equations 8.18 and 8.19. 
The equilibrium condition for Solution 2 (8.18) 
The boundary condition for Solution 2 (8.19) 
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If we denote the subtraction between Solution 1 and Solution 2 by o,=0,' 6; , 


= / 
Oy =Oy'-Oy , ... 


OO, Oxy OTe _ 


x oy “ oz ae 
OTxy  OGy Oy _ 
> cr a >, =0 (8.20) 


Oz,  OTyz Gz _ 
ax oy ae 


Oxl+ m+n =0 


Txyl toym + Tyn=0 (8.21) 


Txzl + Tym +6,n=0 


Equations 8.20 and 8.21 mean that the subtraction between Solution 1 and Solution 2 is the 
solution for a problem with no body force and no external force, namely the solution for a 
problem of natural state. It can be easily confirmed that the solution satisfies the compatibility 
condition. Considering that the strain energy of the natural state is zero and Ug has the positive 
form, from Equations 8.11 and 8.12 we can derive the following result: 


Oy =0y=0,=---=0 (8.22) 


It follows that 


1 ” ! " 


Ox =Oy, Oy =Oy,°° (8.23) 


Thus, the solution for a linear elastic problem is unique. The above discussion is the natural 
conclusion of the linearity of the basic equations and as the result the superposition principle 
can be understood, based on the nature of the governing equations. Therefore, we can write: 

The solution for Problem A + the solution for Problem B = the solution for a problem which 
has superimposed boundary conditions for Problems A and B. 

On the other hand, the superposition principle does not hold in general for nonlinear material 
problems and geometrically nonlinear problems. 


8.3 Principle of Virtual Work 


If external forces applied on a rigid body are in equilibrium condition and virtual displacements 
are applied to the rigid body, the work done by the external forces (surface forces and body 
forces) with the virtual displacement is calculated to be zero. This nature is called the principle 
of virtual displacement. 

On the other hand, if external forces applied on an elastic body are in equilibrium condition 
and virtual displacements? are applied to the elastic body, the work done by the external forces 


? We assume the virtual displacements are continuous functions of x, y and z and sufficiently small compared to the 
actual displacements and do not break the original displacement boundary conditions. 
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with the virtual displacement is not zero. The work is equal to that done by stresses with strains, 
that is the variation of strain energy. This is termed the principle of virtual work. This principle 
is verified as follows. 

The necessary terms for the verification are defined in the following: 


¢ S: Surface of elastic body. 

¢ V: Domain included by the surface S. 

¢ S,: Part of S where the displacement boundary conditions are given. 
¢ S,: Part of S where the force or stress boundary conditions are given. 
* P(Px, Py, Pz): The boundary conditions on S,. 

¢ F(X, Y, Z): Body forces. 

¢ du, dv, Sw: The virtual displacements on S excluding S,,. 


Denoting the work due to the surface forces by U,, 


U, = | (rd + pydv + p-dw) dS (8.24) 


Ss 


Here, since p = 0 on S excluding S,, we may replace S by S, in Equation 8.24. 
Using Equation 8.1, 


U,= [l(c + TyyM + Tn)du + (cil + OyM+Ty,n)dv + (tl + Tym + on) dw\dS 


Ss 


(8.25) 
= | [ (o,du + Ty dV + 7,6) I+ (tu +o,6v+ Ty,5W) m+ (7.6u + Ty,dV + o,6w) n] dS 


Ss 


The above equation can be reduced by the application of the Gauss diversion theory (see 
Appendix A.2 of Part I) as follows. 


0 
u.=| 
V 


= (o,du + TyydV + Tx6W) + “ (TSU +oydv+ Ty,6W) 


ox 


0 
+ a: (t.u +Ty,dV + o.6u)| dV 


m O0y Oty OT zx Oty  Doy  OTyz 
-||(S+ ay + sous (F +S) (8.26) 


4 


ri Ot | Oy , 00 ae dou | adv | dw 
ax dy. azJ Ox Oy. x 


+T GOV om +T Oi 2 28y +T LL dV 
\ ax dy ee eee “\ oz ax 
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Considering the equilibrium equation (Equation 8.3), 


| (p.du + pydv + p-dw)dSg + [xu + Yév+Zdw)dV 


: (8.27) 


= [(esse, + OyOEy + O,6€z + Try cy + Tyz2OY yz + TOY <x) dV 


4 


The virtual displacements defined in the above discussion are only assumed quantities in the 
equations and have no actual influence on the external forces or stresses in question. As the 
equilibrium equations are used in the verification, the principle of virtual work does not hold 
for the system in which the equilibrium condition does not hold. In other words, the principle of 
virtual work is an alternative expression for the equilibrium equations. Namely, the principle 
of virtual work is equivalent to the equilibrium equations. Only the usage or applicability of the 
principle is different from the equilibrium equations. 

From the above discussion, when arbitrary small virtual displacements which do not break 
the displacement boundary condition of a problem are given, the stresses which can satisfy the 
principle of virtual work are only those which satisfy the equilibrium equations. It should be 
noted that, since only the equilibrium equations are used for the derivation of the principle of 
virtual work, the principle can be applied not only to linear elastic problems but also to non- 
linear elastic problems and elasto-plastic problems. 


Example problem 8.1 
As shown in Figure 8.6, two elastic rods are connected with a pin. P, and Py are the external 
loads acting to the connecting pin and Q and R are the forces assumed to act in rod | and rod 2, 
respectively. When the virtual displacement 6 is given at the pin in the direction @ with respect 
to the horizontal direction, the principle of virtual work can be written as follows. 

The principle of virtual work 


P,6cos0 + P, dsin8 = Q6 cos(a/2 -9+a) + Rdcos(a/2 -0-f) 


Reforming this equation, 


P,.cos0-6+Pysin@-6 
=(-Qsina+Rsinf)cos6-6+ (QcosatRcosf)sind-6 


Since the above equation must be satisfied for arbitrary 6, the following equation must hold: 


P,=-Qsina+Rsinf 
P,=Qcosa+RcosfP 


These equations are exactly the same as the equilibrium equations for the connecting pin. 

The equilibrium equations 

In the above example, the principle of virtual work expresses two equilibrium equations by 
one equation and the meaning of the principle of virtual work is equivalent to the equilibrium 
equations. 
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Figure 8.6 


AY 
A: cross-section area 


Figure 8.7 


Problem 8.3.1 Figure 8.7 shows the tension problem of a bar in which the normal stress oo is 
applied at x=/. Assume normal stress at x=x in the x direction by o, (unknown) and virtual 
displacement by 5u=ax?(a= constant) at x=x. Applying the principle of the virtual work, 
verify 0; =60. 

Although it is evident from the equilibrium condition that o, = 00, this problem is an example 
to understand the derivation of the result o, =o 9 assuming that we do not have knowledge of the 
equlibrium equations. 


8.4 Principle of Minimum Potential Energy 


Let us investigate the physical meaning of the subtraction between the right hand equation and 
the left hand equation for the principle of the virtual work, Equation 8.27. 
Considering Equation 8.15, we have 


| (o,6€, + OyOby + 0,68; + TryOV yy + TyOYy. + TOF zx) dV 


b€y + 6€,+ OY py + oy, + 
dey > de; Negi Oe Fe Oi 


ye 


au + au au aU, ou 
(Fate "8e,+ 5— ° - ° aa (8.28) 


| 
= [ovoav 
4 
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Denoting the subtraction between the right hand equation and the left hand equation of 
Equation 8.27 by 6/7, 


on =| suyav—| 
V 


(p,6u + pydv +p.du)d3-| (Xdu + Y6v + Zow)dV (8.29) 
S, Vv 


Adding the constraint that p(p,, py, p,) and F(X, Y, Z) are constant, 


on =| Urdv-3| (py + pyv + p-w) dS 
JV So (8.30) 
-o| (Xu + Yv+Zw)dV 
Vv 


Thus, 


n=| Urdv-| (pxu+pyv +p.w) dS 
Vv So 


(8.31) 
— | (Xu+Yv+Zw)dv 


< 


The quantity [7 defined by Equation 8.31 is called the potential energy of the system. The 
first term of the right hand equation of Equation 8.31 is called the strain energy, the second term 
is called the potential energy of the external forces and the third term is the so-called potential 
energy of body forces. 

If we add the condition of Equation 8.15 and the constraint that the external forces are con- 
stant to the principle of virtual work, we can derive the following relationship. 

The principle of virtual work — 6d/T= 0. (The potential energy has a stationary value.) 

Since this equation was derived after adding some constraints to the principle of virtual work, 
it loses generality unlike the principle of virtual work. However, since most of actual problems 
satisfy these constraints, the form 6/7= 0 has many applications. 


Problem 8.4.1 Verify that /7 takes the minimum value for 6/7 = 0. This nature is called the 
principle of minimum potential energy. 

Hint for the solution 

Verify 5/7 = IT (ut du, v+ dv, w+6w)-IT(u,v,w) 20. 


Uo 0Uo 


Uo (ex + 6€x, £y + 6€y, +) =Upo (€x, Ey," -) + de, be, + Geo sts 
1{2Uo. \. #Uo f) 
+~ O€,)* + dey)? +--+ 6€,0€y +++) + 
{ 0e,2 (08 ) dey? ( €) 0,0 se 
At natural state, €,=€,=---=0, 6,=o0,=---=0, Up =0 


From the nature of the positive form of strain energy, Uo (de, 5€y, se) >0. 
Then, we can reduce 
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Example problem 8.2 
Let us determine the displacement of the cantilever of Figure 8.8 by the minimum potential 
energy. 


Figure 8.8 


We assume the displacement in the cantilever as 


WE +0oX+03X +04x° 


The boundary condition: 
From w|x=0 =0, a; =0, and from w’|,-9 =0, a2 =0. 
Therefore, we have 


w=aax +44, w’ = 2a3x4 3a4x, w" = 203 + Gag. 


Since the strain energy for bending of cantilever is expressed as 


1 1 
1 
| (M?/2ET)dx or sel (w"")dx 
0 2 Jo 
1 


1 
= 5e1| (w")’dx—Mo0o 
0 


Now, considering 09 =w’|x=7, 
a ae 
= al (w")"dx-—Mo(w’),_; 
0 
ie i 2 2 
7 5 (2a3 + 6a4x)°dx—Mo (2a3/+ 3ag4l ) 
0 


1 
= 5 EI (4a3°1+ 12a3aql* + 12a4°1°) —Mo (2a! + 3aql*) 


Since 6/7 = 0 is required for the exact solution, we operate the following differenti- 


ation: ou =0, = =0 


0a3 0a4 
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And we have 


1 
5 EI (Blas + 121°a4) -2Mol = 0 


I 
5 EI (12la3 + 242 a4) -3Mol =0 


Solving these equations, we obtain 


— =0 
a agp 
Then, 
ye Moa 
2EI 


The above solution method in which the displacements are first assumed and next the 
unknown constants are determined by the application of the minimum potential energy is called 
the Rayleigh—Ritz method. 


Problem 8.4.2 Determine the displacement of the cantilever of Figure 8.9 by the Rayleigh— 
Ritz method. 


Figure 8.9 


8.5 Castigliano’s Theorem 


Let us investigate the relationship among the strain energy U, the load P and the displacement 4 
at the locations of applied forces and their incremental values in the problem of Figure 8.10. 
The relationship between P and J in an elastic body is expressed as Figure 8.10. 


Figure 8.10 


The quantity corresponding to AOBC is denoted by U, and is called the complementary 
strain energy. Namely, the following relationship holds in the problem of Figure 8.11: 


U+U,=PA (8.32) 
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From Figure 8.10, it follows: 


aU 

AU=P.64, or P=— (8.33) 
oA 
aU. 

6U,=4-6P, or A= (8.34) 
oP 

On the other hand, we have the following relationship in the strength of material. 
Pl 
A=— 8.35 
ae (8.36) 
"2" 2EA 21 


If tensile load P is replaced by bending moment M and displacement 4 is replaced by angular 
displacement (or rotation angle) 0, a similar relationship holds. 

Although for a problem in which Equation 8.36 holds, 2 can be obtained by dU/0P, A 
essentially should be calculated by Equation 8.34. Figure 8.12a, b shows the cases for 
U £U, in the relationship between P and A in which the wrong value of 4 is obtained by OU /oP. 


6U.=A: dP 


dU=P°6A 


0 A 
Figure 8.11 


(a) (b) 


Figure 8.12 
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Problem 8.5.1 Figure 8.13 shows two bars connected horizontally with a pin. The two bars 
have length /, cross sectional area A and Young’s modulus FE. Calculate U and U, of this prob- 
lem, and show that U 4 U,. Explain whether the relationship between P and J corresponds to 
Figure 8.12 part (a) or part (b). 


Figure 8.13 


In order to generalize the above mentioned relationship, a variation® of continuous and infini- 
tesimal stresses (external forces) is given to an elastic body without breaking the equilibrium 
condition. Therefore, it follows that: 


f) vy + OT yy zw 2X 
0(o, + doy) in (t os) £ O(T zy + Tz) +-X45X=0 


(8.37) 


Now, the following relationship holds between the variation of the complementary strain 
energy and the external forces. This relationship is called Castigliano’s theorem. 


do 0 


Q 


OU. OU. OU. aU. OU. OU. 
6U.= I( 560, + boy + 6o,+ Oty + Oty, + Fr) dV (8.38) 
do y Oz . : zx 
J 


OT xy OT Or 
Using the relationship (dU, /do,) = €,, (a U./do,) =£y, 0° 


6U.= [(ex80, + €yOOy + E60; + 7 pyOTxy + Yy,5Tyz + 125T x) dV (8.39) 
V 


Equation 8.38 holds for the problems in which Hooke’s law does not hold, because 
Equation 8.38 describes only the variation of U., and U, does not necessarily 
mean U, = 1/20,€,+ 1/2oyey + 1/2oz€, +... ... 


3Note that the boundary conditions were kept unchanged in the principle of minimum potential energy. 
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ou ov ow du ov ov. dw ow ou 
bU. -| (Seon + ee + a ao.) + (= + | Oty + (= + =] Oty, + (= + =) rr dv 
Vv 


(Cs sek “ (eee) Co a od 


= ox sx oy a oy a 

Vv 

O(udtxy) (Sty) O(vdtry) (Sty) O(vdty.) —_ A(dtyz) (8.40) 
+f ee af sro) yee bef etd yo } 


. {2(von) -vilees)\ P {2wsea) Ged} i {2sre) “1 av 


Taking Equation 8.37 into consideration, 


e O(udoy) A(Udtxy) — O(UdT =) O(vdtry) A(vday) d(vdzy.) 
sue={ If ox” oy * oz af x oy * dz } 


6 ; 
: (oe : d(wdty,) as 0(wéo;) 


ax m > \ + (wox + v0¥ +W92)] dv. 


7 | [ (Udo. + MUOTxy + nUustzx) + (Votxy +mvooy + nv6tyz) + (wot. +mwo6ty, + nwéo-) |dS 
S 


+| (udX + vdY + wbZ)dV (8.41) 
Vv 


= | (udp, + vopy + wp.) dS + | (udX + vVdY + w6Z)dV (8.42) 
s 


u 


= | (udpx0 + vdpyo + wép-) dS + | (udp + vodpy + wodpz) dS 
So r 


(8.43) 
+ | (udX + vdY + wéZ)dV 
Vv 


Now, in the case where 5X =85Y =5Z=0, up = Vp = Wo = 0 (the fixed displacement boundary 
conditions) and p,odS,=P,, PyodS,=Py, PodS, =P, (concentrated external forces), 


5Uc=)_ (udP, + voPy + WOP:) (8.44) 


i=1 


i 


From these relationships, we can deduce the following equations. 
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au. aU, _au, 
ce | aces 


(8.45) 


uj = 


Therefore, regardless of the x, y, and z directions, in general, the displacement J, in the 
direction of a concentrated force P; can be given by the following equation. 


diz (8.46) 


On the other hand, if we want to know the external force or reaction arose by a given 
displacement, we only have to pay attention to U instead of U, and follow the same deriving 
procedure as in the above equations. Thus, 


_au 


P= 
dd; 


(8.47) 


8.6 The Reciprocal Theorem 


If we compare the displacement 6, at point A in Figure 8.14a and the displacement dg at 
point B in Figure 8.14b, we can show that 64 =6g. In the same way, if we compare the 
displacement 6, at point B in Figure 8.14c and the angular displacement @, at point A in 
Figure 8.14d, we can show that 63/M =06,/P. These relationships are not coincidence by 
chance. These relationships hold necessarily. These relationships come from the reciprocal 
theorem. The reciprocal theorem is useful when the solution of a problem can be obtained 
by replacing the original problem by an alternative problem and also for examining the validity 
of solutions. 

The reciprocal theorem is derived as follows. The influence coefficients for a linear elastic 
body in equilibrium condition as Figure 8.15 are defined as follows. 


(a) 


EI P 


Figure 8.14 
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Py Py 


Figure 8.15 


a,: The displacement at point i for a unit force in P; direction when a unit force is applied at 
point j in P; direction. Forces and displacements defined here have a general meaning such as 
moment and angular displacement. 

Referring to Figure 8.15, let us make clear the nature of the influence coefficients by chan- 
ging the order of the application of forces P; and P3. 


1. Define the strain energy by U; for the case that P, is first applied and followed by P2. U; is 
expressed as follows: 


1 1 
U; = gh iPiai + ai 2P aden + P,P 2a) (8.48) 


where the reason why 1/2 is not multiplied for the third term of the right hand side of 
Equation 8.48 is that P, is already applied when P) is applied. 

2. Define the strain energy by U2 for the case that P2 is first applied and followed by P;. U2 is 
expressed as follows: 


1 1 
U2 = 5 PoPran + 5PiPiau +PoP\ar (8.49) 


Since the final conditions of (1) and (2) are the same, U; = U2. Therefore, 
aj2 =a (8.50) 


The same verification is possible for the case of the increased number of forces P;. Namely, 
we have in general (Maxwell, 1831-1879): 


aij = Gyi (8.51) 


The relationship of Equation 8.50 for Figure 8.14 is a special case of Equation 8.51. 

A similar relationship can be derived for the case where the number of applied forces is more 
than two (Betti, 1872). First, a group of forces P, (k= 1 ~ K) are applied* followed by the appli- 
cation of another group of forces Q;(j= 1 ~ J). We denote by Uj, the work done by the group of 


4Tt may be assumed that all the forces Px (k=1~k) are applied at the same time. 
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P,, by the application of the group of Q;, and by U2, vice versa. The relationship Uj2 = U2) is 
verified as follows. First, define the displacement as follows. 


Opox: The displacement at point k in the direction of P; at the P, group by the application of the 
Q; group. P; group is applied first followed by the Q; group. 

6op;: The displacement at point j in the direction of Q; at the Q; group by the application of the 
P, group. Q; group is applied first followed by the P, group. 

Oppx: The displacement at point k in the direction of P, by the application of the P;, group. 

6a0;: The displacement at point j in the direction of Q; by the application of the Q; group. 


Denoting the strain energy produced by applying the P; group first followed by the Q; group 
by U, and the strain energy produced by applying the Q; group first followed by the P, group by 
U», the following relationships are obtained. 


1 K K 1 J 
U,= 5) PSerk as S“PidSpot + 521800 (8.52) 

k=l k=l j=l 

1 J 1 
U,= 5218001 + S°Qj600; + 5 Perk (8.53) 

j=l j=l k=l 


The above relationship can be easily understood by solving Problem 8.6.1. 
Denoting the second term of Equations 8.52 and 8.53 by Uj and U, respectively, and con- 
sidering U; = U2, we have 


K J 
U2 = U1, thatis S “PidSpot = S °Qj600; (8.54) 
k=1 


j=l 


Problem 8.6.1 We denote the strain energy by U, for the case of Figure 8.16 in which two 
forces P, and P, are applied simultaneously and U> for the case in which two forces P; and Pz 
are applied in series. Verify that U; = U2. (This problem is not for the application of the recip- 
rocal theorem but for understanding the relationship between the order of application of forces 
and the stored energy or work done by forces.) 


Figure 8.16 
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Problem 8.6.2 Figure 8.17a shows a cantilever with forces P at point A and Q at point 
C applied simultaneously. In this condition, we assume the displacement at point B is d,. 
In Figure 8.17b when force R is applied only at point B, the displacement measured at point 
C is 6c. On this occasion (Figure 8.17b), determine the displacement 6, at point A. 


Figure 8.17 


Problems of Chapter 8 


1. Determine the displacement 5p at the central point of a simply supported lever by 
approximating the displacement of a lever u=6y cos(zx/2I) and using the Rayleigh-Ritz 
method. The lever is simply supported at both ends. Compare the result with the value 
obtained by the elementary theory of the strength of materials and calculate the difference 
as a percentage. Here, x is the distance from the point of application of force; assume the 
bending rigidity as El. 

2. Define the strain energy in the final condition by U; for a linear elastic body subjected to 
forces P\, Pz, ..., P;,...,P, which are applied in series. 

Define the strain energy in the final condition by U> for the case in which the forces are 
applied in reverse order, P,,, P,-1, ..., Pj, ..., P2, P;. Assume the displacements produced 
by individual forces are linearly proportional to the forces. 

Verify that U; =U, and the influence factors satisfy the relationship of Equation 
8.51, aj =aji- 

Verify the displacement 6; at the point of application of P; in the direction of P; is given 
by the following equation: 


dU 
b= 5p» (U=Ui=U2) 


Reference 
[1] S. P. Timoshenko (1953) History of Strength of Materials, McGraw Hill, New York. 


9 


Finite Element Method 


As explained in earlier chapters, the problems of elasticity can be solved by satisfying three 
conditions, that is equilibrium conditions, compatibility conditions and boundary conditions. 
However, except for simple problems, it is not easy to find the solutions in a closed form for 
general problems by the stress function method. 

The finite element method (FEM) is nowadays the numerical analysis used most commonly 
in structural engineering fields. FEM is a computational numerical method in which, once the 
computer software is completed, the difference of problems is treated as the difference of the 
input data for boundary conditions. The advantage of FEM is that approximate solutions for 
most practical problems can always be obtained without advanced knowledge of stress 
analysis. 

A basic knowledge of the strength of materials or the theory of elasticity may be sufficient for 
using a FEM program alone. However, for obtaining solutions with higher accuracy and for 
more extended applications of the method without mistakes, it is necessary to understand suf- 
ficiently the basic principle of FEM. 

In the early stage of the progress of FEM in the 1960s, researchers and engineers involved in 
structural analysis developed so-called handmade computer software for themselves. Since the 
capacity of computers was limited, the number of elements and nodes was limited within sev- 
eral hundreds. Those researchers and engineers naturally understood the basic theory of elas- 
ticity and the programming necessary for FEM. They developed new elements and methods to 
improve the accuracy of their results using a small number of elements. Nowadays, it is not rare 
to use millions of elements in automatic meshing software. However, most users of this modern 
commercial FEM software do not necessarily understand the basic theory installed in the soft- 
ware. It is not surprising for many users to make mistakes in using the commercial software as a 
black box. Most mistakes come from a lack of knowledge of the basic theory of elasticity, espe- 
cially by applying incorrect boundary conditions and misunderstanding the concept of stress 
concentration. 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
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Most FEM theories have been treated mathematically and directly put into computer soft- 
ware schemes so that users of FEM software cannot touch the inside of the software. In the 
following sections, the most simple and basic concept of FEM for 2D problems will be 
explained using several examples which will help FEM users to understand the basic theoretical 
principle of modern commercial FEM software. 


9.1 FEM for One Dimensional Problems 


Example 1 Two connected springs A and B under the application of forces or displacements 
Basic equation (Hooke’s law). 
F=ku, (F: external force, k: spring constant, u: elongation) 
The situation of Figure 9.1 can be expressed using Hooke’s law as follows. Regarding the 
element A, 


Fa; =kai(Uai—Ua2), Far =Ka(Ua2—Ua1) (9.1) 


Expressing these equations by matrix form, we have 


ka —ka}Juar|_ | Fas se 
i nen ate oe 


Equation 9.2 is rewritten in general as follows: 


ki ki UAL _ Fai (9.3) 
ie kh uUA2d F A2 
In the case of 2D problems which will be treated later, not only the sign of k*,, is different 


from that of ae but also the absolute values are different, and in general the values of k are 
different except for kj = ki. 


Unt ka kp UB2 
Fay —* NOAA AN rN AN) — Fo 
1 A 2 B 3 
Decompose — Positive direction of 
force and displacement 
Ua ka UAr 
Fay — Oe NVANAN ANA) —> Fao 
1 2 
Uupt kp upo A, B (Element) 
Fay — “AAA — F82_~—“‘1, 2,3 (Nodal point or node) 
2 3 


Figure 9.1 
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1 2 
Fay — 

oF 

Uaj=1 Y 


Figure 9.2 


Figure 9.3 


Now, let us think about the physical meaning of k;. 

k*,, means the external force to be applied at node | when the unit displacement ua, = 1 is 
given at node | by fixing node 2 (Figure 9.2). 

k*\> similarly means the reaction to be produced at node 1 when the unit displacement 
uaz = 1 is given at node 2 by fixing node | (Figure 9.3). 

kA, and k455 have similar meanings to kA, and is: 

In the case of a one dimensional spring, as in Figure 9.1, the following equations hold: 


Kaka, kip=—ka, kqp=—ka, Ky =ka 
Equation 9.3 is in some cases expressed by the following form for simplicity. 
[k"] {ua} = Cad (9.4) 


Regarding element B, we can express the relationship between the spring constants, dis- 
placements and forces as follows: 


8 Sc}-C3) v9 
kh, key | (up Fp2 
[k?] {ue} = {fa} (9.6) 


kB =kp, kb, =—kp, kb =—kp, ke =kp 


Considering vax =Up, for the two connected springs of the top figure of Figure 9.1, 
Equations 9.3 and 9.5 can be put into one matrix as follows. 


kh kh OT (um Fai 
kh Ky kh kh | 4 ur p= 4 Fart Fai (9.7) 


0 kB 1 a U3 F, B2 
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Figure 9.4 


where, uj =U41, U2 =Ua2 = Up), U3 = Up. 
Now, let us solve the problem of Figure 9.1 under the following boundary conditions: 


uy = 0 
Boundary condition (Figure 9.4) Fg. =Fo 
Fao + Fp, =0 
(No external force is applied at node 2) 

Replacing as ki, =ka, kj, =—ka, ..., Equation 9.7 is expressed as 

lan —ky 0 0 Fai 

—k, (ka +kp) —kp uz p= 0 (9.8) 

0 —kp kp U3 Fo 


Unknowns of Equation 9.8 are u2, uz and F',,. This means that the reaction is unknown at the 
node where displacement is given and the displacement is unknown at the node where the exter- 
nal force is given. 

Expanding Equation 9.8, we have the following linear simultaneous equation. 


Kau =F ay 
(ka +kg)u2—kpusz =0 (9.9) 


—kpuz + kgu3=Fo 


In order to determine wz and u3, we use the second and the third equations of Equation 9.9. 
The first equation of Equation 9.9 is related to node | and it cannot be used to find the displace- 
ment uw. The first equation is used to determine the reaction force F',, after the displacement u 
is determined. Thus, the solutions of Equation 9.9 are obtained as follows. 


Fo Fo Fo . ; 
Un = —, U3 =— + —, Fa, = —F (pay attention to sign) (9.10) 
lan ka kp 


The above explanation is an example of two connected springs expressed in FEM style. 
According to this example, any problem of springs can be solved completely in the same 
way regardless of the number of springs and different spring constants. Namely, the total stiff- 
ness matrix corresponding to Equation 9.7 is composed by including all the stiffness matrices of 
individual springs (elements).The solution is obtained by solving linear simultaneous equations 
similar to Equation 9.8. 
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Example 2 Tension of bars 
For element A, an expression similar to Equation 9.1 of Example 1 can be made as follows 
(Figure 9.5). The meaning of k is the same as the previous example. 


key ea: | eat = Fai (0.11) 
ki, ks UAd 70) 
Here, considering Hooke’s law of the strength of materials A= P!/ES and P=ka, 


Sa Mes _SaEa 


ly 


SaEa 


la 


E 
KA = a aoe jos (9.12) 


For element B, we can write 
kf, kib| fuar | _ f Fer 0.13) 
kB, iS | | wpe Fp2 , 


SpEp 
lp 


Here, 


SpEp 
lp 


SsEg jp _ SsEp 


B Be Be 
ky = ky =- ky = i eG 
B B 


(9.14) 


Combining Equations 9.11 and 9.13 into one matrix, we have the equation as Example | as 


ki tb 0 uy Fay 
ko, ke thi ki | 4 v2 p= 4 Fart Foi (9.15) 
0 Ki, kK | Ls Fe. 


Here, uy =U4), U2 =Ua2 = Ug, U3 = Upp. 


Fai—|1 A 2,  B3)— Fp 


J, : length ly 
Sa tarea Sp 
Ea: Young’s modulus Ep, 


Figure 9.5 
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The structure of Figure 9.5 is written more concretely as follows: 


SAE, SAE, it] 


0 
‘a ‘a uy Fai 
SaEa (SaEs , SeEs\ _ SaE. 
SAE (7A Se) TE a fa) Feat (9.16) 
A A B B 
SpEx -SpEp | $3 Fen 
@) = 
lp lp J 


Equation 9.16 can be easily solved by giving the boundary conditions of displacement 
and force. 


Problem 9.1.1 Write the expression corresponding to Equation 9.16 for the case of 
three bars. 


9.2 Analysis of Plane Stress Problems by the Finite Element Method 


In the previous section, the basic concept of FEM was explained by a one dimensional problem. 
The advantage of FEM is more extensively shown in 2D and 3D problems rather than 1D prob- 
lems. As already studied in Chapter 6 of Part I, a simple problem such as a circular hole in an 
infinite plate under uniform tension can be solved by the stress function method. However, 
most problems encountered in practical situations, having complex shapes and boundary con- 
ditions, cannot be solved in a closed form by the stress function method. Even for such cases, 
FEM enables one to obtain an approximate solution. Using FEM for solutions, it is not neces- 
sary to change the computer program for solving individual problems. Once the program is 
completed, the change in problems can be treated as the difference of input data for the shape 
of structures and boundary conditions. 

Thus, nowadays major commercial computer softwares such as ABAQUS and ANSYS are 
used worldwide for design and research. 

As described above, although the basic theory of FEM is already established, the most simple 
principle of 2D FEM is explained in this section. 


9.2.1 Approximation of 2D Plate Problems by a Set of Triangular Elements 


Figure 9.6a shows the practical plate in question and Figure 9.6b shows the plate approximated 
by a set of triangular plates. The individual triangular plate is called a triangular plate element, 
as shown in Figure 9.6c. 

In general, the stress and strain inside the actual plate of Figure 9.6a are complex, in the 
model of Figure 9.6b a relatively simple state of stress and strain is assumed to obtain an 
approximate solution. 

For understanding the concept of FEM for 2D problems, triangular elements are treated as a 
kind of springs as an extension of the one dimensional problem explained in Section 9.1. 
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(a) (b) 
Py Py 


= 


Approximate AT =<GT 
model 


Element 


<— Nodal point (or node) 


Figure 9.6 


i, j,k=nodal point number i, j,k=nodal point number 
Xj, Y;, etc. =nodal force Uj, Vj, etc. = nodal displacement 


Figure 9.7 


However, since one plate element has three nodes as shown in Figure 9.7, one node has two 
degrees of freedom with respect to forces and displacements, resulting in 6 degrees of freedom. 

Considering this nature of a plate element in a similar way to Examples | and 2, we can 
express the relationship between forces and displacements at nodes as follows. 


[k]{u} = {F} (9.17) 
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Kiy kia ky3 kia kis ki6 
Koy kao ko3 Rog hos ko 
We k3,_ k32_ k33 aq kas ke36 (0.18) 
kay kar kaz kag kas kag 
ks) ks2_ ks3 ksa ks5. ks 


ko ker ke3x koa kos ke 


(6x6) 

Uj X; 
Vj Y; 
Uj xj 

ube) PE) (9.19) 

Ux X_ 
VE Ye 
(6x 1)(6x1) 


Here, the meaning of an element of the stiffness matrix k23 for example is interpreted as 
follows. 

ky3: The reaction force which the node j is subjected to in the y direction for u;= 1 and when 
the displacements of other nodes are fixed (u; = vj = vj =u =v, =0). 

In Equation 9.18, itis known that the relationship kj, = kj; holds (see Problem 1 at the end of 
this chapter). 

In order to solve 2D problems, it is necessary to determine kj, (/= 1 ~ 6,m= 1 ~6). Once the 
values of all the elements k,,, are determined, all the stiffness matrices are combined into the 
form of a simultaneous equation as in Examples | and 2 for a one dimensional problem. 

The following factors influence the value of kj. 


¢ Elastic constant of material (E, v) 
¢ Shape and size of triangular element, that is (x; yi), (yj), (Xk Ya) 
¢ Thickness t¢ of plate. 


If we try to find an exact solution, we need to consider the variations of stress and strain inside 
an element depending on the local coordinate. However, such an approach makes the problem 
very complicated'. Therefore, a more efficient method is to make some assumption regarding the 
variation of stress and strain inside the element. For example, the simplest way is to assume the 
stress and strain inside an element is constant, though stresses and strains in individual elements 
are naturally different. Meshing the plate in question into sufficiently small elements, it is 
expected that practically sufficient accuracy is guaranteed by this assumption. 


' Even if the exact value of kj, is determined, using such value is not necessarily appropriate from the viewpoint of the 
compatibility equation. 
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One of the methods to determine k,,, is to apply the principle of virtual work which was 
explained in Chapter 8 of Part I. For the preparation of this calculation, we express the 
stress—strain relationship (Hooke’s law) in the style of a FEM matrix. 


9.2.2 Relationship between Stress and Strain in Plane Stress Problem 


The relationship between stress and strain for a plane stress problem is expressed as follows: 


Ox= To (ex + vey), Oy= 


iL Tap (er ter) 2=0 


1- 
(9.20) 


=0, Tx =0 


E 
Txy = GYxy ac Daw Tyz 


Expressing Equation 9.20 in the form of a matrix: 


{o} = [D]{e} (9.21) 


where, 
Ox Ex lv 0 
E 
{o}=4 oy ofef=¢ ey PI=7—3 vl 0 (9.22) 
-py 
Try Ve, 0 0 (1-v)/2 
Namely, 
Ox lv 0 Ex 
E 
Oy pe Vv 1 0 €y (9.23) 
Try 0 0 (1-v)/2 Vy 


9.2.3 Stiffness Matrix of a Triangular Plate Element 


Let us pay attention to a triangular domain imagined in Figure 9.6a (illustrated by dotted lines). 
If the domain is sufficiently small, the stress and strain in this domain may be regarded almost 
constant. Thus, assuming the stress inside the domain is constant, we imagine other triangular 
domains orderly in the neighborhood of the domain and assume the stresses within those 
domains are constant, though the constant values naturally differ from domain to domain. 
In this way, we fill the plate in question with those triangular domains. Based on this assump- 
tion, if we can determine the stiffness matrix of an individual element, we can easily determine 
the stiffness matrix of the total system. 
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Although the above assumption is the simplest one, it is possible to make other assumptions 
for elements in which the values of stress and strain vary linearly or in a more complex way. In 
this way, we may be able to expect an improvement in the accuracy of solutions, though the 
determination of k becomes complicated with increasing degrees of freedom of stress and strain 
distribution in an element. In recent FEM commercial software, all these difficulties are solved 
internally, as in a black box, and no additional knowledge is required for software users. How- 
ever, using commercial software as a black box is always a concern, for users can make simple 
mistakes. To avoid this kind of uncertainty and mistakes, it will be useful to experience the 
derivation of a stiffness matrix for the simplest case, as follows. 

Since we assumed the strains in an element are constant, the displacements in the element are 
expressed by 


U=A, +0DX+03Y, V=Aq+Asxt Ay (9.24) 


The importance of the assumption of Equation 9.24 is that a straight line of a triangular elem- 
ent before deformation keeps a straight line after deformation and accordingly the compatibility 
condition (see Chapter 2 of Part I) is satisfied. In other words, elements after deformation do not 
interfere like Figure 9.8 or produce clearance like Figure 9.9. If the displacements inside an 
element which do not satisfy the compatibility condition are assumed, the exact solution cannot 
be obtained even with precise meshing. 


Q 


Figure 9.8 


Figure 9.9 
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The displacements at the nodes of an element are expressed by inputting nodal coordinates 
(x, y) into Equation 9.24 as follows. 


Uj =A, +QAQX%,+A3Yj;, Vj =Aqg + Asx; + Aoyj 
Uj=A,+anxj +03), Vj=A4t+a5xj+A6); (9.25) 


Up =A, +AQXK + AZVK, Ve = Ag t+ A5SX_K + AGVK 


The stiffness matrix of one element (the relationship between external forces, displacement 
of nodes and the shape of triangular element) is derived using the above equations as follows. 
Expressing Equation 9.25 in the form of a matrix, 


{u} =[T]{a} (9.26) 


where, 


Ui; ay 
1 Xi Yi 00 O7 

4 0001% y oF 

Uj 1 Xj Yj 0 0 0 a3 

{u} = _[T]= »{a}= 

Vj 00 01 Xj Yj a4 

is 1 xm y O 0 O iis 
0) 0 0 1 Xk Yk4 

Vk 6 


expressing {a} by {u}, a1, @ and so on are expressed by coordinates and displacements of 
nodes as follows. 


{a} =(T]'{u} (9.27) 


where, 
[Ty "= 
XjVk ~ XY; 0 XVI -XIVE 0 XiYj-XiYi 0 
Yj-Ye 0 VeVi 0 Yi-Yj 0 
1 XX} 0 Xj-Xk 0 Xj-Xi 0 (0.28) 
2A 0) XVk-XKY} 0) XVI —XiVk 0 XiVj Xi 
0 Yi-Ve 0 Ye-Yi 0 Yi-Yj 


0 XK -Xj 0 Xj-XK 0 Xj-Xj 
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A is the area of triangular element, which is expressed as 


1 Xj Ji 
2A=|1 Xj Yj 
1 xe Ye 


where nodes are numbered counterclockwise with i, j and k. 
Strains €,, €, and y,, are expressed in terms of wu and v as follows. 


Lau yu a 
“ox Oy Tay Dy ox 


ex 


Thus, strains calculated by Equations 9.24 and 9.30 are constant, as follows. 


Ex =, €y = 6, xy = 03 + a5 


Expressing Equation 9.31 in the form of a matrix, we have 


Qa 
a2 
ex 010000 
03 
es=|000001 
‘ 60 4 Oo) 
xy 
as 
% 
(3 x6) (6x 1) 


Namely, 


{e} = [B]{a} 


Using Equation (9.27) to Equation (9.33), 


{e}= [BIT] {uh = IN {4} 


where 


(9.29) 


(9.30) 


(9.31) 


(9.32) 


(9.33) 


(9.34) 


Since the right hand side of Equation 9.34 does not include the terms x and y, the strains are 


constant inside a triangular plate element. 
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Now, the principle of virtual work is applied to calculate the stiffness matrix. When we apply 
virtual displacements to a body in equilibrium condition, we call the left hand side of 
Equation 8.27 the external work and call the right hand side of Equation 8.27 the internal work. 
The internal work W;,,, per unit volume is 


Wint = Ox0€y + OyO€y + TyyO7 yy = {o}" {5} (9.35) 
Introducing Equation 9.21 into Equation 9.35, 
Wine = {e}! [D]{5e} 
Using Equation 9.34: 
wine = {u}" [N]" [D][N] {Su} (9.36) 


Therefore, the total internal work for one element is 


Vv 
Wine = | windvot = {u}" HI [N]’ [D][N]dx-dy-dz| {6u} (9.37) 
On the other hand, the external work W.,,, is 


Went ={F}" {6u} (9.38) 


where {F'} is the column vector of the forces at nodal points. Namely, 
{F}= (9.39) 


Equating the internal work to the external work, 


{FY {6u} = {u}? HI IN| D| Wldv-dy- de {su} (9.40) 


Since Equation 9.40 holds for arbitrary virtual displacements, 


(Fy =(u)"| | | fn" Diver aya 


150 Theory of Elasticity and Stress Concentration 


Namely, 


{F}= [fore [N]dx-dy-dz| {u} (9.41) 


[...] of Equation 9.41 is the stiffness matrix we want to calculate (see Equation 9.17). Denot- 
ing the stiffness matrix by [Kk], 


[k] = All [N]’ (D][N]dx-dy-dz (9.42) 


For the case of plate with constant thickness fo, 
[k= rf [iD [N]dx-dy (9.43) 


Since the integral function does not include the terms x and y, assuming the area of triangular 
element by A, 


[k] =toA(N]" [D][N] (9.44) 


[k] is the matrix of 6 x 6 as shown by Equation 9.18 and the components of the matrix can be 
determined by Equations 9.28, 9.32 and 9.34 as follows. 
Regarding [N], we have 


y-yek O yv-yi O yi-y O 


I= (BIT = 55 O xe-xy 0 imme 0-2; (9.45) 


Xk-Xj Yj-Vk Xi~Xk VeVi XJ-Xi_ Vij 


And since [D] is given by Equation 9.22, all the components of [k] are summarized as 
Table 9.1. 

Now, let us confirm the physical meaning of [k] when the components [A] are interpreted 
intuitively as equivalent to the meaning of the spring constant k for a one dimensional problem 
(Figure 9.10). For this purpose, the intuitive interpretation of k,; of one component of [A] is 
examined as follows: 


tok 1- 


ky= aay -"* Fu-1)} 


Considering 


A= : (xx-x;)-(vi-9)» Ojy-ye) =O 
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Table 9.1 


-%;) 
-») steals) oi-»)} 


—Ye) + (Vi-¥j) 


= 

koa = c{ (- xj): (i-m)+ 5" im) -Or-»)} 
mcf aay! 
{ 


l-v 
ira. 


151 
k3, =k13, k32 =ko3 


l-v 


kas = c{ (ye-yi)- (i- yy) + 
k36 =e{ (4-9) (x- 
kay =ky4, kag =kog, ky3 = hog 
l-v 
ku=ef (=n)? +" 0n-»)} 
1- 
kas=e{ osi—si)- (1-9) + FS O%- Yi) (s-x) } 
l-v 
k46 =c{ (=m) : (x)-%:) + ee yi) é (i-»)} 
ks, =k15, ks =ks, k53=K35, ksq =kas 


kss =e :-y)) + F-s)} 
kso= ef v(vi-9)- (5-8) +45" (y=)- (1-9) | 


koi =kie, ker =k26, ko3 =k36, koa =kae, kos =ks6 


Kee =e (xj-xi)"+ > -»)} 


Figure 9.10 
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Figure 9.11 


we have 


ie toE (x~—-;) a toE a 
'4(1+v) (yi-y;) 4(1 +0) b 


This result matches the intuitive prediction that the force X;, for producing displacement 
u; = 1 at node i, should be necessarily larger for large a and smaller for large b. It is intuitively 
acceptable that X; should be larger for large fo and E. 

Readers are encouraged to confirm the physical meaning of other components of [A] in the 
same way. 


9.2.4 Stiffness Matrix of the Total Structure 


In order to solve the problem for a total plane structure, individual stiffness matrices of triangu- 
lar elements are composed into one total stiffness matrix. The method of assembly is essentially 
the same as the procedure explained for the case of composing two springs A and B. Figure 9.11 
shows a plane structure which is divided into two triangular elements and four nodes. Num- 
bering the nodes and elements is shown in Figure 9.11. 

The boundary conditions of the structure of Figure 9.11 are defined as follows: 


The displacements in x direction at nodes | and3: u=0. 
The displacementiny directionatnode 1: v=0. 
(9.46) 
The external force in x direction at node 4: F, =0. 


The external force in y direction at node 4: F;, =0. 


Paying attention to element ©, the relationship between the nodal force { f'} and the nodal 
displacement {5'} is expressed by 
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fF} = [ee] {3} (9.47) 


The detail of Equation 9.47 is 


1 . 

% ky kin Kis Kia Kis Ke uy 
y! ee ie || 4 
xX; OF wea ae uz 

= (9.48) 

¥; . a we ie eS v2 
X; U3 
vy ke bags “hee ee bees keg a] V3 


where, regarding the expression of X”,,, Y",, ..., mis the element number and n is the node 
number. The values for k’"1;, k™ 2, ..., 66 can be calculated by the equations already shown 
in Table 9.1. 


Considering the boundary conditions of Equation 9.46, Equation 9.48 is written as follows: 


141 1 1 1_ yl 1 1 

XxX, =k) 3u2 +kj4v2 +kiev3, Y, =k,,uU2 +542 + ko V3 

X) =hyguta + kjqv2 + kjgv3, Yo =kygua t kygva + ky 9.49 
2 = R332 + K34V2 +K36V3, Lo =Ky3l2 + Ky4V2 + Kyo V3 (9.49) 


1_yzl 1 1 1_y;zl1 1 1 
X; = k53U2 + k54V2 +k56v3, Y; = ke3u2 +keoav2 oF k66V3 


As with element ©, regarding element @ we have 


x2 _ 

3 kiy kip Kis Kig Kis Ki u3 

Y; Ae eke. ah heh Ges Ke 3 
x po Ge ee ed uz 

= (9.50) 

¥y oe Se > ie, V2 
x Soe, SN Set Boe U4 

¥; hee Sistas. ceteak es, Cope kee al V4 


Considering the boundary conditions Equation (9.46), 
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2_ 32 2 2 2 2 
X3 = kiov3 + ky3U2 +k, v2 + ky sua +kigvs 
2_ 42 2 2 2 2 
V3 = kon V3 + hog + koyva + ko gua + kava 
x 7 Kiov3 + ks uz +K, v2 + Kista + k5ev4 
(9.51) 


2_ 42 2 2 2 2 
V5 =kgyv3 + kgqu2 + kqyve + kyoug + kev 


2 _ 42 2 2 2 2 
X4 =k55V3 +k5,U2 +Ké, 2) +k5<u4 t+k5ove 


st a k25v3 + ke, un + ke, vo + kesta + keeva 


Considering the boundary conditions and resultant force condition at nodes, 


0=Xi+X3, 0=¥}+Y¥}, oo, 9.52) 


Pek Faw 


The expression for the total matrix by composing Equations 9.49 and 9.51 can be made as 
follows: 


X} =kizu2 + kigva + kigvs (9.53-1) 
Y} =hy3u2 + kjgvo + hv (9.53-2) 
X} + X5 = (kj3 +53) ua t+ (ky t Ka) v2 + (gg + 52) V3 + gua + Kiev (9.53-3) 
Y3 + 3 = (kjg + kay) Uo + (kag + hqy) v2 + (kag + kan) v3 + kisit + kag va (9.53-4) 
X35 4+X5 = (kis +k73) ua + (kby tktq) v2 + (kbg + kin) V3 + ki sua + kjeva (9.53-5) 
Y3 + ¥3 = (kg +53) U2 + (keg + h54) v2 + (koe + kon) V3 + Kisita + 56M (9.53-6) 
Xj = keg + kgyvo + kanv3 + kes + kev (9.53-7) 
x = kau + ke, + k2V3 + kecuy + kev (9.53-8) 


Equation 9.53 is composed of eight sub-equations. The reason is that the number of nodes for 
the problem (Figure 9.11) is four. 

Since five sub-equations, (9.53-3), (9.53-4), (9.53-6), (9.53-7) and (9.53-8) of 
Equation 9.53, correspond to the boundary conditions of Equation 9.52, the values of the left 
hand side of Equation 9.53 can be replaced by these boundary conditions. The unknowns in 
Equation 9.53 are uz, v2, v3, U4 and v4, and the values can be obtained by solving the simul- 
taneous equation with the five sub-equations. 

Once the displacements are determined, the reaction forces of the structure of Figure 9.11 can 
be determined by inputting those values into Equation 9.53 (at (9.53-1), (9.53-2) and (9.53-5)). 
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Expressing this case by the matrix form, we have 


. (k33 +33) (kag + Ka) (Ke + 2) is Ke u2 

° (kis + js) (jg + kis) (kas + a2) kas Kis ve 

O b= | (kes + kas) (koa + a) (kos +452) 55s Kae V3 (9.54) 
Fy ke, ky ky ki ki U4 
. & RR & Bel, 


Equation 9.54 is a linear simultaneous equation to determine the displacements wo, v2, v3, U4 
and v4 which are used to determine the reaction forces with Equation 9.53 (at 9.53-1, 9.53-2 and 
9.53-5). 

Equation 9.54 can be rewritten in the following simple form. 


{F} =[K]{5} (9.55) 


{F}: Column vector of known nodal forces 
[K]: Stiffness matrix 
{6}: Column vector of nodal displacements 


Once the displacements are determined by Equation 9.54, the strains are calculated by 
Equation 9.34 in terms of [N] given by Equation 9.45. The stresses are determined with the 
strains in terms of Equation 9.23 (Hooke’s law). 

By programming the procedure described above in the software, solutions for arbitrary shape 
and loading condition can be obtained automatically. In this calculation procedure, due to the 
relationship kj, =k, in one element, it should be noted that [K] is also a symmetric matrix. 

The solution for a simple problem like Figure 9.11 with only five unknowns can be solved by 
hand calculation. However, with an increasing number of elements, the number of degrees of 
freedom of the simultaneous equation becomes huge and the calculation must be performed 
using a computer. In plane problems, the number of degrees of freedom is twice the number 
of nodes. Thus, to solve a problem of 100 nodes, a system of 200 simultaneous equations must 
be solved. 


9.2.5. Expression of Boundary Conditions and Basic Knowledge 
for Element Meshing 


The boundary condition for FEM calculation should be as close as to those of real problems 
before meshing the structure in question. In general, there are two essential conditions for defin- 
ing displacements at a node, as shown in Figure 9. 12a, b. Figure 9.12a is the condition express- 
ing the completely fixed node and Figure 9.12b is the condition expressing a condition fixed in 
one direction with free movement in another direction which is perpendicular to the fixed 
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(a) (b) 


Figure 9.12 
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Figure 9.13 


direction. The supporting condition of a node like Figure 9.12b is applied to a boundary where 
the shear stress is free (see the Example problem 3.1 in Chapter 3 of Part I). 

As shown in the Example problem 3.1 in Chapter 3 of Part I, for the problem like 
Figure 9.13a there exists no shear stress 7, along the symmetry line. Knowing this nature, 
we can pick up one-quarter of the plate as Figure 9.13b and give supporting conditions like 
Figure 9.12 to the symmetry lines which limit the calculation into a smaller domain. 

In the problem like Figure 9.13a, the stress distribution varies steeply near the hole due to 
stress concentration. Since we assumed the stress inside the element is constant, it is naturally 
necessary to put smaller elements near the hole to approximate the steep stress distribution. 
Figure 9.14 shows an example of such a mesh pattern. Although a solution can be obtained 
in FEM with any mesh pattern, it is necessary to carry out appropriate meshing to obtain an 
accurate result. 
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1/4 plate, 
as shown 
in Figure 
9.13b 


NSCAVAVAVZINAVAVAVA INAVAVAIN IOAN 
NYZNVVNVVNIYANYVAVV \ 
VNIANVAAYNARAYINGINANIAAHING 
KORPRPRARPRPRRTARPRARV/ VAN 


Figure 9.14 


Due to the development of FEM theory, modern commercial FEM software is installed with 
more sophisticated elements and automatic meshing programs. These sophisticated elements 
are equipped with displacement functions which allow nonconstant stress and strain inside 
elements with various shapes other than triangular under the compatibility condition. The treat- 
ment of more complicated boundary conditions such as contact interfaces with friction are also 
installed. Automatic meshing programs are very useful for saving analytical time especially for 
the analysis of 3D problems. On the other hand, the modern progress of FEM software created 
another negative influence on structural analysis society, because these softwares are often used 
without understanding the basic knowledge of elasticity which is absolutely necessary to obtain 
accurate results and to avoid simple mistakes. It must be understood that studying the basic 
knowledge of theory of elasticity and FEM is crucially important for correct usage of modern 
FEM softwares. 


Problems of Chapter 9 


1. Regarding the components of the stiffness matrix, verify that the relationship kj, = kj, holds. 
2. Express the simultaneous equation to solve Figure 9.15 in the form of Equation 9.54. 
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Figure 9.15 


Assume that the components of the stiffness matrices kj; are prepared as follows: 


Element ©: Node composition 1, 2, 3 Element @: Node composition 4, 3, 2 
r7® 10 O47 ® 10 @7 
Ky Ryo ee Sate oes KG Ky Rig eee sess ane Rg 
® ® 
Ags Bike ek! Bee AMR Aas ky 
® 0) ® ® 
ike) tae. tee cae ae Keg hey aa wae dae due Gad Kee | 


3. Solve the problem of Figure 9.16 by FEM. Solve the simultaneous equation numerically 
with a calculator by the Gaus—Seidel method. Assume plate thickness t= 1, Poisson’s ratio 
v=0.3 and Young’s modulus E =2 x 104 MPa. The unit of the nodal forces is N. The com- 
positions of nodes for two elements are © 1, 2, 3 and @ 3, 2, 4. 


(0, 1) d, 1) 
3 4 


Figure 9.16 
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4. Compose the total stiffness matrix for the problem of Figure 9.17. Make the matrix [18 x 18] 
without considering the condition for the known displacements u; =0, vj =0, u2=0 and 
u3 =0. The number of nodes for eight elements are denoted as follows: 


@ 1, 4,5; @ 1,5, 2; @ 2, 5, 3; © 3,5,6@5, 4, 7; ©5, 7, 8; O5, 8, 9; @5, 9, 6 


Figure 9.17 


10 


Bending of Plates 


The concept of a thin plate or a thick plate in the theory of elasticity is relative. The absolute size 
of plates necessarily cannot be the measure for judging a thin or thick plate. Thin plate in elas- 
ticity is defined as a plate which has a smaller thickness relative to other dimensions of the plate. 
Furthermore, the theory in this chapter treats cases in which the deflection of plates is smaller 
than the thickness. The following assumptions are adopted which are similar to the beam bend- 
ing problems of the strength of materials. 


Assumptions 


1. The plane perpendicular to the central plane of the plate remains perpendicular after 
deformation. 

2. The central plane retains zero strain after deformation. 

3. The normal stress in the direction perpendicular to the plane of the plate is neglected, 
because the values are relatively small compared with other stresses. 


10.1 Simple Examples of Plate Bending 


First we study a case in which a rectangular plate having length / in the x direction and a much 
longer length in the y direction is bent to a cylindrical shape, as shown in Figure 10.1. We call 
this case cylindrical bending. As shown in Figure 10.2, we define the plate thickness by h and 
take the central plane of the plate as the origin of the z axis, that is, z=0 is the neutral plane of 
the plate. The deflection w of the plate is defined in the z direction, that is the z direction is the 
positive direction. 

Based on assumptions 1-3, the the relationship of the states before and after deformations are 
illustrated as Figure 10.3. Denoting the curvature radius of the central plane by p, p is approxi- 
mately expressed with w as follows: 
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Figure 10.1 


Figure 10.2 


1 d&w 
= 10.1 
Referring to Figure 10.4, strain in the x direction e, is 
A’B’-AB +z)d0—pdé 
a aaa 3000 22 (10.2) 
AB pdoé p 
From Equations 10.1 and 10.2, 
a 
e=-2— (10.3) 
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Figure 10.4 


Considering assumption 3, 6, =0 and from Hooke’s law, 


1 1 
x= F (6x-Voy), ey = E (6)-vox) 


Since €, =0 for the case of cylindrical bending as in Figure 10.1, we have o, =vo,. Then, 


1-1? 
€y= O~ 
: E 
And 
Ee, Ez dw 
= —— ; 10.4 
mi 1-v? 1-1? dx? ( ) 
vEz dw 
ooo fee (10.5) 


Since the bending moment for plate bending is in general defined by the quantity for unit 
length, the bending moments M, and M, (see Figure 10.5) which are correlated with o, and 
oy, respectively, are as follows. 


{ i E? dw 
My= | oy-1-zde= - 
Jo are | 1-12 dx? 
-i -4 
Eh} aw @w 


=a . =-D 10. 
12(1-v*) dx? dx? 10:8) 
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M, 
Figure 10.5 
h/2 
My = | oy-1-zdz (10.7) 
-h/2 
where 
Eh 
D=—~ 10.8 
12(1-17) ( ) 


where D is called the flexural rigidity of the plate. 
For the cylindrical bending, we have from the relationship of Equations 10.4 and 10.5: 


My, =uM, (10.9) 


Equation 10.9 means that nonzero M, is necessary to keep €, =0. In contrast, it must be noted 
that, if M,=0, e, 40 (which means the deformation of the plate is not cylindrical). 
Writing Equation 10.6 as 


“— =-M, (10.10) 


we compare this equation with the differential equation for the beam bending of the strength of 
material, that is 


dw hn . 
aaa I= 7, (plate width = 1) (10.11) 


It is noted that the deflection for the same value of bending moment, a plate has more resist- 
ance than a beam due to the difference between D and El. 

The plate bending for M, =0 in Figure 10.5 is called the simple bending of plate. In order to 
express the shape of the bent plate, the radii p of curvature of the neutral axis of the x and y axes 
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are denoted by p, and py, respectively. p, = oo only for the cylindrical bending. p, has a finite 
value for other cases. 
Therefore, p, and p, are defined as follows: 


1 @w1l @ 
oe fee (10.12) 
Py dx?” py 


Since €,=z/p, and e, =z/p,, and My =0, that is oy =0 for the simple bending, we have from 
Hooke’s law: 


Zz Ox z Ox 
=—, =-y 10.13) 
py E py E ( 
Then, 
h/2 h/2 5 
E 1-1*)D 
M,= | oc-tade= | fi (10.14) 
Px x 
-h/2 -h/2 
Rewriting these equations, 
1 M, 1 M,, 1 
2 sh EY (10.15) 


Px (1-v?)D’ py (1-0)D Px 


Thus, if the curvature of the x axis is positive, that of the y axis is negative. 


10.2 General Problems of Plate Bending 
Figure 10.6 shows the deformation of general bending problems for M, 40 and M, 40. 


Z 
anne 


222277774 


Figure 10.6 
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By Hooke’s law and Figure 10.6, we have 


Oy= ;_2 (€,+vey), oy=—> 


= 
Ez (11 Ez {1 1 

ge | 4 |), ast | (10.16) 
law ee py LB By 


Furthermore, by Equations 10.6 and 10.7, 


Meat L 1 ug ow ow 
Na Dy) Nae aye 


(10.17) 


10.3. Transformation of Bending Moment and Torsional Moment 


First of all, we define the sign of bending moment positive when a tensile normal stress acts at 
the section below the neutral plane (z>0), as in Figure 10.7a. Namely, the sign of bending 
moment is the same as the sign of normal stress below the neutral plane. The bending moment 
is in general illustrated as Figure 10.7b or c. In Figure 10.7b, the bending moment acting as a 
screw driver rotated clockwise is defined positive. The arrows in Figure 10.7c are illustrated so 
that the image intuitively fits Figure 10.7a and b. 


Figure 10.7 
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Figure 10.8 


If twisting moment is applied to a plate, shear stress is produced as shown in Figure 10.8a. 
The sign of 7,,, or 7, is defined as consistent with the definition of plane problems. Thus, post- 
ive shear stress acting on the plane below the neutral plane (z > 0) is illustrated in Figure 10.8a. 
The sign of twisting moment is defined as follows. Figure 10.8b shows the action of twisting 
moment with arrows which are directed consistent with the clockwise rotation of a screw driver. 
The twisting moment is defined positive when the arrow is directed to the outward normal of 
the section and is negative when the direction is opposite, namely M,, = —M,,. Figure 10.8c 
shows twisting moment with the same type of arrows of Figure 10.7c for bending moment. 
The twisting moments M,,, and M,,. shown in Figure 10.8b are defined as the quantity for a 
unit length of the section. 

According to the above definitions, the stresses at z=h/2 are calculated by 


M, My Myy Myx h 
ee Ae ee 10.18 
R/6 w/e "2/6 h/6 (: 2 von 


When M,, M, and M,,, or M,, are known, by referring to Figure 10.9 the transformation of the 
bending moment and twisting moment at an arbitrary section can be done in the same way as a 
plane problem (see Equation 1.12) by the following equation, where it should be noted that M,,. 
has the same sign as 7,,, M,< has the same sign as tz, and M,, has the opposite sign to Mz,. 


Me= M,cos?0 +M, ysin’@ —2M,,cos6-sind 
M, = M,sin*0 + Mycos?6 + 2M,,cos@-sin@ (10.19) 


Mz, = (M,—My,)cos@-sind +M,, (cos’@-sin*@) 
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Figure 10.9 


Problem 10.3.1 Illustrate the deformation shapes of a square thin plate in the following cases. 


1. M,=Mo, M,=0, M,,=0 

2. M,=Mo, My=vMo, My =0 
3. M,=Mo, M,=Mo, M,,=0 

4. My=Mo, My=—-Mo, Mzy=0 
5. M,=0, My=0, Myy=Mo 


Problem 10.3.2 Verify the following equation: 


(10.20) 


Problem 10.3.3 Verify that the strain energy U to be stored in a plate with thickness h, area A 
under bending moment M,, M, and M,,=0 is given by the following equation: 


1 aw : aw ° dw ow 
==DA 2 : 10.21 
. 2 (72) 7 (2) reuse oy? (10-21) 
Verify that U for the case of M,, 40 is given by the following equation: 
1 aw dw : aw dw aw : 
==DA -2(1- : - 10.22 
u 2, & - | a) ax? dy (=) une?) 


Problem 10.3.4 Illustrate the deformation shape of a square plate for the case of Figure 10.10 
in which concentrated forces are applied at the corners of the square plate. 
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Determine the major radius of curvature of the plate after deformation. 
Which case of 1-5 in Problem 10.3.1 is similar to the case of Figure 10.10. 


P 


Figure 10.10 


10.4 Differential Equations for a Plate Subjected to Surface Loads 
and their Applications 


Figure 10.1 1a shows a plate subjected to uniform loading q on the surface. In this case, shear 
stresses T,, and t,, are produced in the direction of the thickness of the plate. The shear forces 
Q, and Q,, are defined by integrating t,, and tT, per unit length of the plate. Since Figure 10.11la 
can be resolved to Figure 10.11b and Figure 10.1 1c, the equilibrium equations for each case are 
written as follows. 


(b) QO, (c) 


— \ 


aM, 

aQ, M,+ — dy M 

O,+ — dy “oy ae 
? Ly: 


Figure 10.11 
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Considering the equilibrium condition of the plate element of dxdy in the z direction, 


(a+ 5 2; ax) -2, 


dy+ (a+ 5 Qs 4 wy) -0,| dx + qdx-dy=0 
Namely, 


+—*+q=0 (10.23) 


Considering the equilibrium condition of rotation about the x axis of the plate element dxdy, 


OM,y aM, 
(ms + a ax) -m.| dy+ - (m, + ay) +m,| dx 


+(a+9 + 00) ay) dx-dy + - O,dy + (2+ ee) a) 


d 
+ gdedy > =0 


Neglecting the higher order terms in the above equation, we have 


May aM 
ox 


—+Q,= (10.24) 


Likewise, considering the equilibrium condition of rotation about the y axis, 


aM, dM) 
(hn) are (ee) 


(2+ Pas) dyes | Qtr (o,+2 22s 4 ay ax] 5 


d. 
= gdx-dy— =0 
2 
Neglecting the higher order terms, we have 


oM, me it 
ad 


ye (10.25) 


Since regarding the condition of Figure 10.11a, forces in the x and y directions are 0 and the 
condition of rotation about the z axis is satisfied, Equations 10.23 to 10.25 completely describe 
the equilibrium conditions. 
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Considering M,y=—M),, Q, and Q, can be removed from Equations 10.23 to 10.25 
and then, 


aM, OM, .d My 
jet Op aay (10.26) 


Substituting Equations 10.17 and 10.20 into Equation 10.26, 


aw, dw ow q 
ax4  0x?-dy2 ay4 DD 


(Lagrange, 1811) (10.27) 


The above equation is expressed in some cases for simplicity like: 
q 4 q 
AAw=— V'w=— 10.2 
Wa) OF W=5n (10.28) 


where A =07/dx? +07 /dy?, V2 =0/dx* +0" /dy”. 


Example problem 10.1 
Determine the deflection of a simply supported long plate with width a under a uniformly dis- 
tributed load g (Figure 10.12). 


Solution 
From Equation 10.27, 


d‘w_q dw q 
dt D’ dx D 


aw 1 q 
Fr =D pt tOrt@ 


x+Cj, 


Considering M,,=0 at x=0, C,=0. 


Figure 10.12 
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1a 
24 D 


. x eC +C3x+C4 


eae! += ae +C 
=e “D* we 3, W= 


S| = 


Since w=0 at x=0, Cy =0. 
Considering M,,=0, that is dw /dx? =0, at x=a. 


1 
a+C\a= 0, namely C; = -5:fa 


1 q 
2D 


Since w=0 at x=a, 


1 1 1 
a pt ag pt tOsa=0, namely C3 = 57+ Fa’ 
4 
W= ap (x* —2ax? +a°x) 


w has a maximum value at x=a/2 and the value is 


Example problem 10.2 
Explain how to determine the deflection for a plate having finite a and b in Figure 10.12. 


Solution 
The essence of Levy’s solution method [1] is briefly introduced in the following. The solution 
w for Equation 10.27 is separated into two parts as follows: 

Ww=w)+W2 


Here, w, and w, are expressed as follows. 


Ada + a°x) ... Solution for Example problem 10.1 


- eo 
24D 
aS. Ynsin 
m=1,3,5,- 


Wi 


Substituting w into Equation 10.27, we have 


2.9 4_4 
(Yai -2" Eyes 1m) sin™ 20 


~o 


2 
m=1,3,5,--- a 


Since the above equation must hold for arbitrary value of x, 
2,2 44 


X02 > woe Yn =0 
a a 
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Solving this equation, 


may sinh 


4 
Yn= a. (An cosh +B, may sock me 
D a a 


. mn 
+C,, sinh as +Dn 
a a 


The unknown constants A,, ~ D,, can be determined by boundary conditions. 


Example problem 10.3 
Determine the deflection for the plate of Figure 10.12 with finite a and b under distributed load- 


ing g=qosin(ax/a)-sin(ay/b). 


Solution 
This problem can be solved easily compared with the case of go =constant. The basic differ- 
ential equation can be written as follows: 


aw +2 aw + aw eee ia an (a) 
ox4 ~~ 0x?-dy2 oyt Da b 


The boundary conditions are: 
w=0, M,=0 (Pw/ax =0) at x=0, x=a 
w=0, M,=0 (® w/dy? =0) aty=0, y=b 
If we assume the deflection as 


. AX . «my 
= C sin— -sin— c 
we a b (©) 


The equation (c) satisfies the conditions of (b). Substituting (c) into (a), 


1 by qo Jo 
4 
a {++—,] C=—, namely C= d 
(= z) D Hi m(1/a2 +1/b?)’D @) 
Finally, we have 
90 . AX , Ty 


“A /@+1/PyYD a te) 


10.5 Boundary Conditions in Plate Bending Problems 


Although some boundary conditions in plate bending problems are similar to those of the 
strength of materials, there are other boundary conditions related to t,,, t,, and t,,, that is 
M,y, My,, Q, and Q, which should be strictly treated as 3D problems. However, the strict 


xy? 
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3D treatment of plate bending problems makes the solution very complicated; and an alterna- 
tive convenient approximate and useful practical solution called classical theory has been 
established in which the boundary conditions are approximately satisfied. 

The boundary conditions of plate bending problems are classified into the following 
three cases: 


—_ 


. Built in edge 
The condition for the fixed edge of a plate along x=a is expressed as follows: 


(W),=a=9, ee =0 (10.29) 


2. Simply supported edge 
The condition for simply supported edge along x=a is 


(w),-4=9, (Mr),-4= oi aw =0 (10.30) 
W)xsza => Xix=a~ \ 942 YO 7 -_ : 
Considering (Pw /dy?) _,=0, the second condition can be written as (Pw /ox?) _=0. 
3. Free edge 


The condition for free edge in plate bending problems has a different characteristic com- 
pared with those of the elementary theory of strength of materials and the plane problem. 
This nature of the boundary condition is a unique point for plate bending problems. 


It is natural to define the free edge condition so that the following three quantities are zero: 


(My), =9, (Muy) = (Or) =q=0 


These three conditions are too many for solving the classical theory of plate bending. The 
reason is that only the curvature of the neutral plane of a plate receives attention and the local 
deformation of a plate is not considered in the theory. Even if the local deformation cannot 
strictly be treated, it is useful to obtain a solution within practically sufficient accuracy by com- 
bining the three conditions into two conditions from the viewpoint of the contribution to overall 
deformation. In this regard, we focus on the relationship between M,, and Q.,. 

As shown in Figure 10.13, from the viewpoint of overall deformation of a plate M,, is 
approximately equivalent to the loading of Figure 10.13b. The effect of the difference between 
two statically equivalent loads produces a different stress and strain state at the edge of the plate 
but the difference is small at the internal position at the distance of the order of plate thickness h 
from the edge (Saint Venant’s principle). Therefore, as shown in Figure 10.14a the distribution 
of T,, at a section is equivalent to a pair of the distribution of shear forces. Since the part of the 
distribution of shear forces is cancelled due to the opposite sign, summarizing the effect at both 
the sections x= constant and y =constant, as shown in Figure 10.14c, the final remaining effect 
is expressed with an equivalent concentrated force P=2M,, acting at the corner of the plate. 
Therefore, if M,,, is not constant and varies, as in Figure 10.15, the remaining shear force after 
cancellation due to the opposite signs is —-0M,,/dy (Kirchhoff, 1850). 
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Figure 10.13 


(b) 


Figure 10.14 
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Figure 10.15 
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Finally, the free edge condition at x =a required by the combination of shear force and twist- 
ing moment can be written as follows: 


OM,y ; , 
V= (2.- ay ) =(0(the quantity per unit length) 


From Equation 10.25: 


_OMy | OMyy 
~ ox dy 


QO. 


Substituting Equations 10.17 and 10.20 into the above equation, 


eee (2-v) a 0 
x=—DIZ -—V)—— > 7 
ax3 Ox-dy?} _ 
Therefore, the free edge condition for plate bending is summarized by the following two 
equations. 
aw dw a°w aw 
— tus =0, Jxa~ + (2-v)——.; =0 10.31 
( ae 2 ax3 = PEE 7 ( ) 


The theory of plate bending based on above mentioned approximation is called the classical 
theory or Kirchhoff theory. 


10.6 Polar Coordinate Expression of the Quantities of Plate Bending 


As well as plane problems, there are various plate bending problems to be treated with the polar 
coordinate. The related useful quantities in the polar coordinate are summarized in the 


following: 
entree) (etree) 0% 

M,=-D (7 ee =-D Ee (' ou + 4 =) (10.33) 

My=-D (3 we) 2p (; ou - 4 | | (10.34) 


dy 
aw 1 #w 1 ow 
M,9=D(1-v)- (sem) =e eee (10.35) 


Bending of Plates 


177 


d(ew ew 0/9 
> ( > =| D> (V w) (10.36) 
0M, OM, a(aew aw 0 oO? 
=— = = -D— 10.37 
Qs ox oy dy & oy? oy a) nee?) 
O.= _p2. (vw) (10.38) 
" or 
Qo -~p—_(vw) (10.39) 
roo 
Expressing the boundary conditions at r=a in the polar coordinate, 
é ow 
1. Fixedend: (w),_,=0, ap =0 (10.40) 
/ psa 
2. Simply supported end: (w),_,=0, (M-),.,=0 (10.41) 
3. Freeedge:(M,),_,=0, V= (0-3) =0 (10.42) 
r r=a 


10.7 Stress Concentration in Plate Bending Problems 


10.7.1 Stress Concentration at a Circular Hole in Bending a Wide Plate 


This problem (Figure 10.16) can be solved with the polar coordinate equations in the previous 


section in the same way as the plane problem (Section 6.5 of Part I). 


The moment concentration factor K, at 9= + 2/2 at the edge of the hole where the bending 


moment Mg has its maximum value is expressed by 


_5+3v 
~ 34y 


t 


(10.43) 


Mo at O@=0 and zat the edge of hole is shown in Figure 10.16 (see Chapter 6 in Part II for a 


more detailed explanation). 


10.7.2. Stress Concentration at an Elliptical Hole in Bending a Wide Plate 


As well as the plane problem, it is not easy to solve the stress concentration problem for plate 
containing an elliptical hole [2]. The moment concentration factor K, at point A and B of 
Figure 10.17 is obtained as 
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A1+v) 
y=it 
3+v 
_ 5+3v 
3+v 
Figure 10.16 
B b 
A1+v) b 
Kip=l+ — 
3+v a 
a 
Mj)| —"—"~ “~~ | Mo 
A Kis l-v 
Oe Sen 
Figure 10.17 
2(1+v) b 
| tesa (10.44) 
3+v a 
l- 
Ke (10.45) 
+) 


K, given by Equation 10.44 for the case a=b naturally coincides with Equation 10.43. The 
bending moment Mg at point A is the same regardless of a and b, as is the case of a plane prob- 
lem. As shown in several examples in plane problems (Chapter 6 of Part I), the results of 
Equations 10.43 to 10.45 can be applied to various practical problems of plate bending. 
The concept of the equivalent ellipse is naturally applicable also to bending problems (see 
Chapter 6 in Part II for a more detailed explanation). 


10.8 Bending of a Circular Plate 


This section studies the axisymmetric stress and deflection of a circular plate loaded on its sur- 
face. The assumptions described in the beginning of Chapter 10 of Part I are assumed to be 
applicable also in the problem of a circular plate. 
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In axisymmetric deformation problems there is no displacement in the @ direction and the 
displacements and stresses are a function of only the r coordinate. Therefore, 4 =0 and t9, =0. 
Excluding the terms related to @ in Equation 10.32, 


a 1a aw 1 ow q 
Gaeoe. 5) “WD. ee) 


Expanding this equation, 


dw 2 dw dw | dw q 
drs r de r dr r dr D 


(10.47) 


The solution for this differential equation can be obtained by the same procedure used for 
Equation 6.22. It follows that 


w=wo+C, + Cologr + C3r? + Cyr’log r (10.48) 


where Wo is the special solution expressed as 


4 
qr 
= 10.4 
W0= ap (10.49) 
C, ~ C4 are constants to be determined by the boundary conditions. 
Excluding the terms of @ in Equations 10.33, 10.34 and 10.38, 
ip eae OY, peep ee oe (10.50) 
_ der dr)? ° r dr dP , 
d (dw 1 dw 
= -D— | — +--— 10.51 
g dr (3 wy =) ( ) 


Example problem 10.4 
Determine the deflection of a circular plate with fixed circumference under a uniform distrib- 
uted load q (Figure 10.18). 


Solution 
From the general solution Equation 10.48, 


4 
w= 2 + C1 + Cologr+ Car? + Car*log r 


Considering w=finite at r=0 (the center of the plate), C2 =0. Thus, 


3 
w= an +2C3r + C4(2rlogr +r) 
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Figure 10.18 


Figure 10.19 


3qr? 

nN 

= T6D +2C3+Cy(2logr+3) 

Considering M,= finite at r=0, Cy =0 (or, from Q, «xr, C4=0). 

Since w' =0 at r=a, C3 = —qa*/32D and also since w=0, C, = qa*/64D. Finally, we have 


qd 2 
eras (a’-r’) (10.52) 


From this solution, M, (or o,) and Mg (or 6g) can be calculated with Equation 10.50. 


Example problem 10.5 
Determine the deflection of a circular plate with fixed circumference under a concentrated load 
P at the center of a plate (Figure 10.19). 


Bending of Plates 


Solution 
The general solution for this problem is written as 


w=C,+Cylogr+ Cr’ + Cyr"log r 


The conditions for determining C; ~ C4 are as follows. 


1. w —-Oasr—0. 
2. w=0 at r=a. 
3. w =O atr=a. 


4. 2nrQ,+P=0 irrespective of r (see Figure 10.20). 
From these conditions, we have 


Finally, 


Pr? r P > 2 
= —— _ + ————=+ a 
Sab 8a * Teap * -") 


"| (" 


r<a 


Figure 10.21 
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(10.53) 
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However, we need to treat the neighbourhood of the center of plate (r = 0) as a singular area, 
because the real situation near the center is like that shown in Figure 10.21 and the situation is 
beyond the assumptions of classical theory. The exact solution for the neighbourhood of the 
center must be solved as a 3D problem. 


Example problem 10.6 
Determine the deflection of a simply supported circular plate under a uniform distributed load g 
(Figure 10.22). 


Solution 
The general solution for this problem is written as 
qr 


= 2 2 
= Erp ot ert Gar +C4r logr 


w 
The conditions for determining C; ~ C4 are as follows. 


1. w'=0 and M,.= Mo = finite at r=0. 
2. w=0 and M,=0 at r=a. 


From the first condition of 1, C. =0 and w'=0 is also satisfied. Other constants are deter- 
mined as follows. 


(5+v) sae oe 


_ (3+v) > 
~ 64D(1+v 


ya , Cy=0 


" ~ 32D(1 + 


Then, 
We q(a*-r’) Pe a 


64D [1+ 


10.54 
l+v yo) 


Example problem 10.7 
Determine the deflection of a simply supported circular plate containing a circular hole at the 
center when force is loaded at the edge of the hole (Figure 10.23). 


Figure 10.22 
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Q Q 
P=2nbQ, 
Figure 10.23 
(a) (b) (c) 
a 
b 
i 
Q\=P/2nb 

Figure 10.24 
Solution 
The conditions for determining unknown constants are as follows. 
1. w=0 and M,.=0 at r=a. 
2. M,=0 at r=b. 
3. O,=—-Qob/r (r>b). 

From these conditions, we have 
Pr’ r Ar’ r 
= = (log—-1)-—--Blog- +C 10.55 
" 82D ( Ba 4 ea i ( ) 
P (\i-v 2h »b (l+v) P a@b. b 
A= = ] B=- . F li 
4nD (= a’ —b? og). (l-v) 42D a*-b? ea 


Pa? 1 1l-v b? b 
C= l+—- - l 
mal 2 l+v a&-b oz”) 


Example problem 10.8 


Determine the deflection of a simply supported circular plate in which concentrated force is 
loaded at the circumference of r=b (Figure 10.24a). 
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Solution 
The problem of Figure 10.24a can be separated into two problems: Figure 10.24b and c. Denot- 
ing Figure 10.24b as Problem A and Figure 10.24c as Problem B, the solutions (i.e. deflections 
and gradients) for Problems A and B must be continuous and the bending moment M,. must be 
equal at r=b. 

Although the general solution is 


w=C,+Clogr+ C3r + Cyr’log r 
the values of unknown constants for Problem A and B are different. 
Therefore, the variables are treated separately with subscripts A and B, and the problems are 
solved separately in the following solutions. 
Problem A 


WAa= Cia + Cralog r+ Czar’ + Cyarlogr 


The boundary conditions for Problem A are 


1. Q,=—P/2xb, M,=M,, (dwa/0r),_, = (Owp/dr),_,, at r=b. 
2. O,=—-P/2aa, M,=0, wa= 0 at r=a. 


, 


Wa = Cra +2Cx4r+2Cyarlogr+Cyar 
r 


“" C. 
wa" = ——S* +2C34 + 2Cyslog r+ 3Caa 
r 
m 2Cr4 2C4A 
WA =—3 Sw 
r r 
mw w" 1 , 4C. 
0,=-(w +-—w -3¥'] =p 
7 
Then, C4a = P/8xD (a) 
From (M,.),_, = 9, 
l-v 
— yr Cra + 2(1 +) Can + {211 + v)loga + 3+ }Caa =O (b) 
From (w,),-4=9, 
Cia + Coy loga t C3407 + Cay’ loga=0 (c) 


Problem B 


Wwp=Cigt Cop logr+ Cape = Cugr’ logr 
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From (wg),.9 = finite, Crg = 0 (d) 
From (M,.),9 = (Mo), = finite, Cag =0 (e) 
(M,),.-,=-D(1+v)-2C3g=M, (f) 


Now, from (wa), =(Wa),=p> 


Cia + Cra log + Cab? + Cyab’ logb = Cig + C3gb” (g) 


l-v 
_-D — Fy Cra +21 +v)C3q + {2(1+v)logb+3+v}Caa 


= —D(1+v)-2C3p (h) 
From (w4),_,= (Ws) <1 


C 
+ 2C34b + Cyab(2 log b + 1) =2C3gb (i) 


Thus, by determining the unknown constants using the above conditions, we have the 
solutions. 
For r2=b, 


For r<b, 


(3 era (10.57) 


ae P | BGs Bees D seo oe 
We (o +r log” + (a b*) ar+v)a 


Problems of Chapter 10 


1. Acconstant bending moment M, is applied along the outer periphery of a plate of arbitrary 
shape. Verify that the bending moment in the plate is M@, and the twisting moment is 0 
everywhere and in every direction in the plate. 

Verify that the deformed form of the plate under this loading condition becomes a part of 
a sphere. 

2. Calculate the maximum tensile stress and the location of the maximum tensile stress in 
Example problem 10.4 (Figure 10.18), where the radius of the circular plate is a, thickness 
is h, Young’s modulus is E and Poisson’s ratio is v. 

3. Determine the deflection when a simply supported circular plate with radius a is subjected 
to a uniform distributed load q inside radius c at the central part of the plate. 
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4. Determine the deflection when a circular plate with radius a is fixed at the outer periphery 
and is subjected to a concentrated load g along the ring r =b, where the total amount of the 
load is P, that is P=2zbq. 

5. Determine the deflection uo at the center of a simply supported circular plate with radius a 
when the circular plate is subjected to a concentrated load P at an arbitrary point at r=b. 
Pay attention that the load is applied eccentrically to the circular plate. 
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Deformation and Stress in 
Cylindrical Shells 


11.1 Basic Equations 


A cylindrical thin pressure vessel (as shown in Figure 11.1) and a water or natural liquid gas 
reservoir tank (as shown in Figure 11.2) are commonly in practical use. The practical problems 
of a thin pressure vessel like Figure 11.1 can be solved by a combination of the theory of cir- 
cular plate in Chapter 10 of Part I with the theory of cylindrical shell. 

Although thin conical vessels and thin axisymmetric vessels having varying diameters are 
used in practical cases, such a theory is not explained in this chapter. If the reader completely 
understands the theory of this chapter, the reader will be able to study easily the extended theory 
by themself. 

In order to solve the basic differential equation for cylindrical shells, first attention must be 
paid to the equilibrium condition as well as the problems of elasticity studied in the previous 
chapters. The next step is to pay attention to the relationship between forces and deformations 
or stresses and strains, and to reduce the relationship to the differential equation with regard to 
displacement. 

This chapter treats only problems axisymmetric both in geometry and forces. 


11.1.1 Equilibrium Condition 


Figure 11.3 shows the equilibrium condition for an infinitesimal element ABCD in a thin cylin- 
drical shell with radius a and under internal pressure p. Figure |1.4a and b separately illustrate 
the forces and bending moments acting on ABCD. 

Due to the symmetry of the problem, the circumferential displacement is 0 and the forces, 
bending moments and radial displacement u, do not vary with circumferential direction 6 and 
twisting moments do not act. 
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Figure 11.1 


Figure 11.2 


Figure 11.3 


Q,+ 20x dx 
O. 


Figure 11.4 
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Therefore, the equilibrium conditions for ABCD are satisfied only under the action of (1) 
force in the x direction, (2) force in radial direction and (3) moment of rotation along the y axis. 
The equilibrium conditions of (1), (2) and (3) are expressed as follows. 


(F, 


(o.+ “Peat ad Q,.ad0 + Fodx-d0—padé.dx=0 


) ado Faad=0 


(11.1) 
dM, 
( i ) ado Ma- (o.+@ ax ado: dx 
dx 
! 2 
+ xpad0(dx) =0 
Neglecting higher order terms, 
“ 
=0 
dQx 
(3: +p adodee (11.2) 
dM, 
—Q, )adé-dx=0 
dx 
From the first equation of Equation 11.2: 
F,,=constant (11.3) 


The value of the constant in Equation 11.3 depends on the problem. However, this problem is 
simple, because it is the case that the cylinder is subjected to only simple axial tension or com- 
pression and the solution can be obtained easily. 

In general problems, such a solution is added by simple superposition. In the following dis- 
cussion, the analysis is proceeded assuming F,,=0. 

In conclusion, the following equations are derived as the basis for the equilibrium conditions: 


dQ, 1, aM, 
dx a tree dx 


-0,=0 (11.4) 


11.1.2. Forces and Deformations 


Two equations were obtained by the equilibrium condition as Equation 11.4. However, 
Equation 11.4 contains three unknowns (Fo, Q,, M,.). This nature of the problem is the same 
as the statically indeterminate problems in the elementary theory of strength of materials. 

Equation 10.17 shows the relationship between bending moment and curvature and displace- 
ment for a thin flat plate under no twisting moment. It must be noted that the cylindrical shells to 
be analyzed here have initial curvature a in the @ direction as their radius of shell. 
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Although in the problem of Figure 11.3 the radius of cylinder varies due to the action of 
internal pressure p, this deformation is due to circumferential elongation produced by og 
and is not produced by bending moment Mg. Consequently, when we apply Equation 10.17 
to the infinitesimal element ABCD in Figure 11.3, we need to interpret the problem as the cylin- 
der is bent to the shape of a cylinder of p, = oo and p, =a by a certain initial moment and then 
the new deformation is produced by the internal pressure p of Figure 11.3. 

Therefore, putting w= —u, (u,: displacement in the radial direction), we have 


ow " ow z 1 ow 

ox? . ror 12 0@ 
ow - 1 ow te ow 
ror 2 0& "Ox 


Considering du,/d0=—-dw/d0=0 and du,/dr=—dw/dr=0, Equation 11.5 can be 
reduced to 


M,=-D 


Mg=-D 


aw dw 
=P MS Dg (11.6) 


M,= 

Next, consider the relationship between the forces F',, Fg and deformation. Considering the 

relationship between deformations, Hooke’s law, stress and strain, we have the following equa- 
tions, where u is the displacement in the x direction. 


du Uu, Ww 
te i 
e dx Hf a a ( ) 
(c,+ve9), 0) =——5(€0+ve,) (11.8) 
Ox= TG lExtve9), oy= Tp (Eo + vex : 
Then, 
Eh Eh [du w 
Pasco penne aia & 2) 
(11.9) 
Eh Eh w du 
Fo= Al= = S Sa eS —_— 
9 = 06 [ap2 (eo tex) —( 4) 


Since only the problem of F,,=0 is treated as expressed in terms of Equation 11.3 and the 
related explanation, we have du/dx=vw/a, and then 


Eh 
Fg=-—w (11.10) 


a 
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11.1.3 Basic Differential Equation 


From the equilibrium condition and Equations 11.4, 11.6 and 11.10, which were obtained from 
the relationship between forces and deformations, the following differential equation about w is 
derived as 


& aw Eh 
D + =— 11.11 
dx? ( i) Ze ( ) 
For the case of /=constant, 
d*w Eh Dp 


ou 11.12 
ie Dae OD a2) 


In order to simplify the expression of the solution of the differential equation 
(Equation 11.12), the following new parameter / is introduced. 


—— +484 wae 11.1 
aa te WA (11.13) 
where 
Eh _3(1-? 1-1))'" 
gt. fh 3-H) 4 BU) aby 
4Da2 ah s/ah 
Thus, the solution of Equation 11.13 is expressed as follows: 
w=e*(C, cos Bx+ C2 sin Bx) + e-* (C3 cos Bx + Cy sin Bx) - as (11.15) 
or 
w=cosh Bx(C)'cos Bx + Cy'sin Bx) + sinh Bx(C3'cos Bx + C4'sin Bx) - (11.16) 


4p°D 


C; ~ C4 and Cc ~ Cc, are determined from boundary conditions. 
The following quantities will be used frequently for the solution of various problems. 


. = Be?" (C; cos Bx + Cp sin Bx) 
+ BeP*(—C, sin Bx + Cycos Bx) — Be" (C3 cos Bx + Cy sin Bx) 
+ Be~**(—C3 sin Bx + C4cos Bx) 
dw 


aa = 2p e**(—C, sin Bx + Cycos Bx) — 2h? eP* (— C3 sin Bx + Cy.cos Bx) 
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@ 
on = 2% e**(—C, sin Bx + Cy.cos Bx) — 2p e* (Cy cos Bx + Cp sin Bx) 


+2 e?*(—C3 sin Bx + Cycos Bx) + 26 eP* (C3 cos Bx + Cy sin Bx) 


11.2 Various Problems of Cylindrical Shells 
Example problem 11.1 


Determine the deflection and bending moment for the problem of Figure 11.5, where P is the 


force per unit length along the circumferential direction. 


Solution 


The constant C, ~ C4 of the general solution of Equation 11.15 are determined from the bound- 


ary conditions. 
As x co, w—> 0. And then, C; =0 and C,) =0. 
Therefore 


w=e ?*(C3cos Bx + Cysin Bx) 


aw 
—-D{ —— = 
(=). 


Considering Q,=—P at x=0 and Equation 11.4, 


dM, ; 
(),.- P(e), 
dx } .-0 dx? } 0 


From M,=0 at x=0, 


From (a), (b) and (c), 


Figure 11.5 
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Finally, we have 


Example problem 11.2 


Determine the deflection and the bending moment for the problem of Figure 11.6. 


Solution 


_ ~px 
Se COS Px 
26°D B 


P 
M, = —e-** sin Bx 
B 


As x co, w— 0. And then, C; =0 and C2 =0. 


Therefore 


From M,= Mo at x=0, 


Considering Q,=0 at x=0, 


From (a), (b) and (c), 


Finally, we have 


w=e ?*(C3cos Bx + Cysin Bx) 


@w 
(G2), 


_p(@"\ = 
dx3 x=0 


Mo Mo 
C>=7 a om 
26D 26D 
Mo —BX (3 
w= e “(Sin px—COS Px 
PD (sin p. px) 


M,= Moe" (cos px +sin Bx) 


Figure 11.6 
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Figure 11.7 


Example problem 11.3 
Determine the deflection w for the problem of Figure 11.7. 


Solution 
From Example problems 11.1 and 11.2, C} =C.=C3=C,= 0. Thus, 


P pa 


aT aT 


The same solution can be obtained by another way as follows. 
From the equilibrium condition, 


0g =—_ 
Therefore, €9=09/E=pa/Eh and 


2 
‘a : r : : A 
W=-deg=— — (displacement in the outer radial direction) 


Problems of Chapter 11 


1. Determine the deflection w and the bending moment M, for the problem of Figure 11.8. 


Figure 11.8 


2. Determine the deflection w and the bending moment M, near the fixed end of the cylin- 
drical shell in Figure 11.9 for the case a<<l. 
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Figure 11.9 


3. Determine the maximum stress which occurs at the connection part of the cylindrical shell 
and the circular plate in Figure 11.10 for the case a<l/. The thickness is h for both the 
cylindrical shell and the circular plate. 


Figure 11.10 


(This problem can be used as an alternative and conservative estimation for the cylindrical 
shell connected by a curved end plate.) 

4. Derive the differential equation for the beam placed on an elastic foundation and subjected 
to a distributed load p as in Figure 11.11. Show that the equation has the same form as 
Equation 11.12. Assume the elastic constant of the foundation as k. 


Figure 11.11 


5. Figure 11.12 shows a thin pipe which has n equally spaced slits with length / at the free end 
where a rigid circular plate with radius (a+ 6) is fit into the inner wall with radius a. Deter- 
mine the maximum bending stress at length / from the free end. Assume 6<a and n is 
sufficiently large so that the section divided by slits can be approximated to a rectangular 
shape. The friction between the rigid circular plate and the pipe can be ignored. The elastic 
constants of the pipe are Young’s modulus E and Poisson’s ratio v. 


Figure 11.12 
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Thermal Stress 


Thermal stress arises due to non-uniform temperature distribution in machines and structures. 
Non-uniform temperature distribution produces non-uniform thermal expansion or contraction 
from location to location in structures. Although the part with a temperature higher than its 
surroundings tends to expand, the surrounding part tends to prevent the expansion. If free 
expansion and contraction are allowed, no thermal stress is produced. Thermal stress is pro- 
duced either by the surrounding structures preventing these free thermal deformations or by 
inversely influencing the surrounding structures by thermal expansion or contraction. There- 
fore, the amount of thermal stress is proportional to the variation of deformation from the free 
deformation corresponding to the zero stress state of a structure. 


12.1 Thermal Stress in a Rectangular Plate — Simple Examples of 
Thermal Stress 


Let us give a temperature change in a rectangular plate with width h, length /, thickness b and 
coefficient of thermal expansion a. In order to understand the nature of thermal stress, two cases 
are explained, one with a free end (Figure 12.1a) and the other with a fixed end (Figure 12.1b). 


12.1.1 Constant Temperature Rise AT(x,y) = To (Constant) 


In this case, the thermal strains in Figure 12.1a are e,.7 = €yr =aTp and VayT = O, the stresses are 
all zero, that is 6, =o) =T,y =0. 
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Figure 12.1 


In the case of Figure 12.1b, since the longitudinal elongation 6=aTo/ is constrained, stress 
arises. The state of Figure 12.1b is equivalent to a plate which is elongated from / to /(1 + aTo) 
and afterward the plate is compressed by a compressive load P to the initial length /. Therefore, 
we have the following equation: 


Pi(1+aTy) _ Pl 
ee 0) (12.1) 
Ebh(1+aTo) Ebh 


Thus, P is expressed as 
P=-—aToEbh (12.2) 
Finally, the thermal stress in the plate of Figure 12.1b is 


6x=—-ATE, oy=0, ty=0 (12.3) 


12.1.2. Linear Temperature Distribution AT(x,y) = 2Toy/h 


Since the elongation and contraction are function of y, the stress is not clear even in 
Figure 12.1a. 

In the case of Figure 12.1b, since the thermal strain ¢,7 = 2aTpy/h is constrained, the stress 0, 
is calculated as 


2aTyEy 


(12.4) 


Ox= 


Although in this state the resultant force in the x direction is 0 at the fixed end x=0 or x=], 
the bending moment expressed by the following equation is produced. 


hh 
M= Faye (12.5) 


where the sign of M is defined positive for bending the plate convex downward. 
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The state of Figure 12.1a can be made by superimposing a moment having opposite sign of 
Equation 12.5 to the state of Figure 12.1b. By this superposition, the fixed ends of Figure 12.1b 
become free ends and the internal stress expressed by Equation 12.4 is cancelled. Then, con- 
sequently it is understood that thermal stress does not arise in Figure 12.1a. 

Thus, thermal stress does not arise in a plate having a linear temperature distribution and the 
plate freely expands or contracts linearly with temperature distribution and is eventually bent to 
a circular shape. It must be noted that a plate with linear temperature distribution as 
AT (x,y) =2Tpy/h does not produce thermal stress in the plate of Figure 12.1a, because this 
problem is often misunderstood due to a simple reason for nonconstant temperature 
distribution. 


12.1.3 Quadratic Temperature Distribution AT(x,y) = 2To(y/ hy? 


As in Section 12.1.2, it is not easy to understand the thermal stress in the plate of Figure 12.la 
only from the temperature distribution. 
Likewise Section 12.2.1, we start from the case of Figure 12.1b. Since the thermal strain in 


the x direction er = aTo(2y/ hy is constrained, co, becomes as follows. 
6, = —aTyE(2y/h) (12.6) 


Although in this state the bending moment is 0 at the fixed end x=0 or x =/ due to the quad- 
ratic stress distribution of Equation 12.6, the resultant force P in the x direction expressed by the 
following equation is produced. 


P= | o,bdy = -—aToE (12.7) 
-h/2 3 


In order to find the stress in the plate of Figure 12.1a, a tensile force equal to the value of the 
compressive force acting on the fixed end of the plate of Figure 12.1b is superimposed to the 
state of Figure 12.1b. Applying this tensile stress, the following stress is produced in the plate. 


P oi 
o=-— =-algE (12.8) 


Superposing Equation 12.6 on Equation 12.8, the stress in the plate of Figure 12.1a is 
I 2y\* 
oy= 3aToE—aToE (7) (12.9) 


If the tensile force superimposed in the above derivation is replaced by a uniformly distrib- 
uted tensile stress, the ends of the plate at x = 0 and x =/ do not satisfy the condition of a free end 
and the stress expressed by Equation 12.9 remains at both ends of the plate. However, since the 
resultant force obtained by integrating Equation 12.9 along the end of the plate becomes 0, if we 
realise a free end by superposing a stress with the opposite sign to Equation 12.9 at the ends, the 
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influence is limited near the end of the plate due to the Saint Venant’s principle and is not trans- 
ferred to the main part of the plate. 

Therefore, we can understand that the stress distribution in the plate of Figure 12.1ais given 
by Equation 12.9 except for the vicinity of the fee ends. 

In the above problems, the mechanism of generation of thermal stress can be understood 
from the viewpoint of Hooke’s law as follows. Assuming temperature variation by T, 

aT = strain produced by free expansion or contraction, 

Final strain = strain by free expansion (or contraction) + strain produced by stress. 

The strain produced by stress obeys Hooke’s law. Therefore, the above relationship can be 
expressed as follows. 

Orthogonal coordinate system 


1 : 
€,=aT + E [ox-v (0, +0,)] 


1] Z 
ey = aT + 5 |oy-v(0: + 0x)| (12.10) 


1 i 
€,=aT+ E [o,-v (6, +oy)| 


Vay = Try /G, Vye = Tyz/G, Va = Tex/G (12.11) 


Cylindrical coordinate system 


1 
€,-=aT+ E [o,-v (09 + 0z)| 


1 
ég=aT+ p00 ¥ (oz + oF) (12.12) 


1 
€,=aT+ B [o,-v (6, + 09)| 


¥-0=110/G, Yo. = T0z/G, Vor = Ter /G (12.13) 


The above relationships mean that if the strains are equal to the values of free expansion (or 
contraction), there is no constraint and the thermal stresses corresponding to the second terms of 
Equation 12.10 or Equation 12.12 are not generated. It must be noted that the strains produced 
by free expansion and contraction do not contribute to shear strains. 


Problem 12.1.1 Determine the thermal stress for the case of AT(x,y) =To(2y/h)” in 
Figure 12.1. Using the solution, determine the thermal stress for the case 
of AT (x,y) =To{1 — (2y/h)"}. 


Problem 12.1.2 Verify that in order to solve thermal stress problems by the finite element 
method (FEM), it is necessary to apply the forces at nodes expressed by the following equation 
(dvol means integral over a volume.). 
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(F}=- [Im Difeo}dvot 


where { F’} is the nodal force for an element, {€ 9} is the thermal strain without constraint and for 
example in plane stress problems it is expressed as 
aT 
{€0} = aT 
0 


12.2. Thermal Stress in a Circular Plate 


Thermal stress in a circular plate with temperature distribution expressed by a function only of 
radial distance r (Figure 12.2) is investigated. 
This is a plane stress problem with temperature distribution as 


T=T(r) (12.14) 


As already described, if the thermal stresses are generated by the constraint of thermal 
deformation, the stresses o,, og and t,g may be expected to arise. However, from the symmetric 
nature of the problem, z,g=0 and the equilibrium equation is written as follows (see 
Equation 4.6): 


do, 06;—66 
+ = 


0 12.15 
dr r ( ) 


Figure 12.2 
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Putting o, =O in Equation 12.12 and expressing o, and og with aT and ¢, and €g, we have 


E 
Oy= ie +veg—(1+v)aT] 
(12.16) 
= [eo+ve,—(1+0)aT] 
O9= io a 
4) (= Eg tTVE Vv 
Substituting Equation 12.16 into Equation 12.15, 
d aT 
ra (er + ve9) + (1-v) . (e,—€9)—(L+v)ar=—=0 (12.17) 
Expressing €, and €g with deformation u in the radial direction, 
du u 
=, =e 12.18 
é a £0 a ( ) 
Substituting these equations into Equation 12.17, 
Pu 1 du u aT 
— +--—-==(l+v)a— 12.19 
dr> r dr r ge dr ( ) 
Putting r=e‘ and determining the general solution u, of Equation 12.19, 
t -t C2 
uy =Cye'+ Coe '=Cir+ — (12.20) 
r 
In order to determine the special solution u2, we put u=e'f and then 
af df dT 
— +2—=(1 — 12.21 
og a ae2)) 
d, 
O + 2f=(I+v)aP (12.22) 
Denoting D as D = d/dt, 
(l+v)a -2 {’ 21 
= T=(1+ Tat 
f ve (1+v)ae f e 


And then, 


r 1 r 
n= (14v)ae™| e'Tdr=(1+v)a-| rTdr (12.23) 
r 
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Finally, the solution of Equation 12.19 is 


C if" 
u=m +in=Cirt = +(1+v)a-| Trdr (12.24) 
r 


l Sr, 


This can be used as the solution for various problems having various boundary conditions in 
terms of C; and C>. 

The stresses o, and og are determined as follows by calculating ¢, and e¢g from u of 
Equation 12.24 and substituting them into Equation 12.16. 


E 1 1’ 
Oy= iL2 lev +v)-Ca(1-v) 5 ab | Trdr 


(12.25) 


r 


E 1 1 
oo9=—— lou +v) +C,(1-2) 3] ~akT +ab-,| Trdr 


2 
l-v i 


Example problem 12.1 Simply supported circular plate without hole. 
From the condition of the finite displacement at r=0, C2 =0. Also from 6, =0 at r=ro, 


rn 
C= 1-5] Trdr 


Then 


(12.26) 
1 f[” 1 f’ 
og=aE ml Trdr-T + 5 Trdr 
12” Jo r” Jo 


where the following integral is to be considered. 


1" 1’ 1 
lim —| Trdr=0, lim — | Trdr = =T (0) 
r0 T Jo 10 1? Jo 2, 


Problem 12.2.1 The temperature in a circular plate with free outer edge without hole is high- 
est at the center and linearly drops from the center to the outer periphery. Determine the cir- 
cumferential tensile stress og produced at the outer edge under the condition of the temperature 
difference 100°C, a=1.0x 10751/°C, and E = 196 GPa. (Note: the value of og is the same 
irrespective of the size of the plate.) 
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Problem 12.2.2 Determine the thermal stress when the temperature distribution is given by 
T=Tp{1-(r/ro)"} in the problem similar to the previous problem. In addition, if 
To =constant, judge in which case n<1 or n>1 the stress og at the outer periphery has 
larger value. 


Problem 12.2.3 Derive the solution for the thermal stress in the form of Equation 12.26 for a 
free edge condition at inner and outer circumferential edge, at r=r,; and r=rp. 


12.3. Thermal Stress in a Cylinder 


Thermal stress is investigated for a cylinder which has a thickness larger than the diameter of 
the circular plate in Figure 12.2. The axial displacement w is assumed to be completely con- 
strained. In this condition, ¢, =0 and the problem is equivalent to a plane strain problem. Vari- 
ous practical thermal stress problems can be estimated by these two solutions, that is those for a 
circular plate explained in the previous section and the solution for a cylinder to be explained in 
this section. 

Assuming €,=0, and then from Equation 12.12, 


0,=U(6,+09)-aTE (12.27) 


Substituting Equation 12.27 into Equation 12.12, 


(12.28) 


Expressing ¢, and €g with displacement u, the equilibrium equation (Equation 12.15) is 
written as follows in the same way as the previous section. 


du 1 du 1 1+v dT 
dr2 or dr pie 1=0 dr 


(12.29) 


Since the form of this differential equation is the same as Equation 12.19 except for the 
coefficient on the right-hand side of the equation, the solution can be written as follows: 


1 lf’ 
uaCre 4a Trdr (12.30) 
r l-v rj, 
E E CC, aE if" 
= Che poe ee ccaa ved BA 
m (l+v)-(1-2) ' (4v) PP 1-0 alk ae 
(12.31) 
f E Ore E C GET | ob 3| Td 
6 (140) - (1-20) (d4v) Po l-v" I-v P a oa 
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The unknown constants C and C are determined from boundary conditions in the same way 
as in the previous section. 


Example problem 12.2 A solid cylinder with free circumferential surface. 
From u = finite at r=0, C2 =0. From o,=0 at r=r, 


1 -(1-2 1 [” 
gc) 1 fs, 
l-v rr” Jo 
Then, 
1 (=? ve ¢ 
(1+v) - ( Uh =| Trdr+ eas | Trdr (12.32) 
l-v 12° Jo -v 0 
a Oi BE Vi 
6, = @. pee Tipo —J| Trdr (12.33) 
l-v ro 0) = 4 r 0 
aE 1 [” aET aE 1" 
= — -—~_| Trdr—-—— +——.--—]| Trd 12.34 
De l-v =| ae l-v 1-v al pes \ 


o, is calculated by substituting Equations 12.33 and 12.34 into Equation 12.27. 


Problems of Chapter 12 


1. Determine the upper bound of the tensile thermal stress which is generated at the wall of a 
pressure vessel with temperature 300°C when cooling water with temperature 20 °C is 
instantaneously supplied on a small circular spot of the wall of the pressure vessel. Use 
these data: coefficient of thermal expansion a=1.0x107> 1 /°C, Young’s modulus E = 
206 GPa and Poisson’s ratio y=0.3. 

2. A metal B is coated with thin layer on a plastic sphere A with diameter d. This sphere is put 
into a high temperature liquid. The liquid pressure is p. The temperature rise of the sphere is 
increased uniformly by AT. The coefficients of thermal expansion for A and B are a, and 
ap, Young’s modulus Ey and Ez and Poisson’s ratio v, and vz, respectively. Determine the 
circumferential stress og and radial stress o,. in the material B. 

3. Determine the thermal stress around the central part of the rectangular plate with free end as 
Figure 12.1a for the following temperature distribution in the plate. 


T =Tsin(ay/h) + T.cos(zy/h) 


Assume the coefficient of thermal expansion as a and Young’s modulus as E. 


13 


Contact Stress 


The deformation of two bodies in contact is influenced by each other. Stress produced by the 
force acting at the contact surface is called contact stress. Contact stress plays an important 
role in practical problems, such as the contact between train wheel and rail, gears and 
bearings. 

The basic solution for contact stress analysis is the stress produced by a point force applied 
on the edge of a semi-infinite plate for two dimensional (2D) problems (Figure 13.1) and the 
stress produced by a point force applied on the surface of a semi-infinite body for three 
dimensional (3D) problems (Figure 13.2). Since in general, the area in contact between 
two bodies is sufficiently small compared to the surface of the bodies, the problems can 
be analyzed by superposing the basic solutions for Figures 13.1 or 13.2 within practically 
sufficient accuracy. The theory of contact stress based on this concept is known as the Hertz 
contact theory. 

Once the pressure distribution at the contact surface is determined, the stresses at other places 
can be calculated by integrating the basic solution of Figures 13.1 or 13.2 over the contact sur- 
face. If frictional force acts on the contact surface, the solution for a point force acting tangen- 
tially to the contact surface must be used as the basic solution. However, in this chapter only the 
problems with forces acting normal to the contact surface are treated. 

If the solution method for problems with normal pressure is understood, the same method can 
be applied to friction problems. Therefore, the question in this chapter is how to determine pres- 
sure distribution at the contact surface. One method is to assume pressure distribution with a 
practically reasonable form. More exact method is to use the basic solutions for two bodies in 
contact and at the same time to take into account the deformation of the contact surfaces of two 
bodies. 
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a, - 
Figure 13.1 Figure 13.2 


13.1 2D Contact Stress 


13.1.1 Stress and Deformation for Uniform Pressure Distribution 


The stress and deformation for uniform pressure distribution on the free edge of a semi-infinite 
plate of Figure 13.3 is the basis for the analysis of various contact problems. The solution is 
derived as follows. 

Based on the solution (Equation 6.88) for a point force acting on a free edge of a semi-infinite 
plate, the stress produced by the distributed loading g(&) = qo(&, < € s 2) is derived as follows: 


_ 240 f (x-€)°y 


ss 1 2 za 
7 {(-¢) +} 
2 9) 3 
aS | ~ zd6 (13.1) 
? {(@-¢) +? 
2g0(% —_ (x-é)y 
ee fe (x-é)y ode 
a {(@-¢)? +} 
Integrating these equations by putting r=x—€, 
qo ‘i 
oO. =— + arc tan— 
a | (? 4) ; t 
qo| ty a 
Oy=— Leap team ; (13.2) 
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(x, y) 


Figure 13.3 


where f, =x—&, and ft) =x-€). 
Then, the stress along the edge of the infinite plate is expressed as: 


o,=0 and 0, =0 at y=0, x< €, and x> €. 
0, = Oy =—o at y=0, E, <x< G5. 


x 


1. 
2, 

The result of (2) must be noted as the characteristic nature of a contact stress field. Consid- 
ering the following equation: 


(o,-voy) (13.3) 


And substituting o, and o, of Equation 13.2 into Equation 13.3, and by integrating, we have 
the following equation 


alls 
u= 2 -ylog(t? +’) + (1-v)t arc tan— ; +f(y) (13.4) 


where f(y) is a function only of y. Likewise, 
(ovo) (13.5) 


From this equation, we have 


bh 
v= . q log (t? + y’) —(1-v)t log|t|+ (1-v)y arctan + g(x) (13.6) 
J 


th 


where g(x) is a function only of x. 
Here, with y,, = du/dy + dv/dx, the following equation is derived with Equations 13.4 and 13.6. 


dg(x)  af(y) 
ax Oy 


qo y 7? a 
(=| -2(1+v)— ~/-(1-v)log|t]]? 13.7 
ty Se | 2140) cars| + Spl-(1-vloalel + (13.7) 
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On the other hand, since 7, =tyy/G= 2 (1 +v)t,/E, from the third line of Equation 13.2, 


2 h 
qo 
Vy = — | -2(1 +) 13.8 
gE ( Te +y?) 4 ( ) 
Equating Equation 13.7 to Equation 13.8, 
of (y) 
—— =0 13.9 
. (13.9) 
dg (x) 90 t 
eu = - 2 [-(1-v)log|e (13.10) 
Then, 
g(x)= F(1-v){t log|t|-7}]2 +C, (13.11) 
where C| is a constant. Finally, v is derived as follows: 
\ 
v= a tlog(? +y?)—(1—-v)t+ (1-v)y arctan-| +Cy (13.12) 
1 


ty 
Here, putting y=0, d€=&,-—€, and qog=q(€), and excluding the term for displacement as 


rigid body, the displacement at the surface of a semi-infinite plate due to distributed loading 
q(é) acting on dé is expressed as follows: 


2 
dv =~ q(é)loglx—eldé (13.13) 


Therefore, if g(€) is distributed from & =a to € =b, 


2 b 
v=-—| aléloels—slae (13.14) 


The displacement v at the center of the infinitesimal width 2¢ of pressure distribution as 


shown in Figure 13.4 is calculated as follows. 


90 


Figure 13.4 
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Putting tf = —e, tf; =¢ and y=0, and e — 0, 


4 
p=-—2 lim,_.o e-loge =0 (13.15) 


This result means that, when we calculate the displacement v just below the load g(€) dis- 
tributed along a certain distance of &, the displacement at the central point of the infinitesimal 
region dé within the distributed loading can be ignored. 


13.1.2. Contact Stress by a Rigid Punch 


By pushing down a rigid punch on the edge of a semi-infinite elastic plate as shown in 
Figure 13.5, a constant displacement is produced at the contact surface. The pressure distribu- 
tion in this problem is determined as follows. 

Assuming the distributed load at € = -a~a as q(6), the vertical displacement is expressed 
from Equation 13.14 as 


y. rai 
v= =| al@loelse\ae (13.16) 


Therefore, the solution is to determine the load qg(&) which produces v= vp (constant) irre- 
spective of the value of x for |x| <a. For the condition v = v9, Equation 13.16 is a well known 
integral equation and the solution [1] is given by 


= (13.17) 


where P is the total load applied to the rigid punch. 


Figure 13.5 
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13.1.3 Stress Field by Elliptical Contact Stress Distribution 


The pressure distribution at the contact surface between two circular plates or two circular 
cylinders, as in Figure 13.6, is often assumed in the form of a semi-ellipse or semi-circle, as 
in Figure 13.7. 

Since the dimension of the contact surface is relatively small compared to the dimension of 
the cylinder, the contact stress can be approximately calculated as the stress in a semi-infinite 
plate subjected to the same pressure distribution. Therefore, including go of Equation 13.1 in 
the integral as g(&), the stress field of Figure 13.7 is derived as follows [2]. 


qo [b?+2x7+2y? 2a 
aay F 
1 b b 


Ox= 
oy=— Dy [DF +xG| (13.18) 


40 
Txy = — yG 
ca 


where 


Fz 1 1+ 4/K2/Ki 
BL /K/Ris/2s/Ro/ Ki + [(Ki + Ko-40?) /Ki] 


x 1-4/K2/Ki (13.19) 


Ges. 
Bl /Ra]Riy/ 2./Ra/Ri + [(Ki + Ko 48?) /K1] 


K,= (b-x)’ +y*, Ky 7 (b+x) +y 


Ip 


Figure 13.6 Figure 13.7 
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Regarding o,, we may regard o, =0 for a circular plate due to the plane stress condition, and 
o,= v (ox + oy) for circular cylinder which is close to the plane strain condition. 

Since phenomena such as contact fatigue are related not only to the stress given by 
Equation 13.18 but also to shear stresses in other directions, the stress field near the contact 
surface must be investigated in detail using the stress transformation equation explained in 
Chapter 1. Recent advances in the fracture mechanics approach to contact fatigue problems 
associated with cracks under contact stress can be studied based on the basic theory in 
Chapter 6 and Part II of this book. 


13.2. 3D Contact Stress 


The basic solution for the analysis of 3D contact problems is a point force applied on the surface 
of a semi-infinite body, as shown in Figure 13.8. Although the analytical procedure is the same 
as for 2D problems, the calculation becomes naturally more complicated. 

The solution for the problem of Figure 13.8 was obtained by J. Boussinesq (1885). The solu- 
tion is expressed as follows with the cylindrical coordinates of Figure 13.8. 


(13.20) 


Figure 13.8 
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Displacement w in the z direction can be obtained by the same procedure as in a 2D case by 
integrating the strains as follows: 


ee — l(a +v)z (P42) 42(1-2)-(P 42)" ] (13.21) 


Considering the relationship between displacement u in the r direction and € as eg =u/r (see 
Equation 2.25), and from Hooke’s law, 


(1-2v)-(1+v)P 9) 9: -1/2 1 2 ) 2 -3/2 
Cpa 2(r +z) oa z(r +z’) (13.22) 
At z=0 (surface), we have 

P(1-7 
a) (13.23) 

nEr 

1-2v)-(1 P 

me ea a (13.24) 

2aEr 


13.2.1 Stress and Displacement Due to a Constant Distributed Loading 


Based on the previously obtained solutions, the stresses and displacements produced by the 
load distributed over a certain region can be calculated by the same procedure as in the previous 
section [3]. 

As an example problem, the stress and displacement due to constant load go distributed over 
a circular area with radius a as shown in Figure 13.9 are calculated in the following. 

In order to calculate the stress at point A (r, @) outside the area of load distribution, perform- 
ing the integration by putting the origin of the coordinate at the center of the circle may be a first 
choice and natural. However, the method is not successful. It is interesting that performing the 
integral by using the polar coordinate system (s, ~) with the origin at a point A is an elegant and 
easier solution for this problem. 

The equation for this calculation is given based on Equation 13.23 as follows: 


(1-v7)qo sdp-ds_ (1-1) 
TE - TE 


dw= ® ay.ds (13.25) 


Taking the total distributed load into consideration, 


4(1-12)go [ [”2 
-toe| | dy-ds (13.26) 


mE S1 UP) 
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Figure 13.9 


Neglecting the details of the integration, the result is expressed as follows: 


w= #40" f(x) -(1-e) (E.R) (13.27) 


where k* = a? / r’, F(a/2, k) and E(x/2, k) are the complete elliptic integrals of the first and sec- 
ond kinds, respectively, which can be calculated by numerical tables or by computer subroutine 
libraries. F(z/2, k) and E(z/2, k) are expressed as 


/2 
E(k) = | V1-ksin20 dO (13.28) 
0 


a [2 do 
F(5.t)=| a (13.29) 
2 0 V1-k sin*@ 


The displacement inside the area of load distribution is determined by a similar method as 


w= AY ao 5 (8 k) (13.30) 


Also the stress distribution is given by 


0,=40 oe 3 | 

(a? +27) a 
q 2(1+v)z Zz : 
c= -(anys -( ) | 


Vae+2 \Vart2 


(13.31) 


0g=0,; 
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13.2.2. Contact Stress Due to a Rigid Circular Punch 


The pressure distribution produced at the contact surface by giving a constant displacement to a 
rigid circular punch [4] is derived by a similar procedure to that in the 2D problem as follows 


P 


(r)= nagar (13.32) 
_ P(1-v*) 
= (13.33) 


where P is the total applied force and c is the vertical displacement of the punch. 


13.2.3 Contact Between Two Spheres 


In the contact problem between two elastic bodies having curved surfaces (Figures 13.10 and 
13.11), the area of load distribution and intensity of load must be determined based on the con- 
ditions that the relative distance between two bodies and surface displacements must be com- 
patibly adjusted to each other. In the solution, although the contact surface projected to the z 
direction is a circle with unknown radius a, the load distribution g (r) viewed on the r—z 
section is assumed to be an ellipse. Thus, replacing the area near the contact surface by a 
semi-infinite body, the basic equations to be applied are expressed as 


wi +w2=c-(z1 +22) (13.34) 
=p? 

Wi= C2 [a(njardo (13.35) 
—p>2 

W2= P| la(njavdo (13.36) 


where c is the displacement by which certain points far from the contact surface in two spheres 
(e.g. the center of the spheres) approach each other. Subscripts | and 2 are the quantities related 
to spheres | and 2, respectively. 


Figure 13.10 
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Figure 13.11 


The result calculated by Hertz [5] for two spheres with radius R, and R> are given by the 
following equations. 
Radius of the circular contact surface: 


9 £3 PU =11?) Ei + (1 v9?) /Ea]RiRo |” igi) 
4 R, +R. , 
Maximum contact pressure: 
3 (P 
=_.{ —_ 13.38 
a) (=) ( ) 


13.2.4 Contact Between Two Cylinders 


Although the details of calculation are neglected', the contact pressure for two cylinders with 
radius R, and R, having a parallel axis becomes like Figure 13.7 and the stress distribution is 
expressed in the form of Equation 13.18. The width of contact (2b) has the following relation- 
ship with the load P’ per unit axial length of the cylinders and other variables. 

One half of the contact width: 


_ rene + (1-19) /Ex|RiRo (13.39) 
Ri +R> 


Maximum contact pressure: 


_2P’ 


= 13.4 
<b (13.40) 


70 


' This is essentially a 2D problem; the same solution can be obtained as the extreme case of a 3D problem. 
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Problems of Chapter 13 


1. Using Equation 13.17, determine the stress intensity factor for the problem of Figure 13.12 
which shows deep double cracks facing each other. 

2. Using Equation 13.32, determine the stress intensity factor for the problem of Figure 13.13 
which shows deep 3D circumferential cracks. 

3. Explain the reason for ty, =0 along the y axis under the contact loading of Figure 13.7. For 
this reason o, and o, are the principal stresses and accordingly the maximum shear stress 
acts at a plane inclined by 45° to the x and y axes. Denoting the maximum shear stress by 
T45°, determine the location on the y axis and the value of 745. 

4. Verify the stress field produced by a frictional force which acts from left to right under the 
contact load of Figure 13.7 is given by the following equations [2]. Use the notation fas the 
coefficient of friction. 


+ + + 4 4 


Figure 13.13 
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2.2.2 
o,= £2) (2-20-37?) - 28 ee 'F| 


1 b b 
oy= YG (13.41) 
B42 4+y?)_ 2 
Pee Weraeky )p * 4+3xG 
1 b b 


where F and G are the same as those used in Equation 13.19. 
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Answers and Hints for Part I 
Problems 


Chapter 1 


NOR 


Nn 


. O= 1/20. 
. Normal stress is —po in all directions. Shear stress is 0 everywhere. Solve using the same 


method as Example problem 1.1. 


. 6,=—69. Solution 1: Use stress transformation equations. Solution 2: Use the stress 


invariant. 


. Solve by the same method as Example problem 1.1 and use the 3D stress transformation 


equations. 


. Solve by the same method as Example problem 1.2. 
. Calculate the principal stresses o; and o2 (6; > 02) in terms of p and T. The balloon cannot 


sustain compressive load. Then, when o> becomes negative (compression), the shape of the 
balloon becomes unstable and buckling occurs by producing a spiral wrinkle having an 
angle 0, perpendicular to the direction of o2, namely the direction of o;. Therefore, T, is 
the value of T when o» becomes 0. T, = \2/8-d'p. 0, =54.74 degrees. It is very difficult 
to perform the perfect experiment of twisting the balloon, because gripping the balloon 
changes the stresses in the balloon and eventually influences the principal stresses. 
However, the direction of the initial wrinkle 0, = 54.74 degrees can be detected even in 
the imperfect experiment. 
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Chapter 2 


1. Normal strains in three independent directions are necessary. 

2. (€:+éy). Solution 1: Calculate the area $ as S=1/2a(1+ex)(1+ey)sin(z/2-y,,). 
Solution 2: Use the strain invariant. 

4. €45° is expressed with e,, €, and 7, as follows: 


€45° = yl? + ey? + Yaylim 
1 
5 (Ex + +7) 
Therefore, 
Vay = 2€45° — (ex + éy) 
From this equation and Equations (a), (b) and (c), 


Corcyxt+coyt+ 03x" a cay? + C5Xy 


= 2€45° -{(ao +b) + (ay +b,)x+ (a2 +bo)y+ (a3 +b3)x° “+r (a4 +b4)y* + (as +bs)xy}, 


where there are six unknowns. Since €45- is measured at five points, there are five known 
conditions. In addition to these conditions, it is reasonable to satisfy the compatibility equa- 


tion 0°e,/dy? + Oey /Ox" = Wry /oxdy. Thus, the following equation is derived: 
CO= 2 (a4 + b3) 


Thus, from these six conditions, co ~ cs can be determined. 


Chapter 3 


2. o=79.2 MPa, T=2244N-m 
3. Try =0 at x= +W and y= +L (free surface); t,g = 0 at the circumferential edge of the circular 
hole (free surface); ty, =0 at y=0 (symmetric plane). 
Note that t,, #0 at the interface between the rigid disk and the plate (see Problem 5 of 


Chapter 5). 
‘ Ep 1-vavp 0 ER vp-Vva 
. Op=—: 0, Orp=0, opp=—- o 
Be ee Tad 1B Cas a a 


5. (1) 6a=dp/(4h).o; =dp/(2h). (2) 5= (1-2v)dpl/(4Eh). 


Answers and Hints for Part I Problems 


Chapter 4 


a v IY xy Ore, = 
cE (e+ e) + a + Ze] 4x=0 


OY xy 0 Vv Oy. _ 
ols +25 (9+ ra) + 3] +¥=0 


OV. yz r) Vv _ 
oF + ay +25 (a+ 75) +Z=0 


where e=€, + €y + €;. 


v de 
G—+GV7u+X=0 

ip eee 

AY es GAP =O 

1-2v ody 

V de 
—+GVw+Z= 

ipo ae wt 0 


3. The equilibrium conditions to be satisfied are: 


OT ex = 


00, OT xy é OT x a OT xy 35 7, 


ax dy az ox ox 
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Therefore, t,,=f(y,Z), Tx =8(Y,Z),Tex =O at Z=0, ty =0 at y=h and 7,,/t,,=h/a on the 


boundaries AB and AC. 
Taking the following equation into consideration: 


6P 
Ox= ons (2h 3y)-(l-4) 
we have 
6P 6P 
Try = ag (h-y)y, T= a (h-y)z 
Chapter 5 


1. Pay attention to the stress distribution at the section A—A (refer to Figure P5.1). In the case of 
the rectangular plate the area higher than the nominal stress (dotted line) and the area below 
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3, 
4. 


(a) 


the nominal stress must be equal. In the case of the cylinder, the area higher than the nominal 
stress near the central axis of the cylinder looks larger than the area at the outer part of the 
cylinder. This is because the stress distribution in the cylinder must satisfy the following 
equation. 


T} 
| (0,-0,)-2ardr = | (6, —-6;)-2ardr 


(7; is the coordinate at o, =6,) 
Namely, the infinitesimal area in the integral equation has relationship with r in terms 
of 2ardr. 


. Due to Saint Venant’s principle, the difference in stress between two cases occurs at 


x =(/-h)~I. Therefore, the difference in deflection between two cases occurs for the 
case of [<h. 

Concentrated force =(o) + 62)bs/2, Concentrated moment =bs?(62—-01)/12. 

Define o,, by 6, =P/W (refer to Figure P5.1). 


yl On n (b) 


2.0 o, / On 


Stress distribution 


by tensile load 15 4 Tension 


iB 
Superposition 
- ‘ 


: Compression 
=2.04 SOP 
Distribution at section B—B 


Result of 


-1,5-4 superposition (c) 


—2.0 15 Tension 
=O OOO ener =o 
-2.5~ distribution by : 1.0 1 
_3,9~— compressive load hea i wo Superposition 
Cocsecernn= 0 “S-—ssssc 4 Cc 

oe 7 0.5 

-4.0- bp QO OOO Omens 9/4 

4.5 _|.5= Compression 
Distribution at section A-A Distribution at section C-C 


Figure P5.1 
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5. 

O£, =OzR Correct 

Onx =Onp Wrong 

Tena, =TenB Correct 

£é, = EER Wrong 

Ena = Eng Correct 

Vena = Ving Wrong 
Chapter 6 

2ab? 1[b? +a 
Problem 6.4.1 u= —-—.~—~-py atr=a. u=-—|——~-v |bppatr=b. 
E(e—a)° E = | eo 


Problem 6.4.2 o,=0, og =209. 
Problem 6.5.1 Considering 


along the y axis, o, at point A (y= 2a) is: 


oe + 
oO 00 32°° 
Thus, the difference from oo is only (7/32) oo. 
Problem 6.5.2 The stress field at the center of the circular plate is: 
(3+v)pa*b? 


6, = ——_._—_,, 0) = 0 


x 8 > 


When a small circular hole exists in the stress field, the stress at the edge of the circular hole 
is calculated as 


(3 +v)pw"b* 
4 


69 =30,—0, = 


This solution agrees with the exact solution for a hollow circular plate containing an 
extremely small circular hole. 
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Problem 6.5.3 It can be regarded approximately that the stress field around the circular hole 
A is not disturbed by the presence of the circular hole B. When the circular hole B does not 
exist, the stress field at the hole B influenced by the circular hole A is calculated as 
6, = 400 /3, oy = 00/3. Assuming the circular hole B exists in such a stress field, the maximum 
stress at the edge of the hole is estimated as: Oma; = 30% — oy =11oo/3. 


Problem 6.6.1 There is no shear stress 7,,., along the central line of Figure 6.13 (imagine a cross 
put along the center line.). Therefore, the difference between the center line of Figure 6.13 and 
the free surface edge of the semi-infinite plate of Figure 6.14 is that o, exists along the center 
line of Figure 6.13. If the stress o, is cancelled along the center line, the stress state becomes 
the same as Figure 6.14. However, since o, acts in the x direction and not in the tensile load 
direction (y direction), the cancellation of o, does not much increase the stress at notch root in 
the y direction. For example, K; = 3.0 for a circular hole in an infinite plate and K; = 3.065 for a 
semi-circular notch in a semi-infinite plate. The stress intensity factor K, for an edge crack in a 
semi-infinite plate is 12% higher than that for a crack in an infinite plate. 


Problem 6.6.2 Omax = 60 + (4a/b)o0 
Problem 6.7.1 Estimating the average stress og as og = ap;/(b—a) and using the solution of 
Howland (Figure 6.16), the maximum stress can be calculated as 69, , = 98 MPa. 
Problem 6.8.1 Kj =3.3600,/xa 
Problem 6.9.2 
2M xy? 2M (3x*-y*)y" 


2M 2xy(x?-y?) 
—-— “es =! 6, _ 


1 Faas Da Vor OS, 2 4.y2)3 
(x? +y*) m (x+y?) a (x +y’) 


Problems of Chapter 6 


1. voo(a? +b?) /2b° 
2. Solution 1 We denote the solid cylinder by A and the hollow cylinder by B. The shrink 
fit pressure is denoted by p. The stresses inside the solid cylinder are 6,4 =o9q = —p and 
the stresses at the inner wall of the hollow cylinder are 6,3 = —p, oop = (b* +a”)p/(b?-a’). 
Considering ¢9 =u/a=(og—-vo,)/E and A = 2al|€9a| + |€op|] at r=a, 


b2 -@ 
=—__ FA 
P= "tab? 
Therefore, 
b?-a +a 
B=7- EA, EA 
OB Aah? O88 fab? 


Solution 2 If we add tensile stress o,g =p at r=b after shrink fitting, the stress o, at the 
boundary r=a becomes o,=0. In this condition, the solid cylinder can be freely pulled 
out and the inner diameter of B becomes larger by A than the initial state. This situation 
is written by equations as follows: 


A (7 ) 
€63 = — = | — 
ae 2a r 
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BW 


and 
2b*p 
Oo = = 
OB (b?—a?) 
Then, 
7 (b?-a*)EA 
P= 4ab? 


Since in this solution method we pay attention only to the deformation of the outer hollow 
cylinder without calculating the deformation of the inner solid cylinder, the calculation is 
simple and we can avoid calculation mistakes. 


. (a) 3.809, (b) 3.800, (Cc) (1 +2,/(a, +a2)/a))oo. 
. A.12P/xd; B.-20P/zd. 
. The problem is replaced by the one in which a point force P and a concentrated moment 


M = Ph is applied at the origin O. 
The stress field by P: 


P.M P.M P M 
Ox =Oy +0y , Oy=Oy +Oy , Ty =Ty +Try 
Calculating the principal stresses o, and o> from these stresses, 


Omax = 301-62 


3 
. Kj= (o0-%2m) via Ky = 5T0\/nma 


. 09 = -0.928 rad = —53.17° 
. Expressing the stresses in pipe A: 


2A Cra 
Ora=Ciat+—>, Goa =Cia-—- 
r r 
Likewise in pipe B: 
Cox Crp 
om=Cipt+—>, oon = Cip— > 
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From the boundary conditions: 


Cra = —a’(p+C\a) 


1 oa 


Ci = Gaga lO - 4°) Cae’), Con=— Ga aay [(P- 4°) Cra—a’p 
l+v 1 a 
: peat 5 {(I-mn)B+ (4m)? ea |p 
TAS > 


LF {(1-va)0+ (1 tun) }= 5p -{(1-1p)b+ (1 +Up)C } 5 


b?-a? 
ih | 


The stress at an arbitrary value of r can be calculated from these results. 


Chapter 7 


1. Ti(a+b)/(2Gha2b?) 
2. 3TIlog(a2/ay)/|P G(a,—a,)]. G=E/2(1+v) 
3 4Ta 
, mGhdl { 1 + (4/3)(h/d)°} 
4 6T 
"GDP [1 + 3aD2/{8(1 42/2} 


Chapter 8 
Problem 8.1.4 


l-v 4 5 Li Sea5 a a a 
1. Ui =—-- 90 mb, U2 = =o amb I-35 : Mar) at I-35 
2. U; =U2 


Problem 8.3.1 From the principle of the virtual work, 
| ooduds, =| 0,0€,dV 
7 Vv 


and considering de, = 0(d6u) /dx =2ax, the above equation is 
1 
opalA = | 0, (2ax)Adx = o,al’A. 
0 


Then, o,=00. 
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Problem 8.4.2 Assuming w=a, + aox +.03xX7 +.a4x?, solve by the same way as the Example 
(Figure 8.8).: w= (Pl/2EI)x° -(P/6EI)x° 


/3 [3 
Problem 8.5.1 U= pul , U.= 3p 
4VWAE 4VWAE 
Problem 8.6.2 By the reciprocal theorem Rdg = Pb, + Q6d¢, 
1 
Oa= Pp (Rdg -Q6-) 


Alternative solution Assuming AB =b and BC =c, calculate the displacement by the strength 
of materials and drive the above relationship. 


Problems of Chapter 8 
TOPE... PP 


° EL 6.088EI 
tion of the strength of materials) is approximately 1.5%. 


1. 6 


PP 
. The difference between this solution and 6EI (the conventional solu- 


Chapter 9 
o> 
Ke ¥- ie Ke | (mai 
OF ke. Ae. ke ke, u2 
OQ. hee “dee ka ke, V2 
RR RRA RO RE | | es 
KE kK SR HRS RR +R 


3. Since the boundary conditions are vu; =0, vj =0, u3=0, X,=1, X,=1, the simultaneous 


equation is expressed as: 


(kj3 +33) (Kia ty) (otk) Bs Be ] ( 1 
(kis + kj3) (ki4 ay ki) (kig + kip) kis ke v2 0 
(kos kis) (Kéat 54) (kos tk) 5 6] 4 ¥3 0 
k53 ke, k5s ke | | ua ! 
kés Kea kes ke | v4 0 


Determine the components of the stiffness matrix [K]. 


Regarding the element ©, i, j and k in Table 9.1 correspond to the node numbers as i — 1, 
j—2 and k—3. Thus, 
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tE 1x2x 104 
S = = 10 989.01 ~ 10 990 
“4A (1-12) 4x 1/2x (1-0.37) 


Es=e{ On-y1)? +45 (n1-m)*} =e (1098+ : SS 0- 0) *\ ac 


l-v 


Hef vay) a5) +2 (1-9) 09-y1) b=0 
Ko =c{u0 =91)-Oo a1) + amas —x3)-(V1 -»»)} 


=c{0.3(1-0)(1-0)+ +5*(0-0). (o-o} =0.3¢ 


Ey=e{ (nm)? +" 0n-)?} =e (0-0/4 ie -0) *} -0.38¢ 


Kg=c4 (x1 -33)-(09—m1) +S“ (03-y1)-(01-92) 


1-0. 
= c{ (0-0)(1-0)+ 7 (1-0)-(0-0)b=0 
ken = hae =03c;. Kye ki.=0 


ki =e{ (=m) + or -»)} =e (1-0) + ee (0-07) =c 


Regarding element ®, i, j and k in Table 9.1 correspond to the node numbers as i — 3, 
j—2 and k— 4. c has the same value as element ©. Thus, 


1- 
Ey =efo x4—%2)-(Y4- ya) +S=02- ya): (naa } 


=c{0.3(1-1) -1)+ 7 0-0.0-1)}=0.35¢ 


ase — X2)-(%3—x4) + F"02-»)-0u-99)} 
te 


1+ 0- 1)-(1- = 0 
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Ki6= c{ (x4 —X2)-(%2-x3) + on-wa)-0s -»»)} 


=e{(1-1).(1-0) # SP o-y.a-o} = -0.35¢ 


Ky = 153 = 0.35 


ie =c{ (y4-99)*4 Fa)" =c{(I-1)*4 F0-17} =0.35¢ 


l-v 
ke, = U(y4—y3)-(x3 —X4) + (3 3—x4)-(Y4-ys) 


={0.3(1-1) +0 ie 1)}=0 


1- 
y4—y3)-(y3-y2) + ae oe 


soe 
0 


l-v 
pike ya-Y3)-(82—43) + J (A344): on-ye)} 


oP Oe iiae | = -0,35¢ 


1-0.3 


(o-1-0} = -0.35c 
kip =k, =0, kis =k, =0 


E,=e{ (ami)? + Quen)? } =e (0-1) =a -1)" bac 


l-v 
kgs = ¢4 U(x3—x4)-(y3—-Y2) — 


“ 
={0.3(0- Piha 
sme oo 


1- 


on (1-0) + on 1)-(1- o}=- 


hey = 15s = =0 356) k3, =, = -0.35¢, k=, =-0. 3c 


ats 


Kis=c{ (nan)? +5" Gam)? b= cf (1- 0 += i= of} 1.35¢ 


232 Theory of Elasticity and Stress Concentration 


Ky=e{ voa-y2)(0a—mn) +S (-m)-(0n-»9)} 


1-0.3 


=c{0.3(1-0)(1-0)4 (1-0)(1-0) } =0.65¢ 


ke, =Kje = -0.35c, keg =e =-0.35c, ky =kig=—c, ke, =kh =0.65c 


l-v 1-0.3 
Keo = c{ (x2 —x3)° + 5 on-»)} =e (1-0)? + 5 (1 -o 21.356 
[K ] is expressed by the above values of k as follows: 


135 0 0.65 -0.35 -0.35 
0 135 0 -03 =I 
[K]=c] 0.65 0 1.35 -0.35 -0.35 
-0.35 -0.3 -0.35 135 0.65 
-0.35 -1 -035 0.65 1.35 


Therefore, the simultaneous equation is: 


ur 1 
i) 0 
[K]< v3 »=4 0 
U4 1 
V4 0 


Now, putting cuz =u}, cv. =V5,CV3 = V4, CU4 = U4, CV4 = V4, 


1.35u, +0.65v, -0.35u, -0.35v, = 1 
1.35v2! —0.3u4' —va4! = 0 
+0.65uy' + 1.353 -0.35u4' —-0.35v4' = 0 


-0.35u9' —0.3v2" -0.35v3' +1.35u4! +0.65v4' = 1 
-0.35u9' vo’ -0.35v3' +0.65u4’ +1.35v4' = 0 


Here, we modify the above equations in the following form so that we can apply the 
Gauss-Seidel method for solving the simultaneous equation: 
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in! = Rll 0.65v3! +0.35ua! +0.35va") 

yo' = aa (0.3 +v4") 

y3/= at 0.65uy' + 0.35u4’ +0.35¥4') 

ug = (+0. 35u2’ +0.3v2' + 0.35v3'-0.65v4’) 
v4! = = (0. 35uy' + v2' +0.35v3'-0.65u4') 


The Gauss-Seidel method can be achieved as follows. First, we determine uw’ by assum- 
ing v3 =u4' =v4' = 0 in the first of the above equations. Next, we determine v’ by putting 
ug’ = v4’ =0 in the second equation. In the third equation, in order to determine v3’, we put all 
unknowns to 0 except for uz’ which was already determined in the previous step. In the 
following steps, we determine up to v4’. Thus, we finish the first loop calculations. 

In the second loop calculations, we input the values of v3’, u4’ and v4’ (which were deter- 
mined in the first loop calculation) into the first equation and determine the new value of uz’. 
In the following calculations, we use these new values. We repeat this procedure until the 
solutions converge. The condition of convergence of this method is that the k values at the 
diagonal locations in the simultaneous equation must be larger than other k values. 

Table P9.1 shows the convergence of the solution by every step up to 20 loop calculations. 


Table P9.1 Convergence and number of loop calculations, n 


n 


COmAANINDN PWN HK CO 


| ee 
CO ANDUN FP WNK CO 


us vs V5 A V4 

0 0 0 0 0 

7.407 x 107! 0 —3.567 x 107! 8.403 x 107! —3.050x 107! 
1.051 —3.920 x 1077 —3.674x 107! 1.056 —3.603 x 107! 
1.098 —3.216 x 1077 —3.483 x 107! 1.101 —3.598 x 107 
1.101 —2.172x 1072 —3.377x 107! 1.107 —3.512x 107 
1.099 —1.419 x 1072 —3.333 x 107! 1.105 —3.441x 107! 
1.099 —9,283 x 1077 -3.316x 107! 1.103 —3.392 x 107 
1.098 -6.107x 107? —3.308 x 107! 1.102 —3.360 x 107 
1.099 —4.033 x 107? —3.304 x 107! 1.101 —3.338 x 107 
1.099 —2.670x 107? —3.302 x 107! 1.100 —3.324 x 107 
1.099 — 1.768 x 1073 —3.300x 107! 1.100 -3.315x 107! 
1.099 -1.171x 107? —3.299 x 107! 1.099 —3.309 x 107 
1.099 -7.762 x 1074 —3.298 x 107! 1.099 —3.305 x 107! 
1.099 -5.144x 1074 —3.298 x 107! 1.099 —3.302 x 107 
1.099 —3.408 x 1074 —3.297 x 107! 1.099 —3.300 x 107! 
1.099 —2.259 x 1074 3.297 x 107! 1.099 —3.299 x 107! 
1.099 -—1.497 x 1074 —3.297 x 107! 1.099 —3.298 x 107! 
1.099 -9.918x107> —3.297 x 107! 1.099 —3.298 x 107! 
1.099 —6.573 x 107> —3.297 x 107! 1.099 —3.297 x 107! 
1.099 -4.355x 107> —3.297 x 107! 1.099 3.297 x 107! 


1.099 —2.886x107> —3.297 x 107! 1.099 —3.297 x 107! 
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From c= 10990, 
Uy = Uy! /c = 1.099/10990=1 x 1074 
v2 =vy! /c= —2.886 x 1075 /10990 = —2.626 x 10°? ~0 
v3 =3//c= —3.297 x 107! /10990 = -3 x 107° 
ug = uy! /c = 1.099/10990 = 1 x 10-4 
v4= v4! /¢= —3.297 x 107! /10990 = -3 x 107° 


The stresses and strains for the individual elements are determined as follows: 


{e} =[B][T]"' {uw} 


The concrete expression for the above equation is: 


uj 
Vi 
Ex {ie Oe oe, OO Sey .0 
uj 
fy p= O xx} OO xX-x OO  X-X; sit 
Yxy Xk -Xj Vi-Vk XIX VE-Vi XX Vij i 
Vk 
where i= 1, 7=2 and k=3. 
Substituting the numerical values, regarding element ©, we have: 
Ex (0-1) O (1-0) O (0-0) 0 
1 
Sh. — a 0 (0-1) O (0-0) O- (1-0) 
2x= 
Yr 2 |(0-1) (0-1) (0-0) (1-0) (1-0) (0-0) 


0 

0 
1x 10-4 

1x1074 

=< -3x1075 

0 

0 
0 
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Ox lv 0 ex 1 03 0 
E 2x 104 
Oy = fap Vv 1 0 éy TaOae 0.3 1 0 
an 00 (1-v)/2] bl 0 O 0.35 
1x107+ 2 
-3x107 5=<0 
0 0 


Regarding element ©, i=3, j=2 and k=4, 


0 
-~3x107> 
Ex -10 0 010 ‘ ie a ea 
: 0 0 0 -101 a 107-5 
E = — - = — G 
y 7A 0 3x10 
Yxy OU Sd- a1 OF ee 0 
-3x107> 
Ox lv 0 Ex 2 
E 
Oy Saar v l 0 éy )=4 0 
Ty 00 (1-v)/2] br» 0 


4. See Table P9.2, where the sign +is neglected. It follows that kP,k?, means k? + kf}. 


Chapter 10 


Problem 10.3.2 
Paying attention to the section of y = constant, the neutral axis is inclined by dw/dx to the x axis 
by which the point at z=z moves by u=—z(dw/0dx) in the x direction. 

Likewise, paying attention to the section x=constant, v= —z(dw/dy). AS 7, = (du/dy) + 
(Ov/0x), Try = Ty, = —2GZ (0° w/dx-dy). Then, 


h/2 ew ph/2 ow 
M, =—M,,=— edz = 2G——— 2 dz =D(1-v)—— 
y % Lan’ se : ae ( ¥) dx-dy 


Problem 10.3.3 


Strain energy is equivalent to the work done by bending moment and twisting moments. The 
work by M, per dy is 


1 1 dx 1. ow 
- M,dy6, = —M,dy— = -—M,—~dx-d 
DPT ol is 0, eee eo 
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Likewise, the work by M, is 
1 
- yy (0° w/dy?)dx-dy 


Summing up these two, 


For the plate having area A, we have only to replace as dU > U and dxdy — A. 
In the case of M,, #0, the work done by M,,, must be considered. 
The rotation angle of the x axis at x=x is dw/dy, the rotation angle at x+dx is 


ow oO (dw 

~—+=—|— }dx 

dy ox \dy 
Therefore, the work done by M,,, is expressed as follows. 


2 
1 aw 1 aw 1 aw 
gence 7 oa aaay Or ,D(1-v)- (ser dx-dy 


The work done by M,, can be expressed by the similar derivation and it is expressed 
2 
as D(1-v)- (0° w/dx-dy) dx-dy. 
Since the works done by bending moment and twisting moment can be independently addi- 
tive, the summation of the above results agrees with Equation 10.22. 


Problems of Chapter 10 


1. Verify by the same way as Example problem 1.1 of the plane problem in Chapter 1 of Part I. 
2. Omax =(6r),24= 3qa’ /4h’. 


4. bSrSa 
P 2 a +b? Fo 38 
w= 5 ( —P) AP + +P )los! 
OSrsb 
Ces ie a 
= eee) (a +r°)-(a’-b*) 
eal +r°)log— + ae 
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Chapter 11 
Problems of Chapter 11 
1. w=P/8$°D,M, =P/4p 
w= (P/4f*D)e** (cosfx + sinBx)-P/4f"D 
2. Assume the displacement in the radial direction in the circular plate is 0. 


_ 3[P ai +2(1 +v)| 
~ 6’ h2[4ha+2(1+v)] 


x 


4. In the beam theory of the strength of materials, 


EI (d°w/dx*) = —M,, EI (d?w/dx*) = — (dM,/dx) = -Q, 
EI-(d4w/dx*) = —(dQ,./dx) = q(distributed loading). 


The equation of this problem is 


d‘w 
EI— =p- 
Fe a game 
Then, FA ‘ 
d*w aw ek 7) 
EI +kw=p, cll Sie errno 
gg RE SE ea a aay 


This equation is the same form as Equation 11.12. 


Sopa ee 
where 
Mp = - Cys as s ze : ast ‘ se a as Re! oF 
Chapter 12 


Problem 12.1.1 Stress for the case of Figure 12.1b is: 


9. n 
0,=-aloE (7) 


The stress for the case of Figure 12.1a is: 
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Problem 12.1.2 After substituting {o}=[D]({e}-{e0}) into Equation 9.35, continue the 
calculation. 
Problem 12.2.1 og =65.3 MPa 


Problem 12.2.2 og =aTpE ee. 6¢ is larger forn>1 thann<1. 


(n+2) 
Problem 12.2.3 


1 re 
ror 2—7,2 


ry 
1 

|trdr- T+ = [rar 
2 r 


r r rn 
Problems of Chapter 12 
1. 824 MPa. 


2. 694 =0;A =O9a = —P, 0B = —P, (@ : longitudinal direction, g: meridian direction). 


12, Ea 
Ep = oie a Ee 


E, l-vzg —VUB 


OO9B = OpB = — 


*) ‘ 2aET> ih 24aET\y 


E(T in +7 
-a. sin — COS 
ey ite h 


1 mh 
Chapter 13 

Problems of Chapter 13 

1. K;=26,,/a/a. (see Chapter 13 of Part ID. 


2. Kr=Onet\/7a/2, Onet: nominal stress at the minimum section (see Chapter 13 of Part II). 
3. y=0.786b, T45°max = 0.3000. 


Appendix for Part I 


A.1 Rule of Direction Cosines 


+m +n =1 lth? +h? =1 

lL? +m? 4+n2=1 my +m? +37 =1 

lh? +m32 +n37 =1 ny +n? +n3 =1 
Lim +hmo +)m3 =0 b+mym2 +nyn2 =0 
MN, +M2N2 +M3N3 =0 lls +mM2mM3 +N7N3 =0 
nly +ngl +n3l, =0 bl +m3m, +n3n, =0 


A.2  Green’s Theorem and Gauss’ Divergence Theorem 
A.2.1 2D Green’s Theorem 


| | fac-ay 


Figure A2.1 shows a transformation of the area integral over the region S into the line integral 
along I which envelopes the region S. df /dx is assumed continuous in the region S. 
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Figure A2.2 


Referring to Figures A2.1 and A2.2, 
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Likewise, the following equation is transferred into the line integral: 


og 
[geo 


Assuming dg/dy is continuous in S and referring to Figure A2.3, 
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(A2.2) 


(A2.3) 


(A2.4) 
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Then, 


II (St pe )avavap. Cotte mas (A2.5) 


Equation (A2.5) is called the 2D Green’s theorem or Gauss’ divergence theorem. 


A.2.2 3D Green’s Theorem 


Like the 2D theorem, the 3D theorem is derived by a similar procedure. Although the calcu- 
lation is skipped, the result is given as follows: 


Ane (FS +E )acdy-de= | (F-reem-en-nas (A2.6) 


where S is the area of the curved surface which envelopes the 3D domain of V. 


Part Il 


Stress Concentration 


1 


Stress Concentration in Two 
Dimensional Problems 


In this chapter, two dimensional (2D) elastic stress concentration problems are treated. Several 
useful ways of thinking and useful equations which are not shown in other literature will be 
introduced. Typical mistakes in the ways of thinking will be also explained. 


1.1 Stress Concentration at a Circular Hole 


Stress concentration at a circular hole is the most basic problem for understanding the way of 
thinking of stress concentration. 

When a circular hole exists in a wide plate under remote uniform tensile stress 0, =060 
(Figure 1.1), the stress distribution around the hole is given in the polar coordinates as follows 
(see Chapter 6 of Part I) [1]: 


2 4 2 4 
Pre AN faba (Pals ck eek ey 
2 r2 2 r2 r4 


Using Equation 1.1, o, along the y axis or at 9=7/2 is given by the following equation: 


2 4 
a 3a 
o1=d0loag=00( 1455 + 55] (1.2) 
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Figure 1.1 


and og at r=a (the boundary of the circular hole) is calculated as 
69 =00— 209 cos 20 (1.3) 


Therefore, the maximum tensile stress occurs at point B, irrespective of the size of hole. The 
value at the point B is three times higher than the remote stress as follows: 


Omax = 300 (1.4) 


From this nature of stress distribution, the stress concentration factor K, for a circular hole in 
a wide plate under uniaxial stress is defined as follows: 


K,=3 (1.5) 


Although, in general, the stress og ( = oy) at point A is given no attention, it is interesting to 
note that 


°¢ ( = oy) 
is compression as follows: 
09 = 0y= —00 (1.6) 


It is useful to understand this nature for solving many practical problems by the application 
of the principle of superposition (see Part I). For example, the principle of superposition can be 
applied to evaluating the stress concentration under a biaxial stress field or under general 
remote stress (Gigs Oy 00» Txy 00 ). Several simple, but very useful, examples will be shown in 
the following. 


Example problem 1.1 
Stress concentration at a circular hole under a remote stress Ca Oyo sTxy co ) = (200,00, 0) 
The problem is shown in Figure 1.2. 
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vyvy 


Oxo = 200, yoo =O; 


Figure 1.2 


The stress at the point B is influenced by o,,, a8 36;., and Oy 4 aS —Oy, SO that the total 
effect is 


Omar = 36% 99 — Fy oo = 560 (at point B). 


Example problem 1.2 
Stress concentration at a circular hole under a remote stress (Gnas 5 Oy co Txyo0) = (0, 0, Txy 00 ) 
The problem is shown in Figure 1.3. 


Figure 1.3 


250 Theory of Elasticity and Stress Concentration 


First of all, the principal stresses (see Section 1.3.4.1 in Part I) are calculated as: 
0| =1,02= —T 


o, acts in the direction 9= 45° and o> acts in the direction 0) = — 45°. 

The problem of Figure 1.3 can be regarded as equivalent to the superposition of two stresses 
in Figure 1.4 by inclining the plate by +45°. Thus, the maximum stress Om x Occurs at point 
C (0= }2) and D (0= —4) and is given as 


Omax = 361 — 02 
= Ato 


The minimum stress omin Occurs at point E (0 = 7) and F (0= - 37m) and is given as 
Omin = —4T0 


This problem is important in fatigue problems, such as the torsional fatigue of an axle con- 
taining the oil supply hole (Figure 1.5) and nodular cast iron containing spherical graphites 


Crack 


Figure 1.5 Fatigue cracks emanated in +45° direction from oil supply hole under cyclic torsion [2] 
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Figure 1.6 Fatigue cracks from graphites in nodular cast iron under cyclic torsion (iron emanated from 
graphite) 


(b) 


Figure 1.7 Stick of chalk fractured by torsion. (a) Fracture caused by torsion. (b) Magnification of 
fractured surface 


(Figure 1.6) which have an approximately equivalent effect to fatigue strength as a circu- 
lar hole. 

If a stick of chalk is twisted, the fracture surface has a spiral shape, as shown in Figure 1.7. 
This morphology can be understood as the result of the combined effect of the shear stress in 
Figure 1.3 and small voids contained in chalk acting equivalently to a circular hole. 


Example problem 1.3 
Stress concentration at a circular hole in a wide plate under a general remote stresses 


(62,0), Txy) = (©1005 05975 00 ) 
See Figure 1.8a. 
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(a) (b) 

yoo 07 

x 
—> Txyoo \ y 
2 ; Ay’! 
Txyoo 
0 
x00 +—| C) ie Ox00 C) Gs 1 x 
Txyoo 
Pigs 
1 
Txyoo <— 
' Se 
Oy 00 


Figure 1.8 (a, b) The stress field (o;, o>) equivalent to the stress field Cane ee eee 


First of all, the principal stresses, o; and o>, at a remote distance and the direction of the 
principal stresses, 0), are calculated as in Figure 1.8: 


(Gx00 + Fyco ) + Ve = es + AT yy 057 
Oo, = 


2 
2 2 
(Gig + Oyoo) — (Oives -6y 00 ) + AT yy 00 
02= 5) 
-1O1—°. 
6, =tan~! —_=* 
Txyoo 


Likewise, as in Example problem 1.2, the method of the superposition of individual prob- 
lems of uniaxial stress, 0; and o2, can be applied. Thus, the maximum stress 6,4, is given by 


Omax = 301-62 


Example problem 1.4 
The stress distribution around a circular hole under remote stress (Gx 05 Oy 5, ,0) is given by the 
following equations by the superposition of Equation 1.1 (Figure 1.9): 


Along x axis 
1 5a ” 3a* " 3a’ 3a* 
Ox =Oxo Sa aap Ones | a5 Ao | 
2x2 2x4 YN 2x2 2x4 


_ a 3a’ i ied a 3a 
Oy 0x00 \ 5.2 Dat J TOVO\ ST 9.2 
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Figure 1.9 Stress distribution around a circular hole under biaxial remote stress 


Along y axis 
a 3a’ a@ 3a" 
Ox =Ox0 1+ 52 t 3A + Oyo 2y2 2y4 


aa 3a" Ft 1 5a’ r 3a4 
Oy = Ox | —> -= ] + Oyu | l-—S + 
RN Oe Dat : 2y2_2y4 


1.2 Stress Concentration at an Elliptical Hole 


The solution of stress concentration for an elliptical hole is very useful for fatigue strength ana- 
lysis, because the solution can be applied to simulate various defects by changing the aspect 
ratio b/a of the ellipse. The solution for an ellipse can be used as the solution for a crack by 
letting b — 0. However, the solutions for an elliptical hole in most of literature and books [1] are 
given in the elliptic coordinates which are not convenient for fatigue analysis. In this chapter, 
the solution is expressed with the Cartesian coordinates (x, y) [3] (Figure 1.10). 


1.2.1 Stress Distribution and Stress Concentration Under Remote 
Stress oy, OF Ox,, 


The closed form solutions in the Cartesian coordinate (x, y) are expressed as follows. 
Remote stress (6,,0,,t:y) = (0, 6y,,, 0) 
Along x axis (Figure 1.11): 


Ox 1 2A+1 


Psa qa tO +A) (1.9) 
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> PP Tye 
y Txy00 
aa > 
+ ob . t 
Ox00 + A : A» fie 
— t+ 
Figure 1.10 
ta 4 
y 
Bib 
= Xx 
) 4 4 
Figure 1.11 
y 1 d 
oe ~ Pa] (+4) —F\(¢)-F2(C) (1.10) 
| : A+ (1.11) 
= aeay OF) FOF 
= 1 1 A-1_A+3 a a+l 
oe emrat f= ae | a0) 
= 4¢? 1 1 y) 
a (2-1)° (a a) (1.13) 
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Figure 1.12 
+/ 2 72 
whered=a/b, C= c= V2-P (1.14) 
c 


Substituting x =a into Equation 1.10 and determining o,,,,, the stress concentration factor K, 
under the remote stress (G43); Ty) = (0, Oy 5 ,0) is given by the following equation 
(Figure 1.12). 


2, 
K=1+> (1.15) 


Another expression of Equation 1.15 is also useful for various practical problems. 


t 
K=1424/! (1.16) 
p 


where t =a, p =b? /a. p is the radius of the curvature at the point A, that is the notch root radius 
at the point A (Figure 1.12). 
It must be noted the stress o,, at point B is 


Ox= ~Oyeg 
irrespective of the aspect ratio b/a. 

The maximum shear stress t,,,x expressed by Equation 1.11 is the value for a plane stress 
problem. If the plane stress problem is treated as a 3D problem including the stress in the plate 
thickness direction, the maximum shear stress on the x axis is given by tmax = 0y/2 for the pos- 
ition of o, >0. 
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Example problem 1.5 
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Determine the location of the value of the maximum stress for an elliptical hole with the aspect 
ratio b/a= 0.5 under a remote stress condition o, = 200, Oy =00, as shown in Figure 1.13. 


Oy= 00 


Oy 


J 


t+4 


Figure 1.13 


Solution 


By using Equation 1.15, 6, = 569— 2069 = 300 at point A and 6, = 2 x 269-6 = 369 at point B. 
It must be noted that when we apply Equation 1.15, the relationship of a and b in the equation is 
reversed for the remote stress o, and o,. In this problem, not only the stresses at point A and 
B, but also the stress is 369 everywhere along the periphery of the elliptical hole (see 


Appendix A.4 of Part II). 


Remote stress (6,,0y,Txy) = (Gx 0, 0) 


Along the x axis (Figure 1.14): 


ice (e- rai) HO +FO (1.17) 
a me 

=-saay (f+ a) TOPO _ 

i larrcmrya tl @craees cies ad 
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<q 
[x0 <e 
+ > 
Figure 1.14 
Ae? A AH2) 1 
F4(¢)= aes a (1.21) 


Remote stress (6,,6y,Txy) = (6x.05 Fyeo, 0) 
Using Equations 1.9 to 1.13 and 1.17 to 1. 21, the stress invariant (ox + oy) and the maximum 
shear stress along the x axis can be obtained easily. 


X00 00 1 
Or +oy=% ( To) + = Ge ) (1.22) 
Bt Bet ea AI 


Tmax = (o, —6;) /2 


yoo A+1 x00 A+1 
= {ae (e-F5)-32 (e+ a) = 26500 (Fi +P) +20.0(Fi-Fa)} /2 


(1.23) 


These equations are useful for the discussion of biaxial fatigue problems. The maximum 
shear stress expressed by Equation 1.23 is the value defined as the plane stress problem. If 
the maximum shear stress is defined including the stress in the thickness direction, the max- 
imum shear stress along the x axis is calculated as Tmax = 6y/2 OF Tmax = 0/2 when the position 
of oy Or 6x is positive. 


1.2.2 Stress Concentration and Stress Distribution Under Remote Shear 
Stress Txy,, 


The problem of a circular hole under the remote stress condition (6,,, = 0, Oyo. = 0) can be 
solved easily by calculating the principal stresses o, and 03, and then by using the superposition 
of two solutions for two principal stresses (see Example problem 1.2). However, the elliptical 
problem (Figure 1.15) cannot be solved by the same method, because the location of the max- 
imum stress varies depending on the aspect ratio b/a. 

The maximum stress 6,max, the minimum stress 6,min and the locations of those stresses are 
expressed as follows (see Appendix A.4 of Part ID). 


Opmin (a+ by a b? 


at z= +1 
Txy oo ab Va +b? Va +b 


(1.24) 
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Onmax = (at b) at z a b? 


7 -i 1.25 
Txy0o ab Va + b2 Vae + b? ( ) 


where z is the complex coordinate (z =x + iy) at the locations of the maximum and the minimum 
stress along the periphery of the elliptical boundary and o,, is the normal stress along the tan- 
gential direction on the boundary of the elliptical hole. It is interesting to note that the locations 
of the maximum and the minimum stress are the contact point between the elliptical hole and 
the lines having the inclination of + 45° against the x axis. Considering this nature, it is easy to 
predict the locations of a fatigue crack initiation from the elliptical hole. 

On the other hand, 7, along the x axis in Figure 1.16 is expressed as follows: 


ty © od ‘itla_ (Ht) 

Txy co ee (a1) A-1 A-1 
26? fa-1,, A-3)At1 
(2-1) 44" a-1f 4-1 


(1.26) 


q- <4 4 


Txyoo 


Figure 1.15 


> > ? Ty0 
y t 


Tx oe) 


Tyo H- tO H+ 


3 


Figure 1.16 
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where 


ry eo) 
A=a/b, C=", c= Ve (1.27) 
c 
In the case of an elliptical hole, the shear stress 7,., at point A is always 0. Namely, the max- 


imum shear stress Tax Occurs at some distance away from point A (Figure 1.17). The max- 
imum shear stress Tmax 18 given by the following equation: 


Txy max _ Si 4 1 oT pit At+1 2 
Txyoo Fe | ay A-1 A-1 


5 (1.28) 

26? AV ag An3Y AI 

(C21) eT? a= TS a=] 

where 
. x +Vx?-¢ 
A=a/b, 6 = ,c=Va-—b?, 

EG %) 2 2 21 2 2 

(x*+ Vie?=c) =a yh +54 y/12(0 +2) (1.29) 


x" is the coordinate on the x axis where the maximum shear stress Tax Occurs. The value of 
Tmax can be calculated by Equation 1.29. Especially, in the case of a circular hole, A= 1(a=b), 
see Figure 1.17, x* = V3a. The location x* of the maximum shear stress approaches the edge of 
the elliptical hole as the ellipse becomes slender. Figure 1.18 shows the experimental result of 
the torsional fatigue test related to the above discussion. 


Distance from edge of hole 


Figure 1.17 Shear stress distribution for elliptical hole along the x axis under shear stress 
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Axial direction 


SS 1H 


Maraging steel, a=b=50um, 
Cyclic shear strain range 
Ay,= 0.0302 


Figure 1.18 Cracks initiated by cyclic torsion in a maraging steel [4]. Cracks initiate from four points 
located on the edge of the hole where the maximum normal stress occurs and also at four points along the x 
and y axes where the shear stress 7,,, reaches a maximum (diameter of hole = depth of hole = 100 um) 


Figure 1.18 shows the morphologies of crack initiation around an artificial small hole (a=b) 
in low cycle torsional fatigue in a cylindrical maraging steel specimen [4]. Eight fatigue cracks 
initiate around the hole, four of which initiate from the edge of the hole at the points +45° and 
+ 135° from the x axis, and the remaining four cracks initiate further in the x and y directions at 
the points where the maximum shear stress occurs. 


1.3 Stress Concentration at a Hole in a Finite Width Plate 


The maximum stress at the edge of a circular hole, existing at the center of a finite width plate 
(Figure 1.19), is more than three times larger than the remote stress o. Since the stress concen- 
tration factor K; in these cases is based on the nominal stress o,, at the minimum section where 
the circular hole exists, K, is smaller than 3, namely the maximum stress is smaller than 3o0,,. 
However, it must be noted that the actual maximum stress at the edge of the circular hole, 6,,4,, 
is of course larger than 30, because o,, is larger than o. The notations related to this problem are 
shown in the following and the stress concentration factor K, is shown in Figure 1.19. 
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O (Howland [5]) 


2.0 
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Figure 1.19 Tension of a finite width plate containing a circular hole [5] 


Circular Hole 
o: Remote stress 


o,: Nominal stress at the minimum section 


W 
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On= oO 


Omax: Maximum stress at the edge of circular hole 


Omax 
K,= 
On 
WwW 
Omax =K, Ww Pia 


261 


(1.30) 


(1.31) 


(1.32) 


Since the minimum section becomes very slender like Figure 1.20 as a/W — 1, the typical 
misconception arising from this problem is that K, > 1.0 as a/W — 1. However, the correct 


value is K; > 2.0 as a/W — | (see the verification in Appendix A.3 of Part ID. 


Elliptical Hole 


The definition of the stress concentration factor K, for an elliptical hole existing at the center 
of a finite width plate (Figure 1.21) is the same as the definition in the case of a circular hole. 
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Edge of plate 


Edge of hole 


Figure 1.20 Condition of the minimum section as a/W — 1.0 


0 0.2 0.4 0.6 0.8 1.0 
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Figure 1.22 Stress concentration factor [6] for elliptical hole in finite width plate under tension 


(Figure 1. 21) K;=Omax/On, On = wee 


The solutions [6] for elliptical holes having various aspect ratios b/a are shown in 
Figure 1.22. 

The reason why K, > 2.0 when a/W — 1.0, irrespective of the value of b/a, is the same as 
the case of circular hole. 
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1.4 Concept of Equivalent Ellipse 
1.4.1 Basic Concept 


In real cases, most holes, notches and defects do not necessarily have a completely circular or 
elliptical shape. In order to obtain the exact stress concentration factor for holes and notches 
which do not have an ideal circular or elliptical shape, numerical analyses such as the finite 
element method (FEM), may become necessary. 

However, if we apply the concept of equivalent ellipse [7], we could estimate the value with 
practically sufficient accuracy. We do not necessarily need exact solutions for various practical 
problems. It is not recommended to jump directly to time-consuming computer analyses such 
as FEM. It is a good engineering attitude and useful to try to seek an approximate solution at 
first without computer analyses. 

Most engineering accidents are not caused by a mistake of precision in stress concentration 
analysis. Actual accidents are rather caused by a lack of attention to more important factors such 
as boundary conditions, service loadings and environments. 

By relying too much on precise FEM analysis, design engineers lose the sense of imaging the 
physical reality of the structure in question. 

The basic concept of equivalent ellipse and its applications to estimating the approximate 
stress concentration factor of various holes and notches will be explained in the following. 

As shown in Figure 1.23, there is a wide plate under a remote stress o, = 069 which contains a 
rounded square hole with rounded corners. 

In order to estimate the stress concentration at point A, we can imagine an elliptical hole 
(dotted line) which has the same radius of curvature as the radius of curvature p, at point 
A of the square hole pa and the same length (2a) of the major axis in the x direction of the 
hole. By this approximation, the stress concentration K, at point A can be estimated as 


R140)" (1.33) 
Pa 


voyvy 


Figure 1.23 Application of the concept of equivalent ellipse 


264 Theory of Elasticity and Stress Concentration 


If we need to estimate the stress concentration at a point C in Figure 1.23, we have only to 
replace pa by the radius of the curvature pc at the point C. Even if the radius of the curvature pc 
is different from pa, this estimation is valid. 

For example, as the application of the concept of the equivalent ellipse, the stress concentration 
factor K, for the case of p, = 1, t=a= 4 (Equation 1.16) is estimated as K, = 5. The value of K, 
for the same problem calculated by FEM is K; = 5. 19. The difference between these two values 
is only 4%. Thus, we do not always need FEM for design and structural integrity analyses. It is 
important to realize that using FEM for every problem is a waste of time and money. 

Some other useful examples of the concept of the equivalent ellipse applications will be 
shown in the following. 


Example 1 V-shaped notch 


As shown later in Section 1.4.3, the open angle of a V-shaped notch (Figure 1.24) does not 
affect much to K,. Thus, K, can be estimated by the following equation with sufficient accuracy: 


t 
Ky1424/2 
Pp 


a) 


ttt 


Figure 1.24 Application of the concept of equivalent ellipse in a V-shaped notch 


The effect of the notch open angle will be discussed in detail in Section 1.4.3. 


Example 2 

The stress concentration for the holes shown in Figures 1.25 and 1.26 can also be estimated by 
the same concept. The stress concentration factors K, estimated by the concept of the equivalent 
ellipse are shown in these figures. 

The exact analytical solution for the case of a; =a in Figure 1.25 is K,= 3.7 ~3.8 (see 
Figure 4.3). On the other hand, K; estimated by the concept of the equivalent ellipse is 
K,=1+ 2/2 = 3.83, which is very close to the exact solution. 

The problem of Figure 1.26 shows a circular hole in contact with the edge of a semi-infinite 
plate under a remote tension. Although an analytical solution related to this problem is shown in 
Figure 1.27, the value of K, for the limiting case of e/a — 1.0 is not given. However, applying 
the concept of the equivalent ellipse, we can easily estimate the stress concentration factor for 
the case of e/a — 1.0 at point A’ in Figure 1.26 as K;,: 3.83. 
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Figure 1.25 Application of the concept of the equivalent ellipse: two circular holes touching each other 
(the contact part may be regarded as having no strength) 


Figure 1.26 Application of the concept of the equivalent ellipse: a circular hole touching the edge of a 
semi-infinite plate (the contact part may be regarded having no strength) 


K 4123.83 


ela 


Figure 1.27 Stress concentration for a circular hole near the edge of a semi-infinite plate [8]. The 
solution for Figure 1.26 is given by e/a — 1.0 
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Example 3 Torsional fatigue of nodular cast iron 

In the case of irregularly shaped defects in an infinite plate subjected to remote uniform shear 
stress (0, 0, 7), as shown in Figure 1.28, the application of Equations 1.24 and 1.25) is valid 
based on the concept of the equivalent ellipse. Figures 1.29 and 1.30 show cracks emanating 


from nodules in a torsional fatigue test. 


>> > 


++ €< 


Figure 1.28 Application of the concept of equivalent ellipse: two nodules in contact to each other 


—+ 


Axial direction 


50am, 


Figure 1.29 Cracks initiated from nodules of nodular cast iron in torsional fatigue 


Axial direction 


Sou, 


Figure 1.30 Cracks initiated from nodules of nodular cast iron in a torsional fatigue test 
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1.4.2 Difference of Stress Concentration at a Circular Hole in an 
Infinite Plate and at a Semi-Circular Hole on the Edge of a 
Semi-Infinite Plate 


The stress concentration factor K, for point B in Figure 1.31a is K,;= 3. But how much is the 
stress concentration factor K, for point B in Figure 1.31b? Based on the concept of the equiva- 
lent ellipse, K, for Figure 1.31b is K,;= 3. What is the exact value, K,= 3 or not? 

Maunsell [9] challenged this problem and calculated the value of K, for the semi-circular 
notch (Figure 1.31b) up to two digits, obtaining K, & 3.0. However, he was not confident with 
the non-zero value of the third digit and concluded that the exact solution would be K; = 3 and 
the non-zero third digit appeared due to a numerical calculation error. Since the computing 
machine was manual at that time (1936), this conclusion was natural. According to an exact 
calculation done in 1953 by M. Ishida [10], it is 


K, = 3.065 (1.34) 


Since the difference between this value and K; = 3 is only 2%, using K; = 3 for actual cases 
does not cause any problem. However, even if the difference is small, it is important to under- 
stand the source of the difference between Figure 1.31a and b for an exact understanding of 
other similar problems. 

The difference between Figure 1.31a and b is the difference in the stress state along the x axis. 
The stress state along the x axis in Figure 1.31a is 0, £ 0, t= 0'. On the other hand, the 
boundary condition along the x axis in Figure 1.31b is o,=0, ty= 0°. The stress state 
Txy = 0, which Figure 1.31a and b have in common, is an important factor for closeness of 
Figure 1.31a and b from the viewpoint of the theory of elasticity. This consideration gives 
us the explanation that the stress concentration for Figure 1.31b is not equal to K,= 3 but 
K,= 3.065 due to differences in o, along the x axis in Figure 1.31a and b. 

Figure 1.32 shows the imaginary stress state which is made by cutting the problem of 
Figure 1.31a along the x axis. 

The dotted curve in Figure 1.32 shows the distribution of o, which acts along the x axis in 
Figure 1.31. 
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Figure 1.31 What is the difference between the stress concentrations for a circular hole and a semi- 
circular notch? (a) Circular hole in infinite plate. K,= 3. (b) Semi-circular notch in semi-infinite 
plate. K,=? 


' Although the reason for Txy = 0 along the x axis can be understood from Equation 1.1, it is better to understand the 
reason from the nature of Hooke’s law that shear strain y,, along the x axis is y,, = 0 from the symmetry of the problem, 
and accordingly t,, = 0 from Hooke’s law t,, =Gy,,, (see Chapter 3 in Part ). 

? The reason for Txy = O along the x axis is that the x axis is the edge of a stress-free semi-infinite plate. 


268 Theory of Elasticity and Stress Concentration 


As already described, 6, = —o at point A. However, the resultant force, by integrating o, 
along the x axis, must be 0, because the infinite plate is subjected only to o, =o 9 at remote 
distance. Therefore, o, along the x axis satisfies the following equation: 


| oydx=0 (1.35) 

Since o, is compressive near the point A, o, must tend to tensile stress as the coordinate becomes 
far from point A and reaches a maximum, finally decreasing to 0. The state of Figure 1.31b is 
equivalent to the state in which the distribution of o, is removed from Figure 1.32. In other words, 
the problem of Figure 1.31b is produced by superimposing the stress having the opposite sign of o, 
along the x axis in Figure 1.32 to vanish the stress o, along the x axis. How much effect on o,, at point 
B is produced by vanishing o, which is expressed by the dotted curve in Figure 1.32? Since the 
stress o, to be vanished acts in the y direction, the influence of vanishing o, on o, at point 
B should be small. The amount analyzed later by M. Ishida is 0.065 of K, = 3.065. 

If shear stress T,, exists as the stress to be vanished along the x axis, the influence is naturally 
not small, because 7, acts in the x direction and the vanishing t,, generates additional force in 
the x direction, eventually influencing o, at point B in the same direction. 


1.4.3 Limitation of Applicability of the Concept of the Equivalent Ellipse 


The problem of Figure 1.24 is a typical example of an application of the concept of the equiva- 
lent ellipse. However, how valid is the application of the concept of the equivalent ellipse to the 
problems such as Figure 1.33 when the open angle @ of a V-shape notch changes? 

Figure 1.34 and Table 1.1 compare the stress concentration factor estimated by the concept of 


the equivalent ellipse, K, 21+ 24/5 and the exact values by numerical analysis [11]. It is con- 


firmed that K, estimated by the concept of equivalent ellipse has practically sufficient accuracy 
up to d=~ 90°. 


' Stress distribution Oy 


along x axis 


Figure 1.32 Stress state above the x axis of Figure 1.3la 
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Figure 1.33 V-shaped notch at the edge of semi-infinite plate under remote tension oo 
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Concept of equivalent ellipse: 
K,=5 


Exact numerical analysis: 
K,=5.274 


Figure 1.34 Application of the concept of the equivalent ellipse to V-shaped notched and the exact 
numerical value for t/p = 4 


Table 1.1 Comparison of stress concentrations calculated by the numerical analysis [11] and the 
concept of the equivalent ellipse for V-shaped notches with different open angles 


; 2 4 8 
0 
tp Dot pra; rt t Wh 
, p 
Concept of equivalent ellipse 3 3.83 5 6.66 


—(}-— 3.065 3.997 5.339 7.264 


3.065 3.995 D331 7.243 


e 3.062 3.976 5.274 7.097 


Open angle of V-shaped notch 0 


<> 3.016 3.839 4.941 6.409 


>» 2.654 3.725 3.725 4.413 


0 
< , > 
0 + > % 
+ > 
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1.5 Stress Concentration at Inclusions 


There are many misconceptions regarding the stress concentration at inclusions. A typical mis- 
conception is that the stress concentration is high at hard inclusions and low at soft inclusions. It 
must be noted that the hardness of inclusions expressed by the terms “hard” and “soft” has no 
relationship with Young’s modulus E and Poisson’s ratio v which control stress concentrations. 
For example, the Young’s modulus E and Poisson’s ratio v of a heat treated steel are almost the 
same as those of an annealed steel with the same chemical composition regardless of a large 
difference in the hardness due to heat treatment. Therefore, the basic subjects to be understood 
in this problem will be explained as follows. 


Case A_ Circular hole in a wide plate under remote uniaxial tensile stress 


If the Young’s modulus E; of a 2D circular inclusion is 0, the inclusion is substantially 
equivalent to a circular hole. Namely, a hole can be regarded as the softest inclusion. In 
this case, the stress concentration factor K,, and the maximum stress at point A of the 
matrix side are expressed as follows. 


Kia = 3 


Oy, = 360 

As shown later, it will be understood that the stress concentration factor for a hole is 
always larger than for any inclusion having the same shape and various Young’s modu- 
lus E and Poisson’s ratio v. 


Case B_ Rigid circular inclusion in a wide plate under remote uniaxial 
tensile stress 


In the case of a rigid inclusion, the Young’s modulus E; is co and the maximum stress 
occurs near point B of Figure 1.35. The maximum stress is lower than that at point A fora 
hole (£; = 0). It must be noted that the stress o,,, at the point A of the matrix side is always 
lower than the stress o,, at the point B, that is: 


Oyn <00 
Namely, the location of the maximum stress varies depending on E; < Ey or E; > Ey 
and the value of the maximum stress also varies. As shown in Table 1.2, the stresses 6,3 


and 0}, for E;= 00 have the following values: 


Oyp = 1.50909 (1.38) 
6, = 0.00909 (1.39) 
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Figure 1.35 Circular inclusion 


Although the strain ey , = 0 at the interface of the matrix side where the matrix and the 
inclusion are completely bonded, it does not necessarily mean that the stress o,, = 0. 
This nature holds also for rigid elliptic inclusions and rigid spherical inclusion. The rea- 
son can be understood from Hooke’s law (see Chapter 3 of Part I and also Problem 5 of 
Chapter 5 of Part I.). 

The nature of stress concentration described above agrees with the experimental 
results of fatigue crack initiation from inclusions and defects (see Figure 1.36). The 
crack initiation from spherical inclusions such as Al,03 and Al,03(CaO), which have 
higher Young’s moduli than matrices occurs at the polar point (C or C’ of Figure 1.37) 
and then the crack causes the delamination of the interface between the inclusion and 
the matrix. Eventually, a complete shape of an inclusion can be observed at the fracture 
origin. 

Once delamination at the matrix—inclusion interface occurs, the inclusion cannot 
sustain tensile stress and the domain of inclusion becomes mechanically equivalent 
to a stress free hole or cavity (Figure 1.38). After delamination of the interface, the 
maximum stress does not occur at the polar point (point C) as it moves to the equator 
of the inclusion (point A) where a fatigue crack initiates and propagates into the matrix. 
However, as this problem is essentially a 3D problem, the detailed discussion will be 
made in Chapter 3 of Part II. 


Table 1.2 Stress concentration factors for circular and elliptical inclusions (Ey =206 GPa, 
v;=vy = 0.3, perfect bonding) 


b/a 

E,/Ey point stress 0.1 0.5 1.0 2.0 10.0 

0) A 0/60 0.000 0.000 0.000 0.000 0.000 

oy/60 21.012 5.004 3.003 2.001 1.200 

B 0,/6o -1.001 —1.003 —1.003 —1.002 —1.001 

oy/60 0.000 0.000 0.000 0.000 0.000 

0.5 A 0/60 0.113 0.031 -0.007 -0.025 -0.014 

O,/60 1.889 1.671 1.498 1.320 1.079 

B 0,/6o -0.061 -0.191 —0.239 -0.246 —0.189 

Oy/60 0.961 0.840 0.748 0.656 0.537 

0.9 A 0/60 0.022 0.006 —-0.001 —0.005 —0.003 

oy/60 1.106 1.088 1.071 1.050 1.015 

B 0,/6o -0.009 -0.026 —0.034 —0.037 —0.033 

O,/6 0.996 0.979 0.964 0.945 0.913 

1.1 A 0/60 -0.022 -0.005 0.001 0.004 0.003 

Oy/60 0.912 0.925 0.938 0.954 0.986 

B 0,/6o 0.008 0.023 0.029 0.033 0.032 

oy! 1.003 1.017 1.032 1.050 1.084 

| A 0/60 —-0.565 —0.089 0.019 0.072 0.068 

Oy 0.068 0.213 0.279 0.360 0.642 

B 0,/6o 0.131 0.264 0.333 0.425 0.764 

oy/60 1.018 1.174 1.370 1.712 3.130 

10 A 0/60 —0.868 -0.113 0.024 0.091 0.105 

Oy/60 -0.133 0.089 0.150 0.212 0.454 

B 0,/6o 0.187 0.312 0.390 0.516 1.158 

O,/6 1.013 1.199 1.436 1.878 4.255 

(oe) A 0/60 -1.509 -0.142 0.029 0.114 0.182 
oy/60 -0.453 —0.043 0.009 0.034 0.0544 

B 0,/6o 0.299 0.367 0.453 0.624 1.989 

Oy/60 0.997 1.225 1.509 2.079 6.637 


Element: 4 sides, 8 nodes 
Error. Estimated less than 1% from the exact solution K, = 1+2a/b for elliptical hole. 


A Nn 4 Example of mesh pattern 
(a/b =0.5) 


x Ey, VM 
Blb A Magnification 
7 x 
Ep v1 
0 


Matrix: Young’s modulus Ey, Poisson’s ratio vy — * Element mesh at the interface between matrix and 
Inclusion: Young’s modulus E;, Poisson's ratio vy, __ inclusion: 200. 
¢ Cercular inclusion: uniform meshing. 
¢ Eilliptical inclusion: Node distance at radius of 
curvature is adjusted to be approximately equal to 
the case of circular inclusion. 


Note: o, inside the inclusion is equal to o, at A of the matrix; and o, inside the inclusion is equal 
to o, at B of the matrix [12]. 
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7mm 


Figure 1.36 Nonmetallic inclusion observed at fatigue fracture. Material: JIS SCM435. Stress 
amplitude: o= 560MPa. Number of cycles to failure: Ny= 1.11 x 10°. (a) Fatigue fracture 
surface. (b) Inclusion at fracture origin. Chemical composition: Al,03-(CaO), 


+44 


Figure 1.37 Spherical inclusion 


Fatigue crack 


Figure 1.38 Mechanism of fatigue crack initiation and growth from nonmetallic inclusion 
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Problems of Chapter 1 


1. The stress distribution for the problem of Figure 1.39 is given by Equation 1.1. Subtract o 
from the distribution of the stress o,, along the y axis and integrate (0, —o0) from y=a to oo. 
The integral is the partial resultant force of o, above oo. Calculate the integral and explain 
the physical meaning of the integral value. Assume plate thickness unity. 


Figure 1.39 


2. Integral the distribution of stress o, for the problem of Figure 1.39 along the x axis from 
x=a to oo and explain the meaning of the value of the integral. 


| oydx =? 


a 


3. (1) The stress distribution for the problem of Figure 1.40 is given by Equation 1.10. Sub- 
tract 69 from the distribution of the stress o, along the x axis and integrate (6, — 69) from 
x=a to oo. The integral is the partial resultant force of o, above og. Calculate the 
integral and explain the physical meaning of the integral value. Assume plate thickness 
unity. 


| (o,-00)dx= ? 


(2) Integrate the distribution of stress o,, along the y axis in Figure 1.40 from y=) to oo and 
explain the meaning of the value of the integral. 


foe} 
| 0,dy=? 
b 
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vvy 


Figure 1.40 Elliptical hole in a plate under remote tension o, =o (unit thickness) 


4. The stress concentration factor K, for a circular hole in Figure 1.1 is K,;= 3. However, 
machined circular holes are not necessarily perfectly circular and they always contain sur- 
face roughness and burrs produced by machining (Figure 1.41). The stress concentration 
factor K; for a circular hole having a rough surface caused by rough machining becomes 
larger than K,;= 3. Explain the reason and the estimation method of stress concentration 
factor. 

Thus, in the strength design, the stress concentration factor must not be estimated sim- 
ply based on the design drawing as K; = 3. Rather, a stress concentration factor higher than 
K,= 3 must always be taken into consideration. 


Magnification 


Figure 1.41 


5. Calculate the exact shape of an elliptical inclusion after deformation in the problem of 
Figure 1.42. Use the values in Table 1.2. 
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Matrix: Young’s modulus Ey, Poisson’s ratio vy 
Inclusion: Young’s modulus £7, Poisson’s ratio v; 
E/Ey= 0.5, Vy=Vj= 0.3 


Figure 1.42 


6. A thin sheet of material B containing a circular hole of radius a is bonded onto the surface 
of thick material A (Figure 1.43). The thickness h of the sheet is very small compared to the 
radius a of the circular hole and h<a/100. When tensile stress oo is applied to material A, 
determine the stress o, in the x direction at the edge of circular hole B in sheet material B. 


Figure 1.43 Material A: Young’s modulus £4, Poisson’s ratio v4. Material B: Young’s modulus 
Ez, Poisson’s ratio vg 


7. The stress concentration of a notch like Figure 1.44a is caused by introducing the notch and 
relieving the force which sustained the force applied to the part before introduction of the 
notch (note Problem 1). Figure 1.44b shows a structure which contains a convex part at the 
straight edge. The stress concentration at the corner points A or B of the convex part occurs 
for a reason different from Figure 1.44a. Explain the reason. 

Figure 1.44c is a structure which is made by bonding or welding a different material onto 


the straight edge. In this case too, stress concentration occurs for the same reason as 
Figure 1.44b. 
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(b) (c) 
o 4+ > M7 > 
<+_ > +_— > 
Figure 1.44 


8. Figure 1.45a shows a circular hole in an infinite plate under a remote biaxial tensile stress 
6o. Figure 1.45b shows a rigid inclusion in an infinite plate under the same remote biaxial 
tensile stress 09. Before the application of the remote stress in Figure 1.45b, the rigid inclu- 
sion is inserted into a circular hole without clearance and is perfectly bonded with an infin- 
ite plate at the interface without any initial stress. 


a) 


CS: 


Rigid body 


Figure 1.45 


Calculate the stress og" in the circumferential direction at the edge of the circular hole in 
Figure 1.45a and the stress o,” in the radial direction in Figure 1.45b. Compare which is 
larger, 69° or o,”. 

Young’s modulus and Poisson’s ratio of the infinite plate are E and v, respectively. 
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2 


Stress Concentration at Cracks 


2.1 Singular Stress Distribution in the Neighborhood of a Crack Tip 


A crack always exists prior to a fracture. Extremely high stress concentration occurs at the crack 
tip. The mechanics model which has been accepted for a crack in the history of strength of 
materials is defined as the limiting state of an elliptic hole. This is called the Griffith Crack [1]. 

In order to analyze the stress distribution in the vicinity of a crack tip, the crack is commonly 
modelled as a linear slit in plane [2, 3]. However, in this chapter the solution is derived by using 
the solution for an elliptical hole (Equations 1.9 to 1.13 and 1.17 to 1.21). 

In the solution for the elliptical hole of Figure 2.1, o, along the x axis is expressed as 
Equation 1.10. Equation 1.10 can be rewritten as follows: 


= 1 a. ae Lfa-b a+3b\,, (atb)b 
aramfats (P4255) ratte aa | 


(2.1) 
4C? b 2 b\ a 
(2 i) at+b a-b}a-b 
where 
(ee als Vx? 0? ee ae 
c 
Putting b — 0 for a crack, Equation 2.1 is reduced to the following equation: 

Oy= ale (x>a) (2.2) 


eae 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
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vvy 


°0 


Figure 2.1 


Therefore, the stress distribution in the vicinity of a crack tip, that is atx=a+r(r/a<« 1) is 
approximately expressed by the following equation: 


_avya 
Oy= ir (2.3) 


After the concept of the stress intensity factor has been introduced [4, 5], Equation 2.3 has 
been modified from the viewpoint of energy to the following traditional equation which 
includes x in the expression. 


_ Oo a _ Kj 
2ar /2ar 


Oy 


(2.4) 


Kj is called the Stress Intensity Factor of Mode I. As b— 0 in Figure 2.1, the ellipse is 
reduced to a crack and the stress intensity factor Kj is Kj=00,/za. Thus, Kj is an important 
factor which prescribes the stress field in the vicinity of the crack tip. Equations 2.3 and 2.4 
indicate that the stress distribution at a crack tip has the singularity of r~°>. It is known that 
3D cracks also have the singularity of r~°° at the crack tip [3]. 

Equation 2.4 shows the approximate stress distribution near a crack tip. The exact stress dis- 
tribution is expressed by Equation 2.2 with x=a+r. The difference between Equations 2.2 and 
2.4 is illustrated as Figure 2.2. 

Even if the remote stress o,=0,,, is applied in the x direction, it does not influence the 
singularity r~°° of Equation 2.4; and accordingly the remote stress o,,, does not influence the 
stress intensity factor Kj. However, for the discussion of multiaxial fatigue problems, it must be 
noted that o,,, influences the stress distribution and yield condition along the x axis. 

On the other hand, it must be noted that the remote stress 0, =o produces not only the sin- 
gularity of the stress distribution o, near the crack tip but also the singularity of o, ahead of the 
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t t+ t 


y 


‘ Equation 2.2 


a0) 
Figure 2.2 Crack in a wide plate under remote stress o, = 09 


crack tip along the x axis. The distribution of o, near a crack tip is given by the following 


equation: 
Ox =Oy—O0 


oox (2.5) 


Vaan 


2.2 Stress Distribution Near Crack Tip Under Biaxial Stress Field 
Using Equations 1.9 to 1.13 and 1.17 to 1.21, the stress invariant (6, +0,) and the maximum 
shear stress Tax on the x axis for the problem of Figure 2.3 are given by the following equation: 


Ox + 0y=0, +02 


55 (2.6) 


Tia (o)-ox) /2 


(2.7) 

= (Oye Ory }/2 

The maximum shear stress Ta, expressed by Equation 2.7 is the one defined in a plane stress 

problem and is constant regardless of the value of x. However, if the maximum shear stress is 
defined as a 3D problem considering the thickness direction, Tm, is expressed as follows: 


Oy—O; 
Tmax = 5 


= (2.8) 
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Figure 2.4 Crack in a wide plate under shear stress 


The plastic zone size of the so-called the Dugdale model [6] (see Section 2.5) is determined 
by the yielding phenomenon caused by the shear stress based on Equation 2.8. 


2.3 Distribution of Shear Stress Near Crack Tip 


First, let us consider an elliptical hole under remote shear stress to. By letting b— 0, the 
elliptical hole becomes increasingly slender and is finally reduced to a crack, as shown in 
Figure 2.4. As b — 0, the location of t,,4x approaches the crack tip A (actually reaching point 
A in the limit, see Figure 1.17). As a result, the shear stress near the crack tip is expressed from 
Equation 1.26 in the same manner as tensile mode (opening mode, Mode J) by the following 
equation: 


Tox 


Txy = ar (2.9) 
Therefore, the shear stress for x=a+r(r/a< 1) is 
gra. (2.10) 


Te 
: V2r  V2ar 
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where Ky is the stress intensity factor of Mode II, as expressed by 


Ky =t0V/ aa. 


2.4 Short Cracks and Long Cracks 


Fracture mechanics was born as the science which treats crack problems with infinite stress 
concentration at the crack tip based on a new concept of mechanics [4, 5]. As the stress field 
near the crack tip is prescribed by the stress intensity factor, it has been thought that the fracture 
criterion can be quantitatively given by focusing the stress intensity factor regardless of 
crack size. On the other hand, it has been also reported that the fatigue crack growth rate 
dal/dN (N = number of cycles) and the threshold stress intensity factor range for fatigue crack 
growth AK,, for cracks shorter than 1 mm have values different from those for long or large 
cracks [7]. To understand this problem, it is necessary not to simply use the approximate 
solution with the stress intensity factor as the stress distribution near crack tip but to return 
to the exact solution expressed by Equation 2.2. 

Let us investigate the cases of 2D cracks in a wide plate, where five kinds of combinations of 
crack length 2a and remote stress o9 are compared. 


a, = 10 um, og = 1000 MPa 

az = 100 pm, op = 100 V10 MPa 

a3 = 1000 pm (=1 mm), 69 = 100 MPa 
a4= 10mm, o9=10 V10 MPa 

as = 100mm, 69 = 10 MPa 


uP a 


All these cracks have the same value of Kj, that is Kj = 09./za= J/10x MPa-,/m. If the stress 
distribution ahead of the crack tip is expressed by Kj, we have oy = Ky/ V2ar (Equation 2.4) and 
all the stress distributions for cases 1-5 become the same. However, if the exact solution 
Equation 2.2 is used, the stress distributions near the crack tip are as illustrated as Figure 2.5. 


.a;=10um, o 9=1000 MPa 

.d)=100um, o9=100/10 MPa 

.a3=1mm, og=100MPa 

. .d4=10mm, o9=10V10 MPa 
40 50 *5.a5=100 mm, o y=10MPa 


Distance from crack tip 


Figure 2.5 Difference in stress distribution near the crack tip for cracks with the same value of K; and 
different lengths 
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As shown in Figure 2.5, although the stress distributions near crack tip for cracks with a> 1 
mm are almost close, the stress distribution for cracks with 2a; =2 x 10 um is clearly different 
from that of cracks with 2a; = 2 x 100 mm (e.g., see the big difference at the crack tip r {5 pm). 

These differences in stress distribution at 5-10 pm ahead of the crack tip naturally cause a 
difference in the fatigue crack growth rate da/dN and the fatigue threshold stress intensity 
factor AK,,. Based on fracture mechanics analysis and experimental studies, it is well 
accepted that AK,, for long or large cracks is a material constant under constant stress ratio. 
However, for short 2D cracks and small 3D cracks, AK, is not a material constant and is 
smaller than the values for long or large cracks. Namely, the values of AK,, depend on 
the size of the crack. 

This is fundamental for studying strength problems related to cracks. 


2.5 Plastic Zone Ahead of Crack Tip: Dugdale Model 


The stress intensity factor for a crack in a wide plate under tensile stress as shown in Figure 2.6 
is Kj=00,/za. The elastic stress distribution is extremely high near a crack tip which is the 
singular point of stress and the stress at the crack tip becomes infinite. 

However, the stress at the crack tip in real materials never becomes infinite, because yielding 
occurs at the crack tip and a plastic zone is produced. The situation can be modelled as 
Figure 2.7. After the plastic zone is produced, the stress singularity vanishes and the stress 
becomes constant (yield stress oy) inside the plastic zone. The stress outside the plastic zone 
decreases with distance from the edge of the plastic zone. 

The model with a constant yield stress of oy inside the plastic zone, such as Figure 2.7, is 
called the Dugdale model [6]. The yield condition of this model considers the 3D stress con- 
dition, including stress in the thickness direction. Namely, o, is the maximum among all stres- 
ses compared to stresses in other directions, that is 0, 4 0, o, (thickness direction) = 0. 
Therefore, the maximum shear stress Tmax 1S Tmax = 5 Oy and the yielding of ductile materials 
occurs by sliding in the 45° direction against the plate surface (x—y plane). 

The equation to determine the plastic zone size R is given by the following equation [6]. 


voyvy 


Figure 2.6 
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Distribution o,, 


tev ed 


Figure 2.7 Dugdale model 


R 00 
—= —]|-l 2.11 
: see(5 ) ( ) 


Oy 


If the remote tensile stress oo is sufficiently small compared to oy, Equation 2.11 can be 
approximately expressed by the following equation: 


R_ 1/2 oo 5 
ya aay (ecard 2.12 
a (5 <2) ( ) 


The above equation can be rewritten with the stress intensity factor K; as follows: 


oa 


Re 
Boy 


Ca (2.13) 


Equation 2.13 means that, if the applied oo is sufficiently smaller than the yield stress oy, the 
plastic zone size R is proportional to the square of the stress intensity factor K;. When the 
concept of the stress intensity factor was first introduced, the physical meaning of the stress 
intensity factor was not smoothly accepted due to the unrealistic elastic singular stress distri- 
bution near the crack tip. Nevertheless, Equation 2.13 shows the possibility of a correlation 
between the stress intensity factor and the reality of the phenomena which occur ahead of 
the crack tip, such as the fatigue crack growth problem. 

However, as the applied stress increases and og becomes close to oy, the approximate 
approach introduced above does not hold. The importance of this problem is pronouncedly 
revealed in the case of constant stress intensity factor K; for different crack sizes, as explained 
in the previous section (Figure 2.5). 

Although Figure 2.5 compares the stress fields near the crack tip for five cracks with different 
length, Figure 2.8 compares the difference in the plastic zone size R for the identical stress 
intensity factor and different crack length. It is notable that, as the size of crack becomes smaller 
with the constant Kj, the plastic zone size increases. Large plastic zone size means large crack 
tip opening displacement. From such a viewpoint too, the difference between small cracks and 
large cracks under K; =a constant value can be understood. In other words, the stress state near 
the crack tip and crack tip opening displacement are not the same for small cracks and large 
cracks even with the same K;. 
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Crack length 2a Remote stress 
1.a,;=10pm, og=1000MPa 
2.ay=100pm, o9=100VI0MPa 
3.a3=lmm, op9=100MPa 
4.a4=10mm, o9=10V10 MPa 


5. da5=100mm, oo= 10MPa 


0 5 10 15 
Distance from crack tip, pm 


Figure 2.8 Plastic zone size R for K}=./ 10a MPa-,/m, Yield stress oy = 1500 MPa 
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Figure 2.9 Edge crack in a semi-infinite plate [8] 


2.6 Approximate Estimation Method of K, 


If we understand the fundamental nature of the stress concentration of holes or notches, it is 
possible to estimate the stress intensity factor with sufficient accuracy without detailed numer- 
ical analysis. Before performing a detailed and troublesome calculation, it is recommended to 
have a good engineering sense of this kind of estimation. Several basic examples and their 
applications are shown in the following. 


Basic solutions 


Basic examples are given in Figures 2.9 to 2.12. 


Kj=F (A)op./aa 
F(A) =(1-0.02522 + 0.0614) «/sec(a2/2) 
A=alW 


Figure 2.10 Center crack in a strip [9] 


K,=o,/ra(1.1215Cy + 0.6829C + 0.5255C + 0.4410C3) 


Figure 2.11 Edge crack in a semi-infinite plate under nonlinear pressure distribution [10] 
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Ki =o cos? B.fna 
Kiy=ocosf-sinB./za 


Figure 2.12 Inclined crack 
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+44 


Figure 2.13 A short crack emanating from a circular hole (c <<a). [Answer : Kj ¥ 1.12 x 300,/zc] 


> > 


“te + + 


Figure 2.14 A_ short crack emanating from a circular hole under shear stress (c<<a). 
[Answer : Ky © 1.12 x 4z9,/ae 


Application problems 


Estimate the stress intensity factors for cracks in Figures 2.13 to 2.16. 


2.7 Crack Propagation Path 


In which direction does a crack propagate in structures under external loading? It is most natural 
to think that the new crack will start propagation from the tip of the original crack. However, the 
direction of the new crack is not necessarily self-evident. The stress distribution in the vicinity 
of a crack tip and the material properties influence the direction of crack propagation. Based on 
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Figure 2.15 An inclined crack in a wide plate under remote stres, 0, 04, Oy 555 Txy 6 


Answer : 


Ki= (Gis sin?B + Fy 00 COS” B= 27.008 B-sinf) /ma 
Ky= (Ges —Ox0 ) Cos f-8iN B + Txy 00 (cos?B-sin”p) \/ma 


toyed 


Figure 2.16 A kinked crack in a wide plate under remote stress o9 in the y direction 


Kia ~00,/aa(1 +cosf)/2, Kya 20 
Kip & o0cos"f\/na(1 + cosf)/2, Kuz & oo cosf-sinB/za(1 + cosf) /2 


Answer : 
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experience obtained by many experiments, a crack propagates mostly by Mode I (opening 
mode), rarely by Mode IT (in-plane shear mode) or Mode III (out of plane shear mode). 

The way of thinking about the crack propagation direction will be discussed in the following. 
The basic equations to be used for the calculation are summarized in Appendix A.2 of Part IL. 


2.7.1. Propagation Direction of Mode I Crack 


Several criteria have been proposed to predict the direction of crack propagation. If the material 
in question can be assumed to be homogeneous, isotropic and brittle, it is reasonable to presume 
that the Mode I fracture occurs by maximum tensile stress at the crack tip. In other words, the 
new crack propagates from the tip of the initial crack to a direction perpendicular to the direc- 
tion of the maximum tangential stress Comax in the vicinity of the initial crack [11] (Figure 2.17). 
This criterion may not be strictly applied to a fatigue crack in which more microscopic analysis 
on the scale of atoms or dislocations is necessary. Nevertheless, if we look at the direction of 
crack propagation on a more macroscopic scale, the eventual result is more or less not different 
from the conclusion derived from the same criterion. 

In general, the direction of crack propagation is discussed in terms of the angle observed on 
the surface of material. If this problem is discussed from the 3D viewpoint, we need to pay 
attention to the special singularity of the stress distribution near the point where the crack front 
meets the material free surface (Figure 2.18). This special point is called the corner point. It is 
known that the singularity of the stress distribution near the corner point is different from that 
inside material [2-19]. When a 3D crack has K7; and a singularity of Mode II exists near crack 
tip, a singularity of Mode III is generated near the corner point in a coupled way together with a 
Mode II singularity. 

The problem of the corner point singularity is ignored in most discussions of crack propa- 
gation direction. Concluding this problem first, various detailed discussions on the direction of 
crack propagation based on various criteria do not create fruitful results for the purpose of prac- 
tical applications. Thus, the maximum tangential stress ogmax criterion [11] as the simplest one 


tt tt 


Cmax 
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Figure 2.17 Direction of crack propagation by the ogmax criterion 
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Corner point 


Figure 2.18 Corner point (cross point with crack front and free surface). Ky; is generated in a coupled 
way with Ky 
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Branched cracks from a 400 pm pre-crack by cyclic torsion 
0.45% C steel, r= 152 MPa, N=4.0X 10° 


Figure 2.19 Crack branching from a semi-elliptic surface crack under torsional fatigue. (Due to Kj = 0 
and Ky 4 0, the branch angle is calculated as 6) = +70.5° by Equation 2.14. Although the loading is 
torsion (shear stress), the crack propagation type is Mode I.) 


and the Ky, = 0 criterion [20-27] are intuitively clear and practical for the prediction of crack 
propagation direction for Mode I (opening mode) fatigue crack. According to the Ogmax criter- 
ion [11], the direction 6 of crack propagation against the direction of the initial crack is given 
by the following equation (see Figure 2.17): 


/ 2 
Frc ia As (2.14) 
2 Ay 
where y = Ki /Kj. 

Crack propagation by Mode II must be carefully discussed, because even if the loading mode 
is Mode II, crack propagation is mostly Mode I. In such cases, although the value of Kz, is 
discussed, the fracture mode itself is Mode I as shown in Figure 2.19. 
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(a) (b) (c) 
SPs st tt tot tt  tttot tt 


PEI HS Berm] bbb bbe 
: AAnalytical result with 
fine mesh 


Figure 2.20 Effect of a circular hole on the crack propagation path [28]. a/W=0.2, L/W=0.75, Dila= 
1.0. (a) H/a=1.5. (b) H/a=1.0. (c) H/a=0.75. Source: T. Norikura and Y. Murakami 1983 [28]. 
Reproduced with permission of The Japan Society of Mechanical Engineers 


H=20mm, a=19.24mm, 
W=100mm, L=75mm, 
D=20mm, t=5mm 


Figure 2.21 Experimental result of Figure 2.20b [28]. Material: acryl plate. Crack propagates as if it is 
attracted by the hole. Source: T. Norikura and Y. Murakami 1983 [28]. Reproduced with permission of 
The Japan Society of Mechanical Engineers 


Figures 2.20 to 2.23 show the analytical and experimental studies of the effects of hole and 
rigid inclusion on the crack propagation path in a brittle material [28]. Two general character- 
istics of the crack propagation direction are summarized as follows. 
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Figure 2.22 Effect of rigid inclusion on crack propagation path [28]. Experiment and analysis. 
alW=0.2, L/W=0.75, D/a=1.0, n=0.3. (a) H/a=0.75. (b) H/a=0.5. Source: T. Norikura and 
Y. Murakami 1983 [28]. Reproduced with permission of The Japan Society of Mechanical Engineers 


H=10mm, a=19.70mm, W= 100mm, 
L=75mm, D=20mm, t=5mm 


Figure 2.23, Experimental result of Figure 2.22c [28]. Material: acryl plate. Inclusion: 0.45% C circular 
steel plate. Crack propagates by avoiding the inclusion with high rigidity. Source: T. Norikura and 
Y. Murakami 1983 [28]. Reproduced with permission of The Japan Society of Mechanical Engineers 
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Mode II crack propagation Branding by Mode I cracks 


Figure 2.24 Mode II crack growth test. JIS S45C, AP = 11.8 KN. Mode II crack and branching to +70.5° 
by Mode I [29]. Source: Y. Murakami, K. Takahashi and R. Kusumoto 2003 [29]. Reproduced with 
permission of The Japan Society of Mechanical Engineers 


1. Crack propagates into the domain with lower rigidity such as hole. 
2. Crack propagates by avoiding the domain with higher rigidity in structures. 


2.7.2 Propagation Direction of Mode II Crack 


If the loading mode is Mode II and the crack propagation mode is also Mode II, the crack propa- 
gates in the direction of the maximum shear stress. Although it is very difficult to achieve Mode 
II fatigue crack growth by laboratory test (see Figure 2.24) [29], many actual failure cases by 
Mode II fatigue have been experienced in railroad rails, steel making rolls, bearings, gears and 
so on. Even if K; = 0 and only the stress intensity factor of Mode II, K7;, exists, there is a pos- 
sibility of crack branching by Mode I in the direction of +70.5°,as calculated by Equation 2.14. 
In Figures 2.24 and 2.25, as the result of competition between Mode II and Mode I crack 
growth, Mode II crack growth prevails before final branching by Mode I. 


2.7.3 Propagation Direction of Mode III Crack 


A Mode III fatigue fracture is very rare even in actual cases. Axles and circumferentially 
notched cylinders which are subjected to even Mode III loading finally fracture by zigzag 
growth of a Mode I crack. 

Figure 2.26 shows the failure case of a ship component fractured by Mode III fatigue’. 

Figure 2.27 shows the fracture surface of a cylindrical specimen with an initial circumfer- 
ential crack failed by torsional fatigue. At the beginning, the crack grows by Mode III from an 
initial pre-crack and afterwards the crack grows by Mode I by forming a factory roof morph- 
ology. Knowledge about the mechanism of forming this kind of fracture morphology will be 
useful for failure analysis. 


' Courtesy of Nippon Kaiji Kyokai. 


(a) (b) 
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Figure 2.25 Mode II crack propagated almost three circles below surface by cyclic contact load [30]. 
(a) Fractured back up roll. Subsurface crack propagation. Source: Y. Ohkomori, C. Sakae and 
Y. Murakami 2001 [30]. Reproduced with permission of The Society of Materials Science, Japan 


Lae 


Figure 2.26 Ship component fractured by Mode III crack propagation. Courtsey of Nippon Kaiji Kyokai 


(a) (b) 


Notch root 
Initial crack 
Semi - elliptic 


crack by Mode III 


Mode I crack 
(Factory roof) 


Final brittle fracture —— 400 pm 


Figure 2.27 Mode III fatigue crack growth and the formation of factory roof morphology by torsional 
fatigue of a circumferentially notched specimen [29]. 0.45% C steel, 7, = 132 MPa, AKi= 11.5 MPa \/m 
(a) Fatigue fracture surface of pre-cracked specimen. (b) Magnification of (a). Source: Y. Murakami, 
K. Takahashi and R. Kusumoto 2003 [29]. Reproduced with permission of John Wiley & Sons 
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Problems of Chapter 2 


1. Explain the reason why the remote stress 0, =0,,, in Figure 2.2 does not influence the 
stress intensity factor for the crack. 
2. (1) Calculate the following integral in terms of Figure 2.28 and explain the meaning of the 


integral. 
| | 5-0] B= 
; 2x Aa 


xX“ —-a 


°0 


Figure 2.28 Crack in an infinite plate under remote stress o, = 00 (plate thickness: 1) 


(2) Calculate the resultant force corresponding to the integral on 0, from y= 0 to oo along 
the y axis and explain the meaning of the integral. 


co 
| o,dy=? 
0 


3. When we denote the stress concentration factor for a notch having the same notch root 
radius as a part of an elliptic hole by K,, the notch is reduced to a crack by letting the notch 
root radius p — 0. It is known that the stress intensity factor in this case can be determined 
by the following equation [31]: 


1 
Kj = 5 Valim J/POmax 
2 p-0 


1 
= Ja lim /pK60 
2 p-0 
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Using this equation and the stress concentration factor for a V-notch given in Table 1.1 of 
Chapter 1, estimate the approximate stress intensity factor for the edge crack of the semi- 
infinite plate of Figure 2.9 and compare the estimated value with the exact value. 

4. If the stress concentration factor K, for a notch is expressed as a function of the notch root 
radius p, the stress intensity factor K; can be determined by the following equation [31]: 


1 
Ky = ~/n lim \/pK;oy 
2 p-0 


where p, is the nominal stress defined at the net section. Namely, 


W 
W-a 


On = oO 


In Figure 2.29a, we have (see Figure 1.22): 


K,=5.55 for a/W=0.5, a/p=16 
K,= 10.27 for a/W=0.5, a/p=64 


Using these values, estimate K; for the crack of Figure 2.29b. 


(b) 


Figure 2.29 (a) Elliptic hole in a strip under tensile stress. (b) Crack in a strip under tensile stress 
(a/W=0.5) 


5. Estimate the stress intensity factor K; for the crack in Figure 2.30. 


a 


m( Ww ju 


Figure 2.30 Bending of a plate containing a short edge crack. a < W, plate thickness =t 


6. When an elliptical hole exists in a pure shear stress field, as in Figure 2.31, the maximum 
stress occurs at the contact point between the elliptical hole and straight lines with a +45° 
gradient. In this condition, cracks initiate and grow in the +45° direction (see 
Section 1.2.2). However, in the case of a crack in a pure shear stress field, as in 
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xyoo = Txy oo 


Txyoo 


Figure 2.32 


Figure 2.32, the crack first branches from the initial crack tip to the +70.5° direction, as 
shown in Figure 2.19, and then grows. As the minor axis b of the ellipse is infinitesimally 
reduced to 0 (b — 0), the shape of the ellipse approaches to a crack. It seems that there is a 
contradiction for the directions of crack initiation, branching and growth in these two cases. 
Explain the reason for the apparent contradiction and then explain the reason why there is 
actually no contradiction. 

7. Figure 2.20a—c and Figure 2.21 show the analytical and experimental results of a crack 
propagation path in a plexiglass plate which contains a circular hole and an edge crack. 
By tensile loads applied at the upper and lower ends, the crack grows along a path influ- 
enced by the presence of the hole. Explain the reason why the crack path is curved by the 
presence of the hole and is likely attracted by the hole. 

Figure 2.22a, b and Figure 2.23 show the analytical and experimental results of a crack 
propagation path in a plexiglass plate which contains a steel disk fitted and bonded in the 
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plate and an edge crack. By tensile loads applied at the upper and lower ends, the crack grows 
along a path influenced by the presence of the steel disk. Explain the reason why the crack 
path is curved by the presence of the steel disk and likely is avoiding the steel disk. 
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Stress Concentration in Three 
Dimensional Problems 


Finding analytical solutions for three dimensional (3D) problems is much more difficult com- 
pared to 2D problems. Existing exact solutions are extremely limited to a few special problems. 
Although nowadays numerical solutions with practically sufficient accuracy can be obtained by 
the finite element method (FEM), we can learn useful important factors from these exact 
solutions. 


3.1 Stress Concentration at a Spherical Cavity 


We assume a spherical cavity which exists in an infinite body under remote uniaxial tensile 
stress. In the problem of Figure 3.1, stress o, on the x-y plane (z= 0) is given by the following 
equation [1]: 


4-5v a 9 @ 
A 
27-5) PF * 2(7-Sv) od) 


0,=00/1+ 


If we compare the above equation with stress o, on the y axis (Equation1.2 and Figure 1.1), 
we note that the constant stress terms are 69 both in 2D and 3D problems, but the terms related 
to the distance from the center of the circular hole and spherical cavity which control the shape 
of the stress distribution are different. The stress distribution in the 2D problem decays in terms 
of 1/r’ and 1/r*. In contrast, the stress distribution of the 3D problem decays in terms of I/r’ and 
I/r’. This nature of stress distribution means that the influence of 3D stress concentration 
decays faster with distance than that of 2D problems. In other words, the interaction effect 
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Figure 3.1 


in 3D stress concentration is weaker than that of 2D stress concentration. For example, when 
another cavity with the same size exists in the neighborhood of the cavity of Figure 3.1, the 
interaction effect is smaller than the interaction effect for the case of two 2D circular holes 
(see Chapter 4 of Part ID). 

Assuming a spherical cavity as a globe, maximum stress o,,,x occurs on the equator and the 
value and the stress concentration factor K, are expressed as follows [1]: 


27-15v 
max = 3.2 
aa ge oe 
27-15v 
K,=—>--~ ; 
"~~ 2(7-Sv) oF) 


Depending on Poisson’s ratio, Oma, has the following values: 


Omax = 1.92909 for v= 0. 
Omax = 2.04509 for v= 0.3. 


These values are much smaller than K, = 3 for a 2D circular hole. However, it must be noted 
that the stress concentration in 3D problems is influenced by Poisson’s ratio, though the effect 
is small. 


3.2 Stress Concentration at a Spherical Inclusion 


The stress concentration of this problem is influenced by Young’s modulus Ey and Poisson’s 
ratio Vy of the microstructure and also E; and v; of the inclusion (Figure 3.2). The location of the 
maximum stress is dependent on the combination of (Ej, vj) and (E;, v;). 

In the case of E; < Ey, the maximum stress occurs at the interface of the equator (at the side of 
the matrix). 
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Figure 3.2 Spherical inclusion 


But, in the case of E; > Ey, the maximum stress occurs near the pole (Point B). For example, 
in the case of a rigid inclusion (E{/Eyq= oo), the stress o, at Point B at the interface is 
6, = 1.93809 for v; = 0.3 and vy = 0.3. The value of o, at point B is the same for both the matrix 
and the inclusion at the interface and a little smaller than the maximum stress 2.046 oo at the 
equator for a spherical cavity. 

Since the solutions for inclusion problems are not given in the closed form, the results of the 
numerical analysis by FEM are given for reference in Table 3.1. These solutions will be useful 
for the discussion of crack initiation and growth from a spherical inclusion (Figures 1.36—1.38). 


3.3 Stress Concentration at an Axially Symmetric Ellipsoidal Inclusion 


Since the solution for the problem of an axially symmetric ellipsoidal inclusion of Figure 3.3 is 
not given in an easily useful closed form, the numerical solutions by FEM are shown in 
Table 3.1. 
6, = Oy inside the inclusion and o, at point A of the matrix is equal to o, at point C. Another 
nature to be noted is that o, in the inclusion is equal to o, at point B of the matrix [2]. 
Naturally, the stress concentration is smaller for the case that Young’s modulus E; of the 
inclusion is closer to the Young’s modulus Ey, of the matrix. 


3.4 Stress Concentration at a Surface Pit 


The stress concentration due to surface defects in machine components and structures such as 

corrosion pits, surface defects of cast irons and other machining defects can be discussed as the 

problem of a small surface pit. If the size of pit is sufficiently small compared to the size of 

components and structures, the stress concentration can be approximated by that of a surface 

pit existing on the surface of a semi-infinite body. The definition of sufficiently small may be 

regarded to be the order of 1/10 of the representative size of the structure where the pit exists. 
Several examples are summarized in Figures 3.4 to 3.7. 
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Figure 3.3 Ellipsoidal inclusion. The shape of the inclusion is axially symmetric with respect to 
the z axis 


a) 


Edge of pit point B: K,= 1.994 


Figure 3.4 Semi-spherical pit [3] (Vv=0. 3) 


In the case of the spherical pit of Figure 3.4, the fatigue crack in tension compression or 
rotating/bending initiates mostly at the bottom of the pit. In some rare cases, cracks initiate 
at the edge of pit due to the scatter of microstructure and slight irregularities of shape of the 
edge of pit. 

Tension compression and torsional fatigue cracks at a drilled hole like Figure 3.6 
mostly initiate at the edge of hole. If the bottom of the drilled hole is very sharp 
and the root radius p is 0, the bottom becomes a singular point of stress and the stress 
at the bottom of the hole becomes unbounded. However, a fatigue crack does not ini- 
tiate from the bottom of a hole with an aspect ratio larger than h=a. The reason will be 


Stress Concentration in Three Dimensional Problems 307 


Edge of pit: K,= 1.73 


Figure 3.5 Semi-spherical pit [3, 4] under biaxial tension (v=0. 3) 


Edge point B: K,=2.001 


Maximum stress at small distance below 


Figure 3.6 Drilled hole under uniaxial tension [5] (v=0.3). h/a = 1.0, top angle of pit = 120° 


explained in detail in Chapter 5 of Part I. The simple explanation is that the region of high 
stress is limited to a very small region of the bottom of the hole. On the other hand, the region 
of stress of the order of K, = 2.0 at the edge of the hole is relatively larger than that of the bottom 
of the hole. 

The stress concentration factor at the edge of pits and drilled holes is mostly about K, = 2.0 
regardless of the size. However, since the size of the region exposed to high stress influences 
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at) 


K;+=1.612 (Edge of hole) 


Figure 3.7 Drilled hole under biaxial tension [4] (v=0. 3). h/a = 1.0, top angle of pit = 120° 


Figure 3.8 Pit with rounded corner edge 


the fatigue strength, the size of a pit or drilled hole influences the fatigue strength through the 
size of the region of high stress around the pit or hole (see Chapter 5 of Part ID). 

The edge of a hole (e.g. Figures 3.6 and 3.7) is usually perpendicular to the surface of a semi- 
infinite body. If the corner of the edge is rounded by machining, the stress concentration at the 
edge of the hole changes. It is possible to decrease the stress concentration by rounding or 
coning the edge of the hole, as in Figures 3.8 and 3.9. 

Although rounding or coning decreases the stress concentration at the edge of a hole, the 
stress a little below the surface does not decrease and a large improvement in fatigue strength 
cannot be expected simply by rounding or coning. From the viewpoint of fatigue strength, it is 
worth noting that removing small burrs at the edge of a hole has a large effect of improvement 
(Figures 3.10 and 3.11). 
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Figure 3.9 Pit with cone forming 
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Point A at edge: K,= 1.990. Point A at edge: K,= 1.656 Point A at edge: K,= 1.680. 
Numerical analysis 2.001. Point B: 2.054. Point B: 2.058. 
Maximum value occurs at a Maximum value occurs at a Maximum value occurs at a 
small distance below edge: small distance below edge: small distance below edge: 
2.029. Numerical analysis: 2.03. 2.054. 2.071. 
(d) 
2.5, 


@ : No machining. 


QO: Edge rounding- 
0.5 A: Edge coning- 


0 O01 02 03 04 05 
Depth/h 


Figure 3.10 Comparison of stress distribution and concentration for different machining. Stress acts in 
the y axis direction. (a) Without forming; h/a = 1.0. (b) Round forming; p/a = 0.1, h/a = 1.0. (c) Cone 


forming c/a = 0.1, h/a = 1.0. (d) Stress distribution along the depth of hole 
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Figure 3.11 Comparison of stress concentration factors with and without burr. (a) Analytical model (1/2 
model). (b) Shape of drilled hole. (c) Magnification of the burr (x direction) of A in (b). (d) Magnification 
of the burr (z direction) of B in (b). (e) The arrowed paths where stress distribution was presented. (f) FEM 
analysis 


3.5 Stress Concentration at a 3D Crack 
3.5.1 Basic Problems 


The singularity of the stress distribution near the crack tip for 3D cracks is also r~°, the same 
as 2D cracks. Therefore, the stress field near crack tip can be prescribed by analysis of the stress 
intensity factor. 
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Figure 3.12 Penny shaped crack 


+44 


Figure 3.13 Crack emanating from axisymmetric ellipsoidal cavity 


Several examples of stress intensity factors for 3D cracks will be shown in the following. 
K, for a penny shaped crack of Figure 3.12 is given by the following equation [6]: 


2 
Kj= _ooV aa (3.4) 


This value is smaller than a 2D crack with length 2a by 2/z (63.7%). 
K, for a very small crack with length c(c <a) emanating from a axially symmetric ellips- 
oidal cavity (like Figure 3.13) has the following value (see Figure 2.13): 


K,=1.12K,oo/ae (3.5) 
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Figure 3.14 Fatigue crack emanating from interface at ellipsoidal inclusion 


where K;, is the stress concentration factor for the axially symmetric ellipsoidal cavity. If the 
crack length c satisfies the condition c>a/4, the value of K; can be approximately estimated 
by the following equation [7]: 


2 
Kj =—00\/a(atc) (3.6) 
1 


In the case of hard inclusions, fatigue cracks initiate at the pole B (Figure 3.14) followed 
by debonding of the interface (Figure 1.36) and finally become equivalent to a penny shaped 
crack. 

Although the analysis of 3D cracks is far more difficult, nowadays many solutions are sum- 
marized in the handbooks [8—12]. Simple and useful solutions are proposed for cracks in an infin- 
ite body and a semi-infinite body. Especially, the following solutions will be practically useful. 


3.5.2 Approximate Equation for the Stress Intensity Factor Ky for a Crack 
of Arbitrary Shape in an Infinite Body 


We denote the area of crack by area and assume the remote stress o acting in the direction 
perpendicular (z direction) to the crack plane (x—y plane). Although the value of stress intensity 
factor varies along the crack front, the maximum value Kjmax 18 approximately estimated by the 
following equation (Figure 3.15) [13]: 


Kimax & 0.504/ 2\/area (3.7) 


Regarding the application of Equation 3.7, the definition of area for a crack with irregular 
convex and concave shape such as Figure 3.16 must be modified by rounding the shape as the 
dotted curve. This modification is reasonable, because the stress intensity factor at the points 
such as concave crack front A, B and C becomes extremely large, and fracture occurs at low 
stress first until the crack grows to the dotted area where the local stress intensity factor 
decreases from the beginning of fracture by forming a stable round crack shape. 


Stress Concentration in Three Dimensional Problems 


tad 


Figure 3.15 3D crack of arbitrary shape in infinite body 


a area 


Figure 3.16 3D crack having irregular shape and definition of area 


Figure 3.17 Elliptical crack 
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Equation 3.7 was originally obtained from the nature of the stress intensity factor for an ellip- 
tical crack whose stress intensity factor is expressed with Equation 3.8 in terms of the aspect 


ratio b/a and the maximum value Kjyax occurs at point B [13]. 


The stress intensity factor at crack front C for an elliptic crack (Figure 3.17) is given by the 


following equation [14]. 
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where 


1 
E(k) = : [1-Ksin2]2dg 
_ a’ —b? 


2 
k 2 


a 


For a> b, K;has a maximum value at point B (¢ = 1/2) and the value is expressed as follows: 


o/nb 
E(k) 


Ku= (3.9) 


Thus, investigating the relationship between Equation 3.9 and the area of ellipse 
(area=nab), Equation 3.7 was made as an approximate equation for a crack with arbi- 
trary shape. 

However, since the crack in Figure 3.17 is actually reduced to a 2D crack by putting b = con- 
stant and a — ov, the stress intensity factor for such a case is obviously expressed as: 


Kimax = Kip = oV 0b 


If we simply substitute the value of /area(= oo) for b= constant and a— oo into 
Equation 3.7, we have Kjmax — co. This does not agree with the correct value. In order to apply 
Equation 3.7 to such a slender crack, it is necessary to consider the saturation of K, at b/a = 0.2. 
It follows that we need to use the effective ,/area instead of using the actual total value of 


/area as \/area for Equation 3.7 [15]. 


3.5.3 Approximate Formula of the Stress Intensity Factor Ky for a Crack of 
Arbitrary Shape at the Surface of a Semi-Infinite Body 


For a 3D surface crack, as shown in Figure 3.18, the following approximate equation is pro- 


posed [16]. 
Kimax © 0.6504/1/area (3.10) 


Like the previous problem, K; varies along the crack front, and the effective area must be 
used to estimate Kjmax for very slender cracks. 
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Figure 3.18 Surface crack of arbitrary shape 


Problems of Chapter 3 


1. Equation 3.1 shows the distribution of stress o, around a spherical cavity. Calculate the 
integral of the quantity made by subtracting oo from o, over the region outside the spherical 
cavity. Namely, calculate the integral of the following equation and explain the meaning of 
the value. 


oe} 

| (o,—00)-2nrdr=? 

a 

2. Indicate the location of the maximum value of K; for cracks having the shapes shown in 
Figure 3.19a—c in an infinite body. Assume that the remote stress is applied in the z axis 
direction. 


(a) y (b) 


Figure 3.19 (a) Rectangular crack (a > b). (b) Triangular crack (on x—y plane: a > c > b). 
(c) Annular crack 
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(a) : ; (b) 


b 
&j 
C 


Figure 3.20 (a) Crack outside rectangular domain. (b) Crack is outside triangular domain 
(c>a>b) 


3. Indicate the location of the maximum value of K; for the cracks having the shapes as 
Figure 3.20a and b in an infinite body. The upper and lower parts (z>0 and z<0O) of 
the infinite body are connected by the shaded areas of Figure 3.20a and b and the crack 
occupies the outside of the shaded area (z= 0). Namely, the crack tip is located at the 
boundary of the shaded area. Assume that the remote stress is applied in the z axis direction. 

4. The exact solution of the stress intensity factor Ky, for an elliptical crack in Figure 3.17 is 
given by Equation 3.8 and the maximum value is given by Kjg of Equation 3.9. The 
approximate maximum value Kjmax of the stress intensity factor for 3D internal cracks 
of arbitrary shape can be estimated by Equation 3.7. When we have elliptical cracks with 
the aspect ratios of Case (1) a=b and Case (2) a = 2b, compare the maximum values Kjmax 
of the stress intensity factors calculated by the exact solution and the values Kjnax estimated 
by Equation 3.7 for these two cases. The applied stress is a remote tensile stress o. The 
values of E(k) are given as E(0)=2/2 for a=b and E(0.8660) = 1.211 for a= 2b. 


References 


[1] S. P. Timoshenko and J. N. Goodier (1970) Theory of Elasticity, 3rd edn, McGraw-Hill, New York. 

[2] J. D. Eshelby (1957) The determination of the elastic field of an ellipsoidal inclusion, and related problems, Proc. 
R. Soc. Lond. Ser. A 241:376-396. 

[3] H. Noguchi, H. Nisitani, H. Goto, K. Mori (1987) stress concentration for a axially symmetric surface pit con- 
tained in a semi-infinite body under uni-axial tension, Trans. Jpn Soc. Mech. Eng. A, 53:820-826. 

[4] Y. Murakami, H. Tani-ishi, H. Nisitani (1982) Stress concentration for a axially symmetric surface pit contained in 
a semi-infinite body under biaxial tension, Trans. Jpn Soc. Mech. Eng. A, 48:150-159. 

[5] H. Noguchi, H. Nisitani, H. Goto (1988) Stress concentration for a drilled hole contained in a semi-infinite body 
under uni-axial tension, Trans. Jpn Soc. Mech. Eng. A, 54:977-982. 

[6] I. N. Sneddon (1946) The distribution of stress in the neighbourhood of a crack in an elastic solid, Proc. R. Soc. 
Lond. A 187:229-260. 

[7] Y. Murakami, M. Uchida (1992) Effects of cooling residual stress and applied stress on stress intensity factors for 
crack emanating from an axially symmetric nonmetallic inclusion, Proc. Jpn Soc. Mech. Eng., 920-78, 
B:239-241. 

[8] H. Tada et al. (1973) The Stress Intensity Factors Handbook, DEL Research Corporation, New York. 

[9] G. C. Sih (1974) Handbook of Stress Intensity Factors for Researchers and Engineers, vols 1, 2, Inst. Frac. Solids 
Mech., Lehigh University. 

[10] D. P. Rooke and D. J. Cartwright (1976) Compendium of Stress Intensity Factors, Hillingdon,London. 
[11] M. Isida (1976) Elastic Analysis of Cracks and Stress Intensity Factors, Baifukan, Tokyo. 


[12 


[13 


[14 
[15 


[16 


Stress Concentration in Three Dimensional Problems 317 


Y. Murakami (ed.): (1987) Stress Intensity Factors Handbook, vol. 1, Pergamon, London ; (1987) Stress Intensity 
Factors Handbook, vol. 2, Pergamon, London; (1993) Stress Intensity Factors Handbook, vol. 3, Pergamon, 
London. 

Y. Murakami, S. Kodama, S. Konuma (1988) Quantitative evaluation of effects of nonmetallic inclusions on 
fatigue strength steel, Trans. Jpn. Soc. Mech. Eng. A, 54:688-696. 

G. R. Irwin (1962) Crack extension force for a part through crack in a plate, Trans. J. Appl. Mech., 29:651-654. 
Y. Murakami, M. Endo (1986) Effects of hardness and crack geometry on AK,, of small cracks, J. Soc. Mat. Sci. 
Jpn, 35:911-917. 

Y. Murakami, M. Isida (1985) Analysis of surface crack of arbitrary shape and stress distribution near surface, 
Trans. Jpn Soc. Mech. Eng. A, 51:1050-1056. 


4 


Interaction Effects of Stress 
Concentration 


The interaction effect of stress concentration occurs when holes and notches exist close to each 
other. Stress concentration increases or decreases depending on the mutual configuration of 
holes and notches. The interaction effect can be used positively to decrease stress concentration 
by considering the nature of stress distribution due to holes and notches. 


4.1 Interaction Effect which Enhances Stress Concentration 


Stress concentration in the case of Figure 4.1 increases due to the mutual interaction of holes 
compared to the case of a single hole. This nature can be understood by referring to Figure 4.2. 

If we assume that the hole having its center at O. (the second hole) does not exist, the stress 
6," in the neighborhood of O is higher than oo due to the influence of the hole having its center 
at Oj (the first hole). The value o, * can be estimated by Equation 1.1. If the second hole exists 
in a stress field higher than oo, the stress concentration should be higher than K, = 3. On the 
other hand, as the existence of the second hole influences the stress concentration of the first 
hole, the value of o,.* should be higher than the value calculated simply by Equation 1.1. Thus, 
an interaction like this case increases the stress concentration. Figure 4.3 shows the analytical 
solution for this problem [1]. 

The notch having an additional small notch ahead of the tip, as in Figure 4.4, is called a 
double notch. The double notch of Figure 4.4 is composed of two semicircular notches. 
The stress concentration factor in this case can be estimated by the following idea. 

Solution 1 If the smaller notch does not exist, as in Figure 4.5, the stress concentration factor 
for the larger notch K,; is K,; &3 (the exact solution is K,; = 3.065; see Section 1.4.2). We 
describe a smaller semicircular notch existing in the stress field K,,60 of the notch tip of a larger 
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Figure 4.3 Analytical solution for interacting two circular holes [1] 


notch, as in Figure 4.6. As the stress concentration factor Kj, of the smaller notch is K,. ~3 fora 
single notch, the approximate stress concentration factor K; for the double notch is estimated as 
follows: 
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Figure 4.5 Single larger notch 
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Figure 4.6 Smaller semi-circular notch existing at the tip of a larger notch 
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However, this estimation is thought to be a little higher than the exact value, because the 
stress distribution in the neighborhood of the bottom of the larger notch decays quickly from 
the maximum value to smaller values into the interior of the plate, as shown in Figure 4.5. Con- 
sidering a= R/10 in this case, it may be more reasonable to assume that the smaller notch exists 
in the stress field at y&R+ 0.5a2R+R/20 on the y axis. In order to apply this idea, we sub- 
stitute r=a+a/20 and 0=a/2 into og of Equation 1.1 and can estimate the value as 


69 &2.7209. Thus, a more probable value than K; = 9 is estimated as follows: 


K, 22.72x3 =8.16 
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Figure 4.7 


Solution 2 Application of the equivalent ellipse is another method. Considering p=a, 


t=R+a in Figure 4.7, 
R+ 
B14)" 
a 


=142Vi1 
~7.63 


If we use FEM for the analysis of the problem of Figure 4.4, we can obtain K, £7.37. 

As estimated in the above discussion, the stress concentration K, of a double notch does not 
exceed the product of the stress concentrations for two notches, K,, x K;. It is useful to note 
K,, X Kj. as the upper bound of the estimated value. 

Figure 4.4 is only one example of double notches. Although other various combinations of 
double notches such as a V-notch + semi-circular notch, or a notch + crack can be assumed, 
the basic way of thinking is the same and must be understood correctly. 

It is useful to check the results of FEM analyses every time from the viewpoint of this way of 
thinking, because it will be helpful to avoid simple mistakes by computer analyses. 


4.2 Interaction Effect which Mitigates Stress Concentration 


In the configuration of two holes, as in Figure 4.8, the stress concentration by interaction effect 
is lower than that for a single hole. This nature can be understood by referring to Figure 4.9. If 
we assume that the hole having a center at O> (the second hole) does not exist, the stress o, * in 
the neighborhood O3 is lower than op due to the influence of the hole having a center at O, (the 
first hole). Especially, the stress at the contact point with the first hole is 0. This stress can be 
estimated by Equation 1.1. If the second hole exists in a stress field lower than oo, the stress 
concentration should be lower than K; = 3. On the other hand, as the existence of the second 
hole influences the stress concentration of the first hole, the value of o,* should be lower than 
the value calculated simply by Equation 1.1. Thus, an interaction like this case decreases the 
stress concentration. Figure 4.10 shows the analytical solution for this problem [1]. 

Other similar examples of the interaction effect are shown in Figures 4.11 and 4.12. 

Regarding the influence of surface roughness on fatigue strength, a rough surface has in gen- 
eral a higher stress concentration and is more detrimental. Nevertheless, it must be noted that 
there are some exceptional cases, if we pay attention to the interaction effect of roughness. 
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Figure 4.9 
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Figure 4.10 Analytical solution for interacting two circular holes [1] 
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When the roughness is extensive, the pitch of each rough part is dense and the stress concen- 
tration is small. On the other hand, when the roughness is limited, the isolated roughness causes 
a large stress concentration. Therefore, a large isolated scratch [2, 3] among a few areas of 
roughness results in a large influence on fatigue strength. Table 4.1 and Figures 4.13 and 


4.14 show experimental data for understanding these phenomena. 
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Figure 4.11 Interacting two edge notches 
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Figure 4.12 Growth of thermal cracks 


Table 4.1 Roughness of artificially introduced surface roughness, notch pitch and hardness of materials 
[4]. Source: Murakami 2002 [4]. Reproduced with permission of Elsevier 


Specimen! Max. height Average depth Notch pitch Vickers hardness HV 
Ry (um) Amean (uM) 2b (um) (kgf/mm’) 
100A 27.3 14.5 100 180 
150A 66.4 37.5 150 180 
200A 74.0 53.3 200 180 
150QT 20.5 13.0 150 650 


"A =annealed specimen, QT = quenched and tempered specimen 


As explained, we must understand the nature of the interaction effect in stress concentration 
for the prevention of fatigue failure. 

For reference in understanding the effect of surface roughness, analytical examples of the 
relationship among a number of surface notches, pitches and stress concentrations are shown 
in Figures 4.15 and 4.16 and Tables 4.1 to 4.5 [5]. 


4.3 Stress Concentration at Bolt Threads 


Bolts have spiral threads. As the groove of the thread turn around once, a notch having the 
same shape appears every time on the same section. This situation is analogous to the 
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Figure 4.13 Periodic artificial surface notches to imitate surface roughness: transverse section of 
cylindrical specimens [4]. Source: Murakami 2002 [4]. Reproduced with permission of Elsevier 


interaction problem of an array of notches in Figure 4.15. The difference between Figure 4.15 
and the bolt problem is that the loading in the case of bolts is not a remote tensile stress but a 
tension generated by fastening a bolt with a nut. As the first approximation, the FEM analysis 
for the stress concentration of a bolt was carried out as follows. In the analysis, the spiral 
grooves were approximated by an array of V-shaped notches. Figure 4.17a shows the 
bolt—nut fastened unit. Figure 4.17b shows the tension of a bolt as a single unit. 
Figure 4.17c shows the tension of a cylindrical bar which contains periodical V-shaped 
notches with the same geometry as the thread of the bolt. The bottom of each individual 
thread has its own number to identify the location. The thread is M16 and the shape of 
the thread is expressed with the following parameters of the root radius p at the bottom of 
groove, the notch depth ¢ and the notch open angle 2a: 


p= 0.25 mm, t= 1.27mm, 2a= 60° 


600 
10% error 
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Predicted fatigue limit  %w(pre) (MPa) 


E P: Electro-polished after emery paper finish 
Notch: Machining notch to E P specimen 


Figure 4.14 Relationship between predicted fatigue limit and experimental fatigue limit [4]. The fatigue 
limit for a constant hardness is lowest for the specimen with single notch. However, residual stress must be 
always considered in the surface roughness effect on fatigue. Source: Murakami 2002 [4]. Reproduced 
with permission of Elsevier 


Figure 4.15 Interaction effect of semi-elliptic notches in an semi-infinite plate [5]. N: Number of notches. 
Source: Murakami 1996 [5]. Reproduced with permission of The Japan Society of Mechanical Engineers 


Ciae= 3.0653 Oxc0 Omax = 2.7235 Oxx~ Omax = 2.7235 Oxon 
85.7° 85.7° 


(c) 


Figure 4.16 Maximum stress and its location for plural semi-circular notches existing at a semi-infinite 
plate under tension (b/a= 1, a/d= 0.6) [5]. (a) A single notch. (b) Twin notches. (c) Three notches; the 
stress concentration for the central notch is fairly decreased compared with the case of a single notch. 
Angles in this figure show the location of the maximum stress. Source: Murakami 1996 [5]. 
Reproduced with permission of The Japan Society of Mechanical Engineers 
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(a) (b) (c ; 
Bolt :M16 Bar with array of 
Thread root Nut Thread root Bolt :M16 V-notches’ 
No.6 
Nos P16 
No $13.46. 1.27 
Nol 
No.-1l Fastened . No.2 
be component | Continuous a=30° 
Not V-notches 
Nee No.1 
$28 Nut 
F=26kN F=26KNP |7f 
A 
Cylindrical 
Bolt :M16 bar with same Shape of thread 
shape notches (Same in (a)-(c)) 
100 E ay 100 as M16: 
Fastened 
F=26kN F=26kN 


Bolt :M16 


Figure 4.17 (a) Bolt-nut fastened unit. (b) Single bolt unit. (c) Cylindrical bar with array of the same 
V-shaped notches as an M16 bolt 


Therefore, the basic stress concentration factor K; for a single thread groove is estimated by 
the concept of an equivalent ellipse as follows: 


1.27 


0.25 


~ 


5.5 


K,214+2 


Although the interaction effect of an array of thread grooves may act to decrease the stress 
concentration in a case of simple tension, the situation in the bolt—nut fastened unit is very dif- 
ferent from a case of simple tension. The stress concentration for a bolt—nut fastened unit 
reaches K, = 4.75 at the bottom of the first groove (No. 1) from the mating end between the 
nut and bolt. The value is not sufficiently decreased in comparison with the stress concentration 
factor K, = 5.5 fora single V-shaped notch (Figure 4.18). Thus, in the case of bolt—nut units, the 
mitigation of stress concentration simply due to an interaction effect cannot be expected. 

It must be noted that fatigue failures in bolt—nut units often occur due to an increase in stress 
amplitude caused by loosening the fastening force rather than the simple mistake of estimating 
the stress concentration. 
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(a), —@— Bolt-nut fastened system 
(b), ------ Bolt only 


Stress concentration factor K, 


(c)y— O- Cylindrical bar with continuous V-notches 
with the same shape of thread 
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Location of notch in individual thread 


Figure 4.18 Stress concentration factors K, at the bottom of a groove for a bolt—nut fastened unit, a 
single bolt and a periodical array of V-shaped notches 


Problems of Chapter 4 


1. Determine the stress intensity factors for the following cases. 


(1) Figure 4.19a: 
(a) Kjg at point B and Kjp at point D for b/a= o. 
(b) Kjp at point B and Kjp at point D for b/a— 0. 


(a) (b) 


Y 


Figure 4.19 
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(2) Figure 4.19b: 

(a) Ky at point B for b/a= ow. 

(b) Ky at point B for b/a— 0. 

2. Figure 4.20a and b shows two kinds of specimens which were actually used for a tension— 

compression fatigue test. The specimen in Figure 4.20a often fractured from the corner at 
the grip. Then, the shape was modified as the specimen in Figure 4.20b, which contains a 
shallow notch beside the grip corner and fatigue fracture from the corner at the grip was 
avoided. Explain the reason why fatigue fracture was avoided by the shape of the specimen 
in Figure 4.20b. 


Figure 4.20 Shape of two types of tension—compression fatigue specimen (unit: mm). (a) Specimen 
shape before modification. (b) Specimen with a shallow circumferential notch beside the corner of the grip 


3. Figure 4.21 shows an array of three circular holes along the x axis of x—y coordinates in an 
infinite plate. Answer the following questions. 


Figure 4.21 


(1) When the plate is subjected to remote stress (6, = 69 > 0, oy = 0, Ty = 0), judge which 
6, at point Bo or B, is larger and explain the reason. 

(2) When the plate is subjected to remote tensile stress (6, = 0, 0) = 69 >0, Try = 0), judge 
which o, at point Ao or A, is larger and explain the reason. 

(3) When W->2a and the plate is subjected to remote tensile stress (o,=09>0, 
0) = 60, Try = 0), estimate the stress o, at point Aj. 
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Notch Effect and Size Effect in 
Fatigue: Viewpoint from Stress 
Concentration 


Fatigue cracks mostly initiate at sites of stress concentration. Notches and holes decrease the 
fatigue strength of structures. This phenomenon is called the fatigue notch effect. However, it is 
difficult to avoid notches and holes, which are in general necessary for the function of struc- 
tures. Thus, evaluation of the notch effect is very important for the prevention of fatigue frac- 
ture. Although many theories have been proposed on the fatigue notch effect [1-4], the notch 
effect and the size effect in fatigue are regarded as difficult problems for most strength design 
engineers to understand. The fundamental aspects of this problem will be explained clearly in 
this chapter. 

The size effect in fatigue means the difference in fatigue strength depending on the size of the 
components. Geometrically similar structures have an identical stress concentration factor. It 
follows that the maximum stress 0,,,, becomes the same value under the same nominal stress. 
However, geometrically similar structures in general have different fatigue strengths, depend- 
ing on the size of these structures. Thus, it must be noted that the difference in fatigue strength 
cannot be explained only by the stress concentration factor K,, namely by the maximum stress 
Omax at the tip of notches and edge of holes. In order to understand the notch effect and the size 
effect in fatigue, we must pay attention not only to the maximum stress Oya at the notch root 
but also to the stress distribution in the neighborhood of the notch root. 

First, let us compare the maximum stress ox and the stress distribution o, for two circular 
holes (Figure 5.1). The size of the circular hole of Figure 5.1a is smaller than that of Figure 5.1b. 
The maximum stresses for the circular holes in Figure 5.1a and b are identical, that is 3 OY 6 
under the identical remote stress oy ,,. However, the stress distributions along the x axis are 
completely different. The stress distributions for Figure 5.la and b are compared in 
Figure 5.2. Although the maximum stresses are 3 oy, for both cases, the stress distribution 
is higher for Figure 5.1b than for Figure 5.1a. 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
© 2017 John Wiley & Sons, Ltd. Published 2017 by John Wiley & Sons, Ltd. 
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Figure 5.1 Two geometrically similar circular holes. (a) Stress distribution o, for a circular hole. 
(b) az = 2a, 


Omax = 3Oy00 


Figure 5.la @ a 
Figure 5.1b 


20 yo | 


Figure 5.2 Distribution of o, along the x axis 


The same situation occurs also in elliptic holes, as shown in Figures 5.3 and 5.4. The two 
elliptic holes in Figure 5.3a and b have the identical aspect ratio b/a = 0.5 and are geometrically 
similar. Based on the aspect ratio b/a= 0.5, the maximum stress Ox at the end of the major 
axis is identical regardless of the absolute size of the elliptic holes (a, b) and is expressed by the 
following equation: 


2 
Cymax = (1 + >) Oy 00 = SO yoo (5.1) 
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Figure 5.3. Two geometrically similar elliptical holes, K, = 5. (a) ay = 2b,. (b) dy = 2a), by = 2b, 


Figure 5.3a 


ww 


Figure 5.4 Distribution of o, along the x axis 


However, the stress distributions for the two elliptic holes are completely different, as shown 
in Figure 5.4. 

Let us pick up another problem related to notch effect. As shown in Figure 5.5, we compare 
two notched components (A and B) with different notch shapes, notch sizes and remote stres- 
ses. We assume that the stress concentration factors K,, and K;g are different and the remote 
stresses oy,, and oy, are also different but these values satisfy the relationship 
Kia 0y .,, = K1By .on- In this case, the stress distributions in the neighborhood of the notch root 
are different for these two notches, as shown Figure 5.5. 
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Figure 5.5 Two notches having an identical maximum stress at their notch tip 


In all three cases (Figures 5.2, 5.4 and 5.5, as explained above), the maximum stresses Ojmax at 
the notch root are identical but the stress distributions are different. It is easy to judge which 
stress distribution decreases more fatigue strength. Naturally, the stress distribution having a 
higher value near the notch root is in a more severe condition. Thus, the discussion from 
the viewpoint of relative and qualitative comparison is simple. However, it is not necessarily 
easy to predict fatigue strength quantitatively and accurately. The following two points are at 
least to be noted as the fundamental factors for the notch and size effects. 


1. Regarding geometrically similar components containing notches, the fatigue strength of lar- 
ger components is lower than that of smaller components. 

2. Regarding geometrically dissimilar components containing notches with identical max- 
imum stress Omax at the notch root under different external loading, the fatigue strength 
is lower for the notch having a higher stress distribution near the notch tip. 


Figure 5.6 shows the relationship between the fatigue limit o,, and diameter d of a small hole 
introduced on the surface of specimens [5, 6]. All the small holes are geometrically similar and 
the sizes are sufficiently smaller than the diameter of the specimen (10 mm). Thus, the stress 
concentration factor K, for each hole is equal regardless of hole diameter, K,=2.0 (see 
Figure 3.6). Nevertheless, as shown in Figure 5.6, the fatigue limit o,,, decreases with increasing 
hole diameter. This result agrees with the content of item | listed above. In conclusion, it must 
be noted that the design method of fatigue limit based only on stress concentration leads to 
simple mistakes. In this context, it is necessary from the above discussion to find the solution 
for cases in which the maximum stresses 6,,,x at the notch root are different and at the same time 
the stress distributions are also different, as shown in Figure 5.7. Figure 5.7 shows that the max- 
imum stress 6max at notch B is higher than that at notch A. However, the stress o, at some dis- 
tance from the notch root is higher for notch A than for notch B. In these case, the situation is 
more complicated and it cannot be simply concluded ‘Notch B is more detrimental than 
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Figure 5.6 Hole diameter and rotating bending fatigue limit [5, 6] 
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Figure 5.7 


notch A.’ In order to solve this problem, not only the analysis of stress distribution but also ‘the 
experimental data on the material in question’ is necessary. 

If only two mechanics factors of stress concentration and stress distribution are the major 
factors to be considered, the size effect includes the same substantial content as the notch effect. 
However, if the materials contain defects and the defects have a statistical scatter, the size effect 
becomes more complicated. The reason is that large structures have a higher probability than 
small structures of containing large defects [7, 8]. 
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Figure 5.8 (a) Nonpropagating crack observed at the root of sharp notch after 10’ cycles of rotating 
bending fatigue (0.45%C steel) [10]. Source: Murakami 1986 [10]. Reproduced with permission of 
The Japan Society of Mechanical Engineers. (b) Nonpropagating cracks observed at the edge of 
drilled small hole (annealed 0.45%C steel) [11]. These cracks are called nonpropagating cracks and 
they do not grow by additional stress cycles. Source: Murakami 1983 [11]. Reproduced with 
permission of The Japan Society of Mechanical Engineers 


In the case of a sharp notch, the critical condition of the fatigue limit is determined by the 
nonpropagation of a fatigue crack emanated from a notch (see Figure 5.8). These cracks are 
called nonpropagating cracks. This peculiar phenomenon makes the discussion on notch effect 
and size effect more complicated. However, the existence of a nonpropagating crack at the 
fatigue limit is an experimental fact not to be denied and the nature of nonpropagating cracks 
must be understood for safe fatigue design. When fatigue strength is determined by the con- 
dition of fatigue crack nonpropagation, one quantitative solution is to pay attention to the 
threshold stress intensity factor range AKy, [12, 13]. 


Problem of Chapter 5 


1. When the fatigue limit o,, for the case of Figure 5.9a is o,, = 300 MPa, estimate the fatigue 
limit o,,’ for the case of Figure 5.9b, assuming that the materials are identical for 
Figure 5.9a and b. 
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Figure 5.9 Notch at the edge of a semi-infinite plate. (a) Semi-circular notch (notch root radius 
pP1 =5 mm). (b) V-shaped notch (p2 = p;, t = 471) 
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Stress Concentration in Plate 
Bending 


In this chapter, the stress concentration at a hole contained in a thin plate is considered. The 
expression of thin plate has a relative meaning. If the thickness of a plate is sufficiently thin 
compared to the size of the radius of a hole or notch root, the classical theory (or the Kirchhoff 
theory [1]) can be applied with practically sufficient accuracy. Although the expression of suf- 
ficiently thin is ambiguous, in general the difference in one order of the dimension may be 
assumed. Namely, if the plate thickness h is about the order of 1/10 of the radius R of a hole, 
the accuracy of the solution by the classical theory is practically sufficient. However, even if so, 
the question that the solution for the case h/R=1/5 is useless, is not appropriate. Such a solu- 
tion will be valid as a useful estimation. If h and R is comparable, such problems should be 
treated as a 3D problem. Thus, it must be noted that the absolute dimension of plate thickness 
and the absolute size of holes and notches cannot be the criterion for the application of the 
theory. 


6.1 Stress Concentration at a Circular Hole in a Wide Plate 
Under Bending 


This problem can be solved by the classical theory (or the Kirchhoff theory) as 2D plane stress 
problems. 

Let us pick up a problem like Figure 6.1 in which a plate is subjected to remote bending 
moment Mo. Mo is the bending moment applied per unit length of the plate. Therefore, the stress 
concentration is defined by the maximum bending moment M,,,x at the edge of hole on the 
basis of the remote bending moment Mo. 

The maximum bending moment Mnax in the problem of Figure 6.1 occurs at 9= + 1/2 of the 
edge of the circular hole. The moment concentration factor K;(=Mmax /Mo) at point B is given 
by the following equation. 
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Figure 6.2 Definition of bending moment 


_5+3v 
~ 34y 


(6.1) 


t 


The maximum tensile stress at point B occurs on the bottom surface and the maximum com- 
pressive stress occurs on the upper surface. As the bending moment is defined as the quantity 
acting on the section with thickness / and width /, as shown in Figure 6.2, the maximum stress 
is calculated by dividing the moment with the section modulus h/6. Thus, the maximum tensile 
stress at point B o;ax is expressed as 


Mo 6Mo 
Omax = Kay =KiT (6.2) 
6 


Therefore, in the plate bending problem of Figure 6.1 with bending moment Mp, the stress at 
the central section (neutral section) is 0, the stress on the bottom surface is tensile and the stress 
on the upper surface is compressive. The bending moment M at points 0 = 0, x of the edge of the 
circular hole is given as: 


l-v 


= M 
Say ° eS) 
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Figure 6.3 Stress concentration at elliptical hole in plate bending 


Likewise of 2D plane stress problems, this value can be used extensively by the application 
of the principle of superposition. 


6.2 Stress Concentration at an Elliptical Hole in a Wide Plate Under 
Bending 


The moment concentration factors at points A and B for the problem of Figure 6.3 are given as 
follows [2, 3]. 


2(1+v)b 
Kit ae on) 
l-v 
1 re ee 6.5 
A= (6.5) 


For a=), the values of Equation 6.4 naturally coincide with those of Equation 6.1. As seen in 
Equations 6.3 and 6.5, the bending moment M at point A is independent of a and D. It is inter- 
esting to note that this nature of stress concentration is the same as 2D plane stress problems. As 
shown in various examples of 2D plane stress problems, Equations 6.1—6.5 can be applied to 
various practical problems of plate bending. Naturally, the principle of the concept of equiva- 
lent ellipse can be used. 


Problems of Chapter 6 


1. Determine the maximum stress at the edge of a circular hole existing at the center of a wide 
square plate which is subjected to pairs of concentrated forces P at the four corners of the 
plate, as shown in Figure 6.4. 

2. Determine the stress at the edge of a circular hole existing at the center of a wide circular 
plate which is subjected to bending moment M per unit length of the periphery, as shown in 
Figure 6.5. 
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P 


Figure 6.4 Circular hole at the center of a square plate (a << W, h << a) 


Figure 6.5 Bending of a wide circular plate containing a circular hole at the center (a << b, h << a) 
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Relevant Usage of Finite Element 
Method 


7.1 Fundamentals for Element Meshing 


Nowadays it is very common to use the finite element method (FEM) for the analysis of stress 
concentration. However, to the author’s knowledge, no basic way of thinking about the relevant 
element meshing for strength analysis has been shown. Element meshing must be carried out by 
considering the basic nature of stress and strain concentration at notches. Otherwise, misjudg- 
ments based on wrong FEM analytical results are made on strength evaluation. 

This chapter provides a guide for the accurate analysis of stress concentration and explains 
the basic method for element meshing related to strength evaluation, such as size effect and 
notch effect. The way of interpretation of the analytical results will be also explained. 

First of all, let us study the analysis of the stress concentration for a circular hole in a wide 
plate (Figure 7.1a). Figure 7.1b shows an example of mesh pattern at the area of stress 
concentration. 

In Figure 7.1, the size of one side of the triangular element at maximum stress is assumed by 
s. The basic way of thinking explained in the following is the same also for other types of elem- 
ents such as quadratic elements or elements with a higher freedom. In FEM analysis, a concrete 
value such as a and s is given for the radius of circular hole and the minimum mesh size. How- 
ever, it does not have a special meaning, because even if values 10 times larger or one-tenth 
smaller are given for a and s, the stresses obtained by FEM are identical. Such a basic nature of 
FEM is not necessarily understood by many students and researchers when they begin to use 
FEM. Although it is natural that the result of FEM analysis is influenced by the way of meshing, 
the result is not influenced by the absolute value of the element size. In the example of 
Figure 7.1b, the results are determined by the relative size of s to a. Namely, the results for 
a=10mm and s=1 mm are the same as those for a= 1m and s= 10cm. 

In the case of elliptical holes and notches too, as in Figures 5.1 to 5.7, the maximum stress is 
influenced by the mesh pattern at the notch root. The important point is to understand that the 
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(b) 


y 


vvy 


Figure 7.1 FEM analysis of stress concentration at circular hole and mesh pattern. (a) Problem of stress 
concentration. (b) Mesh pattern at stress concentration 


value is determined not by the absolute value of s but the relative size compared to the notch 
root radius p. 

It follows that, when we compare the results of FEM analyses of stress concentration for 
variously sized holes and notches, we need to ‘keep the minimum size of element s at the notch 
root as an identical value relative to the notch root radius p’. If we need to compare accurate 
values by FEM analysis for several problems, it is necessary to decrease s/p while keeping the 
ratio s/p identical for individual problems. 

This problem is explained from the nature of the analytical solution as follows. If the dis- 
tribution of stress og (namely o,) along the x axis in the problem of Figure 7.1 is expressed 
by normalizing the distance x by a, the normalized curves become identical for any circular 
hole with different sizes (Equation 1.2). As the stress concentration factor K, for general circular 
holes and notches can be approximately expressed by this form: 


t 
Ky142,/e 
p 


the most influential geometrical factors which control stress concentration factors are the notch 
depth ¢ and the notch root radius p. As we studied the concept of the equivalent ellipse in 
Chapter 1 of Part I, K, is scarcely influenced by small differences in the local shape of a notch 
in the depth direction under the condition of identical notch root radius p. Therefore, it is 
important in general to perform FEM analysis of notches by paying attention notch root radius 
p in meshing elements. 


7.2 Elastic—Plastic Analysis 


How should we treat the elastic—plastic analysis of geometrically similar circular holes having 
different sizes, as shown in Figure 7.2a and b? In elastic—plastic analysis, in general the stress— 
strain relationship (so-called constitutive equation) like Figure 7.3 is assumed. We assume that 
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Figure 7.2 (a) a, =a. (b) ad) = 10a, sy = 10s, 


Figure 7.3 Stress—strain relationship 


Figure 7.2b has a size 10 times larger than Figure 7.1a and the mesh sizes are geometrically 
similar (s, /a, =5s2/az) for Figure 7.2a and b and the remote stresses Oy are 6, identical for 
Figure 7.2a and b. We assume also that several elements in the area near the maximum stress 
satisfies the yielding condition and are in the elastic—plastic region. In this state, if we compare 
the results of FEM analysis for the minimum elements A, and Ag, the stresses and strains 
become identical for Figure 7.2a and b. This nature is the same as explained about elastic ana- 
lysis. However, can we say that if the elastic stress concentrations factor are identical, the stress 
and strain concentrations in elastic-plastic condition are also identical for both the circular 
holes? Actually this is not the case, because the yielding phenomenon and plastic deformation 
are influenced by the absolute size of the area in question. 

Even if yielding does not occur in the case of Figure 7.2a, yielding and extension of plastic 
zone can occur in the case of Figure 7.2b. The reason for the difference is that even if the elastic 
maximum stresses are identical for Figure 7.2a and b, the stress gradients and stress distribu- 
tions are different (see Chapter 5 of Part II). This phenomenon is related to the problems of the 
notch effect and the size effect in fatigue. 
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How can we compare the difference of actual plastic deformation behaviors for two prob- 
lems such as Figure 7.2a and b? One method is to change the element meshing in Figure 7.2b 
not with a geometrically similar relationship in the minimum size of the element of Figure 7.2b 
as in Figure 7.2a but with an identical element size for Figure 7.2b with Figure 7.2a. For 
example, even if the minimum size of the element is the order of one grain size and yielding 
does not occur in Figure 7.2a, yielding over the area of one to several grains may occur in 
Figure 7.2b. In order to make such a comparison of yielding, it is important to determine 
the size of the minimum element so that the accurate stress concentration can be obtained 
by the elastic analysis of Figure 7.2a. In general, the size of the minimum element should 
be about 1/10 of the notch root radius p or less. Such a fundamental knowledge of the 
elastic—plastic analysis is very important for the application of FEM to strength analysis. 

Although it may seem that the way of thinking described above is contradictory to the basic 
policy of meshing described in Section 7.1, there is no contradiction because the basic rule in 
elastic analysis is applied to comparison of stress concentrations for several notches and the 
basic method of meshing element for elastic—plastic analysis is applied after the accurate elastic 
analysis is attained. 


7.3 Element Meshing for Cracks and Very Sharp Notches 


Proceeding with the way of thinking described in the previous section to the limiting cases, we 
become aware of the absence of a basic size parameter for the minimum element size in the case 
of notch root radius p = 0 and cracks. For example, in the case of notch root radius p = 0 at sharp 
notches and corners, such as Figure. 7.4a—c, higher stress can be obtained by refining the mesh 
size at the notch root. In these problems, it is a typical misunderstanding to think that the cal- 
culation with a sufficiently small mesh will guarantee an accurate result. As the tip of these 
sharp notches is a singular point, unlimited mesh refining results in divergence of the exact 
elastic solution and the stress at tip of notch becomes unbounded. Therefore, a special method 
is necessary to consider the singularity of stress distribution as well as the FEM analysis of 
cracks, as shown in Figure 7.5. However, in actual machine components and structures, the 
notch root radius p produced by machining is not p= 0, even in the notches and corners of 


(a) (b) (c) 
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Figure 7.5 Crack as the limit of sharp notch (stress singularity: 7°°*) 
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Figure 7.4a—c, and has a finite value. In such cases too, in general the stress concentration factor 
K, can be expressed in the following form: 


t 
K=C14Cay/- (7.1) 
p 


Thus, we have to consider how large an influence a very small p gives to K;,. If K; in these 
cases exceeds 10, cracks will initiate very easily at the stress concentration site even under low 
remote stress. Accordingly, it is necessary to take measures against structural failure by assum- 
ing the existence of a crack at such a stress concentration site. It should be recognized that the 
strength design for a notch root radius p close to 0 is essentially against the common sense of the 
strength of materials [1, 2]. However, if a crack exists from the beginning, the nature of a stress 
singularity must be considered for element meshing. In order to pick up the behavior of a sin- 
gularity in stress distribution for cracks and sharp notches, very fine element meshing has to be 
made until the singularity can be deduced from the calculated results. After confirming the sin- 
gularity behavior in a log-log plot of stress o and distance r from the crack or notch tip, the stress 
intensity factor K or the singularity factor y (singular eigen value) of r~* is determined. 

As already explained in Chapter 2 of Part II, the stress distribution near the crack tip has a 
singularity of r~°>. If the notch root radius p at the notch tip is p= 0, as in Figure 7.4, in general 
the stress distribution has a singularity of the following form: 


oxr’ (7.2) 


The value of the singularity factor 4 are different depending on the open angle @ of notches 
and the values are summarized in Table 7.1 and Figure 7.6 [3-5]. Since 2= 0.456 even for 
P= 90°, if notch root radius p is p= 0, these notches may be regarded actually equivalent 
to a crack for wide range of @. 


Table 7.1 Relationship between notch open angle (Figure 7.6) and eigen value i (free boundary 
condition [3—5]) 


Deg.) A Deg.) A Deg.) A 

0 0.500000 

5 0.499994 65 0.484288 125 0.366960 
10 0.499948 70 0.480145 130 0.347730 
15 0.499822 75 0.475276 135 0.326417 
20 0.499574 80 0.469604 140 0.302835 
25 0.499164 85 0.463046 145 0.276782 
30 0.498548 90 0.455516 150 0.248025 
35 0.497678 95 0.446921 155 0.216302 
40 0.496509 100 0.437161 160 0.181304 
45 0.494990 105 0.426131 165 0.142669 
50 0.493068 110 0.413722 170 0.099956 
55 0.490684 115 0.399810 175 0.052629 


60 0.487779 120 0.384269 180 0.000000 
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Figure 7.6 Variation of eigen value with open angle for sharp notch at free boundary of 2D plane stress 
problems [3-5] 


Problems of Chapter 7 


1. When a plate containing a circular hole as in Figure 7.7 is analyzed by FEM, explain the 
reason why the stress distribution (and stress concentration factor K,) is independent of 
Young’s modulus F and Poisson’s ratio v. 


Figure 7.7 


2. When a plate containing a circular hole as in Figure 7.8 is analyzed by FEM, explain the 
reason why the stress distribution (and stress concentration factor K,) is dependent on 
Young’s modulus F and Poisson’s ratio v. 
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Material having 
different E and v 


Figure 7.8 


3. Figure 7.9a shows a central crack contained in a rectangular plate under tensile stress oo at 
the plate ends. Figure 7.9b shows the element meshing near the crack. The size s of the 
minimum element is 1/10 of half the crack length c. 


(a) 


ttt 


(b) 


Figure 7.9 (a) a/W=0.5, L/W = 2.75. (b) Element meshing near crack tip; s/c = 0.1, triangular constant 
strain element 


The stress intensity factor for this crack was obtained by M. Isida [6] as follows: 
K,=1.18700\/ace 


The stress 6, ;j, at the crack tip element (gray-colored element) is determined by FEM as 
follows. 
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Figure 7.10 Crack emanating from circular hole. c/a= 0.375, a/W=0.4, (a+c)/W= 0.55, 
L/W = 2.75 


Oy tip = 4.0400 
Next, the problem of Figure 7.10 was solved by FEM. The element meshing near the crack 


tip was made completely the same as Figure 7.9b. In this analysis, the stress o,,,;, at the 
crack tip element in the y direction was calculated as: 


Oy tip = 9.1560 


In the next step, the stress distribution for the plate of Figure 7.10 which contains only the 
circular hole without crack was calculated with the same element meshing. In this analysis, 
the stress o,* in the y direction at the same element as the element at the crack tip of the 
previous problem was calculated as 


a = 1.9600 


Based on the above data, determine the stress intensity factor in terms of the correction 
factor F, in the following form for the crack of Figure 7.10. 


Ki = Fjoo\/a(atc) 
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Hollow Cylinder Subjected 
to Internal or External Pressure 


8.1 Basic Solution 


Although the problems of circular hollow cylinder under internal and external pressure 
(Figure 8.1) are not directly related to the problem of stress concentration, the solution is useful 
for the analysis of practical problems of stress concentration. 

The solution for this problem is given by the following form [1] (see Chapter 6 of Part I). 


C 
or=Ci +> er 
i (8.1) 
69=Ci-— 
r 


C, and C, are constants to be determined by the boundary conditions at r=a and r=b. 
For internal pressure p; and external pressure p,, C; and C2 are determined from the follow- 
ing boundary condition. 


0,= —p; atr=a 
O9= —Po atr=b 


Thus, C, and C> are determined as follows: 


F 2 b 
Get! Po 
bea 
ae (8.2) 
Cc = 0-Pi 
2 pri 
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Figure 8.1 Hollow circular cylinder 


Sy 


Figure 8.2 Small crack at inner wall of hollow cylinder with internal pressure p(c <a) 


If only internal pressure acts and external pressure is 0, we simply put p, = 0. If internal pres- 
sure is 0 and only external pressure acts, we put p;= 0. 


8.2 Crack at Inner Wall of Hollow Cylinder Under Internal Pressure 


When a small crack exists at the inner wall of a hollow cylinder under internal pressure p, as in 
Figure 8.2, the method of determination of the stress intensity factor Kj will be explained. 

When the small crack is absent, the tensile stress acting in the circumferential direction at the 
prospective location of the crack is approximately expressed by Equation 8.3 (put r=a, p;=p, 
Po = 9 in Equations 8.1 and 8.2; see also Equation 8.10): 


+a 


Baa? ca 


0g= 


This situation can be imagined as the illustration in Figure 8.3. If we regard Figure 8.2 is 
equivalent to Figure 2.9, Kj may be estimated by the following equation. 
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Figure 8.4 Tensile stress at inner wall of hollow cylinder 


b+a’ 


However, it must be noted that there is an important difference between the problems of Fig- 
ures 8.2 and 2.9. In the problem of Figure 8.2, the tensile stress og acts at the inner wall and at 
the same time the inner pressure p acts on the crack surface. Therefore, the actual situation is not 
like Figure 8.3 but can be modeled as Figure 8.4, in which the effect of the inner pressure on Kj 
is considered. 

Consequently, the stress intensity factor Ky for the crack of Figure 8.2 can be estimated as 
follows. 


Kj = 1.12-(09+ p)/ae 


+a 


For the structural integrity of high pressure machine components which may contain small 
scratches and crack-like defects, the effect of inner pressure p on the stress intensity factor must 
be taken into consideration in addition to the circumferential stress og at the inner wall. 

If defects at the inner wall are not like cracks but have a notch-like shape, the effect of the 
inner pressure p acting on a notch is a little different from a crack. This problem will be treated 
in Section 8.4. 


8.3 Shrink Fit Problems 


The solution for the problem of Figure 8.1 (Equation 8.1) can be applied also to shrink fit 
problems. 
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Figure 8.5 Shrink fitting of a solid disk into a hollow cylinder. (a) Before shrink fit. (b) After shrink fit 


As shown in Figure 8.5a, let us determine the stress which occurs by shrink-fitting a disk with 
radius a; into a hollow disk having inner radius a, and outer radius b. 

It is assumed that two disks have the identical Young’s modulus E and Poisson’s ratio v. 
There is a slight difference between the outer diameter of the disk and the inner diameter of 
the hollow circular disk as a; >a2. The nominal sizes of a, and az are aj ~a, ay =a; and 
the difference of the diameters 2a;-—2a7 =6 is termed the shrink fit clearance. The standard 
value of 6 is about 3/1000 of diameter 2a. As a, is larger than a, shrink fit is performed by 
heating and expanding the hollow circular disk, followed by fitting disk A into disk 
B when the inner diameter of B becomes larger than the diameter 2a, of A. The stress after 
cooling to the ambient temperature can be determined by using Equation (8.1) as follows. 


Solution 1 After shrink fit, the outer diameter of A is slightly decreased and the inner dia- 
meter of B is slightly increased. The shrink fit clearance 6 is the sum of the decrease 6, in 
the diameter of A and the increase 63 in the inner diameter of B. Namely, 


d=6 +65 (8.6) 


The disk A is subjected to an external pressure. In this state, the stresses o,, og and other 
stresses inside disk A are equal everywhere in all directions (see Appendix A.1.4 of Part I 
or Example problem 1.1 of Chapter | in Part I). Thus, denoting the outer pressure by p, the 
stresses inside A become everywhere as follows. 


oe (8.7) 
0g=—-P 


Therefore, 6, is calculated with the strain ¢g at the periphery of disk A (strains are equal 
everywhere inside A) by the following equation (note that not €, but €g is used): 


=PUD 94 (8.8) 


1 
6; =2aléo|,,.., =2a|—(09—-vo;) 


rm 
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Likewise, 62 is calculated by the stress state at the inner wall of B as follows: 


1 
52 = 2aeg = 2a (69-Vo,) (8.9) 


o, and 6g at r=a are given by Equations (8.1) and (8.2) as follows: 
Or=—-p 


pee (8.10) 


od leat Ts PE 


Hence, 


1 
E 
b 2 
= 20-8 || (8.11) 


2 
ot] =§ (8.12) 


eae 8.13 
p= Wp yh ( : ) 

Thus, when Young’s modulus F and Poisson’s ration v of two disks are identical, the pres- 
sure generated by shrink fitting is given by Equation 8.13 and the factors influencing p are a, b, 
d/a and Young’s modulus E. It is interesting to see that Poisson’s ratio v has no relationship 
with the shrink fit problem of Figure 8.5. 

In the above calculations, it must be noted that the absolute value of eg must be used. The 
reason is that €g < 0 inside the disk A; and if we calculate 6=6, + 62 by simply using 6; =aeég, 
then p is evaluated smaller than the correct value, because 6, is erroneously calculated as nega- 
tive and 6, is positive. This is a typical mistake. 


Solution 2 Although Solution 1 is the standard method for the shrink fit problem of 
Figure 8.5 which considers the deformations of two disks A and B, it is possible to solve 
the problem only paying attention to the deformation of disk B without treating this problem 
as a two bodies problem. The method is to start from imaging the final state of the shrink 
fitted disks. 
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Figure 8.6 Applying tensile stress oo to the periphery of disk B 


If we imagine the final state of shrink fit, disk A is fitted into disk B as if they are one disk. In 
this state, let us apply tensile stress oo to the periphery of disk B (Figure 8.6). Increasing the 
value of oo, the inner diameter of B is increased and finally disk A drops off. 

At the final moment when A drops off, the pressure between A and B becomes 0. When the 
shrink fit pressure p (compressive stress o, = —p) between A and B is reduced to 0 by canceling 
with the tensile stress applied at the periphery of B, the inner radius of B is increased by 6 from 
the initial size. Therefore, it is necessary only to determine the stress op to be applied in the 
radial direction at the outer periphery of B as a one body problem so that the inner diameter 
of B is increased by 6. At this moment, the condition o, = —p+o9= 0 at r=a is satisfied. 
The following is the calculation: 


b ab? 
Or ae (Ba) 
(8.14) 
b2 ab 
saa RT a id (Ba) 2° 
1 ‘ab? 
B= 2aey = 2u-7(00-vor) = F2a= Fy atr=a (8.15) 
Hence, 
b’-a’ 5 
= _ 8.16 
0° OP 2a re) 


This solution agrees with Equation 8.13. This solution is simpler and easier than Solution 1 
in which the calculation was done for both disks A and B. It should be noted to avoid misun- 
derstanding that in the shrink fitted state the pressure between A and B is of course compressive 
and 6, = —oo. 
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8.3.1 Shrink Fit of Shaft and Hollow Cylinder 


In actual shrink fit problems, usually A is a shaft and B is a hollow cylinder and the axial length 
of A is longer than B. In such a situation, extremely high stress concentration occurs at the 
contact ends of shrink fit. Figure 8.7 shows examples of FEM analyses for such problems. 


8.4 Other Related Problems 


This section deals with several practical problems mutually related to previous chapters. 


Example 1 Difference between a circular hole under internal pressure (Figure 8.8a) and a 
circular hole under remote uniaxial tension (Figure 8.8b) 

The circumferential stress og at the internal wall of Figure 8.8a can be obtained by putting 
b— co in Equation 8.10. 


Og=p (8.17) 


Analytical conditions 
dy/d\ = 2, Lo/L, = 0.8, Li /d, =5 
Shrink fit clearance A = d,/1000 
p=9, h/100, h/10 
Young’s modulus E = 206 GPa 
Poisson’s ratio v = 0.3 
Friction coefficient p =0 
Theoretical analysis (Lz = Li, p = 0) 
Cylinder surface 0,9 = —77 MPa, 
090 =—77 MPa, o.9=0 MPa 
Inner wall of hollow cylinder 6,9 = —77 MPa, 


600 = 129 MPa, 6.9 = 0 MPa 


Figure 8.7 Stress concentration for different lengths of cylinder and hollow cylinder. (a) Stress distribution 
at surface of cylinder. (b) Stress distribution at inner wall of hollow cylinder. (c) Stress singularity for the case 
of p=0 
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Figure 8.7 (Continued) 
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Figure 8.7 (Continued) 


Alternatively, the circumferential stress at point B of Figure 8.8b is given by 
Og= 300 (8.18) 


The distribution of o, along the y axis in Figure 8.8a is expressed by 


Ox= 00 (8.19) 


366 Theory of Elasticity and Stress Concentration 
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Figure 8.8 Comparison between circular hole under internal pressure p and circular hole under remote 
tensile stress o9 (p=o0). (a) Circular hole in infinite plate under internal pressure p. (b) Circular hole 
under remote tensile stress oo 
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Figure 8.9 Stress state near point B of Figure 8.8a 


Integrating o, from a to infinity, the resultant force acting for y>a is calculated as follows: 


| o,dy=ova (8.20) 


a 


However, in Figure 8.8b, integrating the quantity (0, —o9) for a> 0 becomes ooa. Namely, in 
Figure 8.8b, 


[ (ox—o)dy =o0a (8.21) 


a 


Thus, it can be understood easily that there should be at least a difference of op between the 
stress concentrations for these two cases. Where does the remaining og come from? 

In Figure 8.8b, the tensile stress oo in the x direction is released within y= —a~a by the 
presence of the circular hole (the resultant force in the x direction is o92a). In Figure 8.8a 
too, the resultant force o92a in the x direction is released within y= —a~a. However, in 
Figure 8.8a, the resultant force oo2a acts in the y direction within x= —a~a as well as in 
the x direction. The magnification near point B is illustrated as Figure 8.9. 

Recalling the chapters on contact stress (Chapter 13 of Part I and Chapter 13 of Part II), the 
distributed pressure produces the compressive stress o, = —p in the direction perpendicular to 
the distribution of pressure. 
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In this way, the reason why we have og = p= 0 at r=a in the problem of Figure 8.8a can be 
understand as follows: 
09 & (ox —opat point B of Figure 8.8b) — the compressive stress in Figure 8.9 


= 3090-00-00 = 00 (8.22) 


Example 2 Stress concentration of a semi-circular notch subjected to internal pressure 
(Figure 8.10) 

The problem of Figure 8.10 is not completely identical with Figure 8.8a as explained above 
on the difference between a circular hole and a semi-circular notch. However, we can note some 
common nature from a mechanics viewpoint in both the problems. Therefore, taking the ana- 
lysis for the problem of Figure 8.10 into consideration, the approximate value of the maximum 
tensile stress at the root of a semi-circular notch can be estimated as follows: 


Omax =P (8.23) 

If we analyze this problem by FEM, the maximum stress at the notch root is calculated as 

Omax = 0.73p (8.24) 

An approximate estimation like Equation 8.23 is useful to avoid simple mistakes by FEM. 

Example 3 Stress concentration of V-shaped notch subjected to internal pressure 

(Figure 8.11) 

By the same reason for the difference between parts a and b of Figure 8.8, the stress con- 
centration of Figure 8.11 is similar to Figure 8.12 but not completely the same. 

The crucial difference is that the remote stress in Figure 8.11 is 0 (Figure 8.13a) but it is og in 


the case of Figure 8.12 (Figure 8.13b). In Figure 8.13a, the resultant force calculated by inte- 
grating o, from y= ft to oo is pt for plate thickness 1, as in Equation 8.25: 


| o,dy=pt (8.25) 
t 


In contrast, the resultant force in the problem of Figure 8.13b is 


y 


Figure 8.10 
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Figure 8.11 V-notch at the edge of semi-infinite plate under internal pressure p 
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Figure 8.12 V-notch at the edge of semi-infinite plate under remote tensile stress 09 
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Figure 8.13 Difference of stress concentration between a V-notch subjected to pressure p and a V-notch 
subjected to remote tensile stress 09 (p = 00). (a) Stress distribution ahead of notch subjected to pressure. 
(b) Stress distribution ahead of notch subjected to remote tensile stress og 


Hollow Cylinder Subjected to Internal or External Pressure 369 


| 0,dy= oo. 


t 


However, the integral for the quantity only above og is finite as the following equation: 


| ° (6x-00)dy = o0+t (8.26) 


t 


The meaning of the above integral is interpreted as follows. In Figure 8.13a, if we imagine 
the right half section of V-shaped notch, it is illustrated like Figure 8.14 and the resultant force 
of the distribution of p is in equilibrium with the resultant force of o, acting along y=t~ oo. 

On the other hand, the stress distribution along y=f ~ oo in Figure 8.13b is the superposition 
of the stress distribution (0, = 00) from the edge of the semi-infinite plate without notch (y= 0) 
to y=oo with the stress distribution produced by releasing by the introduction of notch the 
resultant force 69 - t which is supported by the part of the notch before introduction of notch. 
The released resultant force is redistributed at y=f~ oo over the constant stress 6p. 

Therefore, referring the estimation methods of Example 1 and Example 2, the approximate 
stress concentration factor K; for Figure 8.13a is estimated as follows: 


t 
K,= (142)/7)—1-1 
Pp 
t 
22/1 
Pp 


For example, K; is estimated as K; = 1.83 for p= 0.5, t= 1. The value calculated by FEM 
is K,= 1.45. 

Figure 8.15 shows some other examples of comparisons between the simple estimation 
explained in the above and FEM. The accuracy of the approximation by Equation 8.27 
increases with increasing K;, (i.e. increasing the value of #/p). 

The estimation method explained above is fairly rough. The error of the estimation is caused 
by the ambiguity of the effect of the force component perpendicular to the direction of the 


(8.27) 


Figure 8.14 
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Figure 8.15 Comparison of stress concentration factor between a V-notch subjected to pressure and a 
V-notch subjected to uniaxial tensile stress: Simple estimation and FEM analysis 
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applied stress and also by the difference of the effect of a semi-infinite plate (free edge) due to 
the different shape of notches. This issue will be revealed in the following crack problems. 


Example 4 Stress concentration of a crack subjected to pressure (Figure 8.16). 

The stress intensity factor Kj for the crack in Figure 8.16 is Kj = 1.12p,/za. If the value of p is 
equal to the remote stress oo of Figure 8.17, the stress intensity factors for these two problems 
are completely equal. This is a point different from Examples 2 and 3. However, it must be 
noted that the stress distribution o, at y>a is different except for the very vicinity of the crack 
tip. The essence of the difference is the same as the discussion on Figure 8.13. 

How does the difference of the stress distribution influence the strength evaluation? The 
stress o, along the y axis in Figure 8.16 decreases with increasing r as: 


a (8.28) 


In the problem of Figure 8.17, although the major part of stress near crack tip can be approxi- 
mated by Equation 8.28, 0, converges to oo with increasing r. Thus, as the plastic zone size at 
the crack tip increases, the difference between the two cases becomes noticeable. In other 
words, as shown in Figure 8.18, the state of the problem of Figure 8.17 is produced by super- 
imposing the problem of a plate without crack under tensile stress (Figure 8.18b) on 
Figure 8.16. 

Examples 1-4 will be useful for strength evaluation of pipes and hollow circular cylinders 
containing pits and cracks at the inner wall, as shown in Figures 8.19 and 8.20. 


Figure 8.16 Edge crack subjected to pressure 
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Figure 8.17 Edge crack in plate under remote tensile stress 
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(a) (b) (c) 
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Figure 8.18 Difference of pressure load and uniform tension in crack problem. Equivalent loading 
condition: (a) + (b) = (c) 


Sy 


Figure 8.19 Small notch at inner wall of circular hollow cylinder under pressure p 


Figure 8.20 Small crack at inner wall of circular hollow cylinder under pressure p 


Example 5 

In order to determine the stress concentration for the notch in Figure 8.19, it is useful to imagine 

the stress state at the notch by magnifying the detail of the notch, as in Figure 8.21, so that the 

problem of Figure 8.19 can be approximated by the superposition of Figures 8.11 and 8.12. 
In this approximation, the value of o,° in Figure 8.21 is calculated by Equation 8.1 with r=a 

as follows: 


(8.29) 
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Figure 8.21 The method to estimate the stress concentration factor for the problem of 
Figure 8.19 
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Figure 8.22 Estimation method of stress intensity factor for the problem of Figure 8.20 


Thus, the maximum stress at the notch root of Figure 8.19 is estimated approximately by the 


following equation. 
t P\ 
Ormux (2,/2-1)o+ (1 +242) 04 (8.30) 
p p 


Example 6 
The crack problem of Figure 8.20 can also be solved in the same way (see Figure 8.22). The 
stress intensity factor is approximately estimated by the following equation: 


Ki 21.12(p+09) Vat (8.31) 


The essence of the above analysis is not to ignore the term of p in Equations 8.30 and 8.31. 
The error caused by overlooking the term p for pipe lines and pressure vessels with low pressure 
is not so serious. However, if the pressure is high, the mistake by overlooking p will bring about 
a fatal accident. 


Problem of Chapter 8 


1. Explain the reason why the stress intensity factor Kj for the crack in parts a—c of 
Figure 8.23 is 0. 
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(a) (b) (c) 
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Figure 8.23 (a) Crack at periphery of circular disk subjected to external pressure p. (b) Crack at inner 
wall of hollow cylinder subjected to internal pressure p and external pressure p. (c) Crack at outer 
periphery of hollow cylinder subjected to internal pressure p and external pressure p 


Reference 


[1] S. P. Timoshenko and J. N. Goodier (1970) Theory of Elasticity, 3rd edn, McGraw-Hill, New York. 
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Circular Disk Subjected to 
Concentrated Point Forces 


9.1 Basic Solution 


The solution of a circular disk subjected to equal concentrated forces P per unit thickness at the 
two ends of a diameter, as shown in Figure 9.1, can be applied to various practical problems. 
The stress o,, along the y axis and o, along the x axis are expressed by the following equations 
(see Chapter 6 of Part I) [1]. 
o, along y axis: 


2P 
~=— 9.1 
x= (9.1) 
oy along x axis: 
2P 4p* 
Oy= - A (9.2) 
aD (D? + 4x7) 


Although the disk is subjected to a compressive load on the top and bottom of the disk, the 
unique nature of this problem is that 6, along the diameter from top to bottom (y axis) is tensile 
and constant along the y axis. This nature is used for the strength testing of brittle materials such 
as concrete cylinders and rocks. 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
© 2017 John Wiley & Sons, Ltd. Published 2017 by John Wiley & Sons, Ltd. 
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P 


Figure 9.1 


9.2. Circular Hole in Circular Disk 


The stress concentration for a circular hole at the center of a circular hollow disk subjected to 
concentrated compressive loads, as shown in Figure 9.2, is dealt with as follows. 

First of all, let us assume that the diameter of the hole d is sufficiently small compared to the 
diameter of the disk D (d/D < 1). In such a case, the stress state near the circular hole may be 
imagined as Figure 9.3. The stress o,” near the hole is approximated by Equation 9.1 and 0,” by 
putting x=0 in Equation 9.2. 


Thus, 
. 2P 
o. = 2D (9.3) 
6P 
— 4 
Oy nD (9 ) 


Hence, this problem can be reduced to a 2D problem (see Chapter 6 of Part I). The maximum 
StfeSS Omax Occurs at point B and the value is calculated as 


* * 
Omax = 30%. — Oy 


12P (9.5) 
~ aD 


It must be noted that o,,,, is six times larger than o,.”. 
On the other hand, the minimum stress (the maximum compressive stress) occurs at point 
A and the values is calculated as 
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Figure 9.2 Circular hollow disk subjected to concentrated compressive loads 


ty 


Figure 9.3 Stress field near circular hole for the case of d/D < 1 


This is compressive and the absolute value is 10 times larger than o,”. 

Thus, if a hole is present at the center of disk in the problem of Figure 9.2, the stress con- 
centration is fairly large compared to the nominal stress along the section of the disk. 

With increasing value of d/D, the values of 64x and Omin deviate from the values estimated 
above. Table 9.1 shows the result of a numerical analysis for d/D= 0.05 ~ 0.8 (See Part I). 
The stress concentration factor K; is defined based on 2P/xD. 
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Table 9.1 Stress concentration factor at points A and B in terms of d/D (stress without a hole: 2P/xD). 
See Part I. Source: Murakami 2016 [2]. Reproduced with permission of John Wiley & Sons 


dlD Ks Ke P 
0.05 6.095 -10.03 
0.1 6.385 -10.11 
0.2 7.598 -10.53 
0.3 9.856 -11.56 
0.4 13.68 -13.70 
0.5 20.31 -17.80 
0.6 32.84 “592 
0.7 60.45 -42.99 
0.8 140.7 -92.07 


9.3. Various Concentrated Forces 


As explained in the previous section, the stress concentration for a hole with size d/D < | at 
the center of a disk can be calculated by knowing the stress state at the center of the disk. Thus, 
the next step is to find the stress state at the center of a disk under various concentrated forces 
applied along the periphery of the disk. 

The first example is to determine the stresses o,”, o, and nd at the center of a disk sub- 
jected to three concentrated forces, 3P, which are loaded at equal angles of 120° around the 
periphery of the disk, as shown in Figure 9.4. The solution is expressed by the following 
equations’. 


3P 
——— 9.7 
o=-— (9.1) 
3P 
a 9.8 
Oy nD ( ) 
Ty = (9.9) 


The next example is the problem of four concentrated forces, 4P, which are loaded at equal 
angles of 90° around the periphery of the disk. The solution of this problem is easier than the 
case of 3P. The solution is only to superimpose the problem of Figure 9.1 onto the problem in 
which two concentrated forces, 2P, are loaded at the two ends of the disk in the direction of the x 


' See the solution in the Appendix of Part II. 
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Figure 9.4 


Figure 9.5 
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axis, as shown in Figure 9.5. The stresses o,” and oy at the center are given as (7,,” is natur- 


ally 0): 
~_ 4P 
co nD 
~_ 4P 
>” aD 


(9.10) 


(9.11) 


In general, when n concentrated compressive forces P are loaded at equal angles around the 
periphery of a disk, as in Figure 9.6, the stresses o,", 0," and 7,," at the center are given by the 


following equations”. 


? See the solution in the Appendix of Part II. 
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Figure 9.6 
_ nP 
*  zD 
nP 
Ps (9.12) 
J nD 
Tt =0 


It is interesting that the stress state at the center of a disk is always in hydrostatic compression 
regardless of n as long as n> 2 when the same magnitude of concentrated compressive forces P 
are loaded at equal distances around the outer periphery of the disk. Therefore, if a small hole 
with a sufficiently small diameter compared to disk diameter D is present at the center of a disk, 
the stress og at the edge of the hole is given by 


03 = -— (9.13) 


By the way, when uniform pressure p is loaded along the outer periphery of a disk, as shown 
in Figure 9.7, the normal stress is —p and the shear stress is 0 everywhere regardless of direction 
inside the disk (see Example problem 1.1 in Chapter 1 of Part I). The solution of this problem 
for the stress state at the center of the disk can be solved as an extension of the problem of 
Figure 9.6. 

The stresses at the center of Figure 9.6 are given by Equation 9.12 as follows. 
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Figure 9.7 
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For finite n the stress state is hydrostatic compression o,* = 0,* = —p only near the center of 


the disk. Reducing n — oo, the state of Figure 9.6 approaches Figure 9.7 and the zone of the 
stress state o,* =o," = —p is spread to the whole disk. 


Problems of Chapter 9 


1. Determine the stress intensity factor K; for the short crack contained in the disk of 
Figure 9.8. 


P 


D 
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Figure 9.8 Crack contained in a disk subjected to concentrated forces. a< D, plate thickness: 1 


2. Explain the reason that the stress state in the disk of Figure 9.7 is normal stress o= —p and 
shear stress t= O irrespective of direction. 
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3. Explain the reason why disk-shaped concretes and rocks compressed as shown in 
Figure 9.9 fracture by cracking like the dotted line. 


Wt, 


Up 


Figure 9.9 
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Stress Concentration by Point Force 


Concentrated force is defined as a force applied at a point. In this chapter concentrated force is 
termed as point force. There is no actual situation in which force acts at a point. However, in the 
theory of elasticity it is possible to obtain the solution for a force acting at a point. Although the 
solution is completely theoretical and it may be regarded as unrealistic, the solution has an 
important nature and is applicable to various practical problems. In this chapter the basic solu- 
tion and some applications will be introduced. 


10.1 Point Force Acting at the Edge of Semi-Infinite Plate 


Figures 10.1 and 10.2 shows examples of point force acting on the edge of a semi-infinite plate. 
The stress field for the problem of Figure 10.1 (see Chapter 6 of Part I) is given by 


2P cos@ 


ors (10.1) 
oo =0 (10.2) 
719 =0 (10.3) 


The stress field for the problem of Figure 10.2 (see Chapter 6 of Part I) is given by 


2Q sind 


oa r 


(10.4) 


o-= 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
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Figure 10.1 
x 

Figure 10.2 
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x 


Figure 10.3 
o9=0 (10.5) 
Tr =0 (10.6) 


The stress field for an inclined point force, as shown in Figure 10.3, can be obtained by super- 
imposing Figures 10.1 and 10.2. 

The stress fields of Figures 10.1 to 10.3 have a unique characteristic in that, in their r—6 
coordinates, only the stress o, exists and other components are og= 0 and t,9= 0. Because 
of this nature, this unique stress field is named the simple radial distribution. 
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Figure 10.4 Point force acting in infinite plate 


10.2 Point Force Acting in Infinite Plate 


The stress field by a point force P acting in an infinite plate as shown in Figure 10.4 is given by 
the following equation. 


(3+v)Pcosé 

O-p=- 
An r 

gee (10.7) 

An r 

1-vPsin@ 
Tr@ = 

4n or 


Unlike the problem of the previous section, the stress field of this problem is influenced by 
Poisson’s ratio v. This solution is reduced to an extreme case of solution of the problem of 
Section 10.3 by putting a— 0. 


10.3 Point Force Acting at the Inner Edge of a Circular Hole 


The stresses produced by a point force P acting (per unit thickness) at the inner edge of a 
circular hole contained in an infinite plate are calculated by the following stress function [1]. 


2 


a 1 
3 (3-v) 200s} (10.8) 


P 1 1 
p=- a {wr sin 0- qu -v)r log rcos 8- 579 sin 0+ slog r- 
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a 1 
er (3-v) 3008 of 


P | d 1 I 
a (z Fsino2Meoso) —— 


yw dy 1 1 a 1 
tier rsin +2" sin@ qu- a. cos 0 57 ras v) 3 3008 8 
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(10.9) 
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Figure 10.5 Point force P acting in radial direction at a point on the inner edge of a circular hole (plate 
thickness: 1) 


where 


: a rsing ) 
=sin 
" Vr2—2racos 6+ a2 


oy —asind 


Or r—2racosO+a@ 
ay _ 2asin 0(r—acos @) 
or? (r2-2racos 0 +a?) 


10.1 
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00° (r2—2racos@ +a?) 


0 (35) = -a{(r? +.a”)cos 0-2ra} 
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When the boundary conditions of 2D plane stress problems are given by forces or stresses, 
the stress distribution is in general independent of Young’s modulus E and Poisson’s ratio v [2]. 
However, the problem of Figure 10.5 is an exceptional case in which Poisson’s ratio v influ- 
ences the stress distribution. The stress field for the limiting case of a — 0 is reduced to the one 
(Equation 10.7) produced by a point force P applied in infinite plate which is known being 
influenced by Poisson’s ratio v [1]. 

In this regard, there is no contradiction between two solutions. 


10.4 Applications of Solutions 


Although the solutions for the problems of Figures 10.1 to 10.5 look too simple at first glance 
and may be considered to be useless for practical applications, they can be applied to various 
practical problems, such as Figures 10.6 to 10.11. The basic procedure to obtain the stress dis- 
tribution by the principle of superposition for the problems of distributed loading such as 
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(lb 


Figure 10.6 Circular hole subjected to distributed contact loading at inner periphery: applicable to stress 
concentration due to rivet hole 


Figure 10.7 Stress distribution due to distributed loading acting on circular surface: Pressure 
distribution in [—b, b] and a> b given in Equation 10.9 


qs) 


ds 
dP=4q(s)ds 


Figure 10.8 Application of the principle of superposition 


Figures 10.6 and 10.7 is as follows. For this calculation, P in Equation 10.1 is replaced by dis- 
tributed loading q(s)ds acting on the infinitesimal division ds and the equation is integrated with 
respect to s. 

In other applications, the solution can be applied to problems such as Figure 10.9a-c. It 
should be noted that the stress field in the problems of Figure 10.9a—c is not influenced by Pois- 
son’s ratio v. When plural point forces are applied perpendicularly to the inner periphery of 
arbitrarily shaped holes (Figure 10.10) and the resultant forces of all applied forces in the x 
and y directions are in equilibrium, respectively, it is proved that the stress field is independent 
of Poisson’s ratio v [2]. 

If we put P = 2aop in the problem of Figure 10.9a, the maximum stress at the periphery of the 
hole occurs at points A and B of Figure 10.11 and the value is calculated as 
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(a) (b) (c) 


Figure 10.9 Point forces acting in radial direction at inner periphery of circular hole. The stress outside 
the circular hole is independent of Poisson’s ratio v 


Figure 10.10 Point force acting perpendicularly on inner periphery of hole with arbitrary shape. If the 
resultant forces are in equilibrium in the x and y directions, respectively, the stress field is independent of 
Poisson’s v ratio 


4 
Figure 10.11 Stress at points A and B for P= 2aop are o, ( =oy) =-00 
a3 


4 
Oy, =—90 
YA 7 


This value is a little larger than the stress og = 69 for the case of uniform internal pressure p (in 
the case of p=oo) but smaller than 300 due to stress concentration by remote tensile stress oo. 

Although we may be able to obtain similar results on these problems by FEM, it must be 
noted that it is difficult to make systematically clear the crucial parameters which control 
the stress fields in terms of the size of the hole and loading configurations and also difficult 
to judge whether of not the stress field is influenced by Poisson’s ratio v. 
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Figure 10.12 


10.5 Point Force Acting on the Surface of Semi-Infinite Body 


Although the problem of point force P acting on the surface of a semi-infinite body, as shown in 
Figure 10.12, looks similar to the 2D problem of Figure 10.1, there is an important difference. 

In the 2D problem of Figure 10.1, the stress o, in the direction parallel to the edge of the semi- 
infinite plate (y = 0) is o, = 0. However, in the 3D problem of Figure 10.12, the stress o,on the 
surface (z=0) is tensile, as shown by the following equation. 


(10.11) 


This nature is not well known among engineers. It must be noted that the stress on the surface 
of a semi-infinite body subjected to a compressive point force and locally distributed compres- 
sive forces is tensile, as shown above. 
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Stress Concentration by Thermal 
Stress 


Thermal stress occurs due to local temperature difference in a structure. Expansion and con- 
traction are produced by temperature rise and drop, respectively. If the temperature is locally 
different, regions having different temperatures constrain free deformation to each other and the 
deviation from the strain corresponding to free deformation (zero stress state) causes thermal 
stress. 

There are not many closed form solutions of stress concentration by thermal stress. As stress 
distribution under temperature distribution in actual situations is complex, the expression of 
stresses with closed form functions becomes difficult. Therefore, FEM is suitable for the ana- 
lysis of thermal stress problems. 

This chapter explains a few example of basic thermal stress concentration problems for inclu- 
sions. If inclusions contained in a matrix have a different Young’s modulus E;, Poisson’s ratio 
v, and coefficient of thermal expansion ay, residual stresses are generated around the inclusions 
when the material is cooled. 


11.1 Thermal Residual Stress Around a 2D Circular Inclusion 


This problem is similar to the problem of a circular cylinder in Chapter 8 of Part II. Therefore, 
the stress concentration factor can be calculated by solving the following basic equations: 


C 
ieelte 144 
69=Ci-— 
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1 
aa (6,—Vog) 
; (11.2) 
€g= 7 (o9—-Vo,) 
£9= = (u : Radial displacement, see Appendix A.1.5 of Part II) (11.3) 
r 


When an inclusion, such as MnS, has a coefficient of thermal expansion aq; larger than that of 
the matrix, the inclusion contracts more than the matrix during cooling. Assuming perfect 
bonding at the interface between inclusion and matrix, stress at the interface and in the vicinity 
of the interface can be calculated as follows. 

The free contraction displacement of the inclusion radius is 


uy = —ay-AT-a (11.4) 


The free contraction displacement of the radius of the hole where the inclusion is embed- 
ded is 


uy = —ay-AT-a (11.5) 


Since |u;|>|uy|, if the inclusion and the matrix are not bonded, the clearance 
5= (|uz| — |u|) is produced between the inclusion and the matrix. If the interface is perfectly 
bonded, the inclusion is subjected to tensile stress o, = oo and the free contraction is restricted. 
On the other hand, the hole in the matrix is subjected to an identical tensile stress and the size of 
the hole becomes smaller than the size of the free contraction state. In the final state, the diam- 
eters of the inclusion and the hole becomes identical (Figure 11.1). The calculation for this pro- 
cess is as follows. 

Stress, strain and displacement 6, for the side of the inclusion: 


61 = O91 = Oo (Stress in the r direction at interface) 


~ ) 1l-v 
€9 = — (Og -V70/1) = Oo 
0 E; él T°r] E; 0 
5; (11.6) 
€g=— 
a 
1- 
6; = YT aoa 


(a) (b) 


Figure 11.1 Deformation of inclusion and matrix due to temperature drop AT. (a) Circular inclusion: 
E;, v;, aj. (b) Matrix containing a circular hole: Ey, vy, ay 
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Stress, strain and displacement 6, for the side of the matrix: 


C2 
Om =009=C,+—> at r=a 
a 


(11.7) 
om =C,=0 at r=0 
Hence, 
C2 C2 
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Eu 


Since 6; >0, dy <0, the radius of the inclusion becomes larger than the state of free contrac- 
tion and the radius of the hole in the matrix becomes smaller than the state of free contraction. 
Considering 6; + |6y| =6 


+ 
eM -00:-a=6=a,-AT-a—ay-AT-a 
I M 


It follows that the following tensile stress acts perpendicularly at the interface. 


= (a;-ay) AT 

~l-y, 1l+vy 
+ 

E; Eu 


(11.11) 


00 


On the other hand, if the coefficient of thermal expansion of the inclusion a; is smaller than 
that of the matrix aj, compressive stress acts perpendicularly at the interface. In such a case, the 
circumferential stress along the interface of the matrix becomes tensile. 
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af % High temp. wall 


Figure 11.2 Local spot cooled by cold water jet on high temperature wall 


11.2 Stress Concentration Due to Thermal Shock 


Let’s consider the thermal stress generated by quick cooling of a local spot with radius a which 
occurs by supplying cooling water in high speed to high temperature wall with temperature To 
(Figure 11.2). 

It is thought that due to heat transfer there is no discontinuous temperature difference 
between the interior of the local spot subjected to cooling water and the surrounding zone. 
However, in order to determine the upper bound of the thermal stress to be generated, we 
assume that the temperature becomes T= 0 at r<a and T=Tp at r>a instantaneously. This 
situation is similar to the inclusion problem in the previous section. However, since the small 
spot with radius a shrinks instantaneously, it is assumed that the zone outside r>0 cannot fol- 
low the deformation inside the cooled spot. As a result, the small spot r <a is subjected to ten- 
sion from the outside and tries to stay in its original size. Thus, denoting the tensile stress acting 
at the boundary between the low temperature zone and the high temperature zone by oo, 
we have 


1 1- 
a= = (00-V0,)= a0 (11.12) 


d=a-To-a (11.13) 
Considering ¢9 =6/a (see Chapter 2 of Part I and Appendix A.1.5 of Part ID: 


E 


Considering the value of a for steels is the order of a & 1x 107> and Young’s modulus is 
E206 GPa, it can be understood that quite a high tensile stress occurs in the small spot 
due to thermal shock, even for a wall temperature around Tp = 300 °C. 

In the above calculation, it can be understood from Appendix A.1.4 of Part II that 6, =o, =00 
for r<a (see Example problem 1.1 in Chapter 1 of Part I). 


11.3. Thermal Residual Stress Around a Spherical Inclusion 


There are various shapes of inclusions. MnS has a long cylindrical shape elongated by the roll- 
ing process. Al,O03(CaO), maintains a spherical shape without deformation even after the roll- 
ing process. The tensile stress around a spherical inclusion due to external loading and thermal 
stress induced by the cooling process are summarized in Figures 11.3 and 11.4 [1]. 
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a: Coefficient of thermal expansion 
AT: Temperature drop during cooling process 


Figure 11.3. Stress around a spherical inclusion (I: inclusion, M: matrix). (a) Stress around a spherical 
inclusion under remote tensile stress oo. (b) Stress around a spherical inclusion due to the difference in 
coefficients of thermal expansion (case for Young’s modulus E; = Ey, Poisson’s ratio vy =vy) 
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Figure 11.4 Distribution of stress o, on the plane z= 0 for a temperature change of AT =-100°C 
in an infinite body (matrix) containing a spherical inclusion. (a) a; =0.5x 107°, ay = 1.0x 10>. 
(b) ay = 2.0x 107°, ay = 1.0x107> [1]. Source: Murakami 2002 [1]. Reproduced with permission 
of Elsevier 
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Stress Concentration Due to 
Dislocations 


12.1 Basic Equations 


Dislocation is a linear defect in a crystal. Therefore, the stress concentration due to dislocation 
can be interpreted as the stress concentration caused by a kind of geometrical discontinuity. The 


most typical dislocation is an edge dislocation, as shown in Figure 12.1. 


If the line of an edge dislocation is along the z axis and the Burgers vector b is parallel to the x 


axis, the stress around the dislocation is given by Equation 12.1 [1]. 


Gb y(3x* +y") 
O,=- 
2a(1-v) (x2 +y2)? 


___Gb_y(v-y’) 
© Fa —V) (324 2)" 
a(1-v) (x? +y?) 
_ Gub y 
a a(1-v)x? +? 
Gb x(x*-y’) 
p= t= 
s 4 2a(1-v) (x2 42) 
Tyz = Tz, =0 


The stress in the cylindrical coordinate is given by the following equation. 


(12.1) 
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Figure 12.1 Displacement around edge dislocation 
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Gb sin@ 
Or Da 1=v) 
Gb _cos@ 
Tro = ai (12.2) 
—Gvb sin@ 


a a(l-v) r 


As seen in the above equations, the stress at the core of a dislocation becomes unbounded 
within elastic theory. Although it may not be realistic to discuss the exact stress at the core of a 
dislocation which exists in a domain within the atomic order, it can be presumed that an 
extremely high stress concentration occurs at least around the core of dislocation. It has been 
described in several chapters of this book that it is not a rational way of thinking to discuss 
fracture and yielding based on the stress at a point or a very small region. If we discuss fracture 
using only the maximum stress, we reach the unrealistic conclusion that the extremely high 
stress induced at the core of a dislocation by a small applied stress can immediately lead a 
material to fracture. 


12.2 Stress Concentration Due to Slip Bands 


Let us consider a stress concentration due to pile-up dislocations which are blocked by obs- 
tacles at x= +a, as shown in Figure 12.2. This problem is a model of a slip band generated 
in one grain among polycrystals. There is resistance against the movement to dislocations 
on a slip band plane. The resistance is termed the friction force of dislocation. Denoting the 
friction force by t, the stress concentration produced at neighboring grains by the dislocation 
arrays on the slip line (x= —a~a) under remote shear stress 7 is expressed by the following 
equation [1]: 


+1 (12.3) 
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Figure 12.2 Pile-up dislocations on a slip line blocked by obstacles 


For ty = 0, Equation 12.3 is reduced to Equation 2.9. This means that, under the absence of 
friction force or dislocation motion, the slip band of Figure 12.2 is mechanically equivalent to a 
crack. Thus, as slip bands initiate with an increase in the applied stress 7, the stress distribution 
in the vicinity of the tip of the slip bands becomes similar to that of a crack. 

Near the tip of the slip bands (or eventually a crack) at x=a+r, r<a, Equation 12.3 is 
expressed as 


COD ga een vas (12.4) 


(a+r? -@ var 2ar 


The numerator of Equation 12.4 can be regarded as the stress intensity factor of Mode II, Ky. 
It follows that the stress intensity factor Ky for slip bands is defined as 


Kn= (to-tp) aa (12.5) 


From the above analysis, it is noted that the effect of slip bands to neighboring grains appears 
through stress (to —ty) in Equation 12.5 and grain size (2a). 

As schematically shown in Figure 12.3, even if slip bands initiate first in one grain, the neigh- 
boring grains do not necessarily have slip planes in a crystallographically convenient direction 
for slip under an applied remote shear stress to. In order to activate slip in the neighboring 
grains, Ky in Equation 12.5 needs to exceed a certain critical value Kyc. It follows that the 
smaller the grain size, the higher the stress t) necessary for activating slip or yielding of neigh- 
boring grains. In this case, grain size influences through the square root of grain size, that is \/a. 
The rationality of the Hall—Petch equation [2, 3] (Equation 12.6) can be understood from the 
above viewpoint, because it relates the yield stress ty (or oy) of poly-crystalline materials with 
grain size (d) as the following equation: 


C 
r= C4 (12.6) 


Equation 12.6 can be interpreted as (ty —C;) Vd = Constant. 
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& 


Figure 12.3 Stress concentration due to slip bands in poly-crystals 


roe 


Figure 12.4 Slip bands in a surface grain 


Based on the above concept that slip bands are mechanically equivalent to a crack, we can 
understand that grains at a material surface are likely to glide more easily compared to subsur- 
face grains with the same size. Comparing Figures 12.3 and 12.4, a surface grain is mechan- 
ically equivalent to a subsurface grain of twice its size. 
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Stress Concentration Due 
to Contact Stress 


13.1 Basic Nature of Contact Stress Field 


Stress concentration due to contact stress is difficult to treat compared to other problems, 
because a consideration of stress concentration only due to contact stress cannot solve strength 
problems, especially fatigue strength problems. Especially in fretting fatigue, since cyclic ten- 
sile stress acts in addition to contact stress, the role of contact stress must be separately or mutu- 
ally considered with the influence of other stresses. 

When a uniform contact stress qg acts on the edge of a wide plate, as shown in Figure 13.1, the 
stress o,, within x= —b~ b at the edge of the plate (y= 0) is obviously given as 


oy= -q (13.1) 


However, the stress o,, at the same edge of the plate is not well recognized. The value of 0, is 
equal to o, (see Chapter 13 of Part I). Namely, 


Or= -q (13.2) 


The nature of this stress field is the basis for the analysis of stress concentration at a small 
defect present at the edge of a plate under contact stress, as shown Figure 13.2. 

When the contact stress acts through a lubricant between two bodies, the stress distribution 
near the defect will be like Figure 13.3. Namely, a pressure identical to the contact stress acts on 
the surface of the defect. Thus, the stress concentration of this problem is similar to that of a 
defect present at the inner wall of a hollow circular cylinder under internal pressure explained in 
Chapter 8 of Part II. But in the case of contact stress, it must be noted that the major stress o,, is 
compressive. Therefore, the stress intensity factor Kj for a problem like Figure 13.3b is Kj= 0 
or Kj < 0. 
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Figure 13.1 Uniform contact stress 


Figure 13.2 
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Figure 13.3 Stress field near defect. (a) Semi-circular notch. (b) Crack 


In general, as the contact width is limited, as in Figure 13.4, the stress intensity factor Ky 
changes from a negative to a positive value due to the mutual influence of increase in crack 
size and primary stress o,. If no lubricant exists between two contacting bodies, the pressure 
q considered in the above analysis may be excluded from the influence factor to defect. 

The way of thinking described above must be considered for FEM analysis as the basic 
mechanics factor. 
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Figure 13.5 Compression by 2D rigid punch. P is the load per unit plate thickness 


13.2 Stress Concentration Due to 2D Rigid Punch 


Applying a compressive load P on a 2D rigid punch on the edge of an elastic plate, as shown in 
Figure 13.5, a constant displacement is made on the contact plane. The pressure distribution on 
the contact plane is given by the following equation (see Chapter 13 of Part I) [1]. 


(= (|x| <a) (13.3) 


Putting €=a—e, the above equation is reduced to 


P iP 
my/a?—-(a-e)” nv 2ae—& 
PP 1k 
mV2ae VtaV/2ne V2ne 


(13.4) 


where 


2 
Ki = —qoV 24a, qo : Average contact stress P/2a (13.5) 
1 
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Figure 13.6 


Thus, the pressure distribution under the rigid punch is the same as the stress singularity for a 


; : 2 ; 
crack having the stress intensity factor Kj = —qo./za, though the stress is compressive. 
1 


Although the stress under the rigid punch of Figure 13.5 is compressive, if we imagine a 
problem like Figure 13.6 in which an infinite plate containing infinitely deep cracks are con- 
nected with the central part within width 2a in between and is subjected to a remote tensile load 
P, the stress distribution becomes tensile in contrast to Figure 13.5. The stress intensity factor Ky 


2 P 
for this case has the same absolute value as Kj = —o00.\/24a, 00 = oy where the stress ahead of the 
a a 


crack is positive. 


13.3 Stress Concentration Due to 3D Circular Rigid Punch 


As a3D problem similar to the 2D problem (Figure 13.5), a circular rigid punch like Figure 13.7 
is considered. The pressure distribution under the punch is given by (see Chapter 13 of Part I) 


P 


Ss ge (13.6) 


Expressing the stress singularity at infinitesimal distance ¢ from the outer boundary of the 
punch, the singularity similar to 2D problem occurs as 


/ K 
q(e)x P= = J (13.7) 
2J/2ne V2n€ 


> 
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Figure 13.7 Compression by circular rigid punch 


Figure 13.8 


where 


1 
Kj= 7 40V 74, qo : Average contact stress P/na’ (13.8) 


13.4 Stress Concentration Due to Contact of Two Elastic Bodies 


Under the contact of two elastic bodies, as shown in Figure 13.8, a high stress concentration 
occurs at the contact ends A and B. The intensity of the stress concentration is influenced by 
rounding and coning of the corner at the end points A and B of the elastic body © (Figure 13.9). 
The shrink fit problem shown in Section 8.3 is one such example. 

The stress concentration at the contact area is influenced also by the friction coefficient. 
Since in general the stress concentration in practical problems is influenced by complicated 
boundary conditions of the contact area, the application of FEM is suitable for the analysis. 
However, a basic knowledge on the basic nature of a contact stress field and the stress singu- 
larity at the contact area is essentially necessary. 
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Figure 13.9 Magnification of part of A in Figure 13.8 
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Strain Concentration 


When stress and strain are in an elastic state, strains can be expressed with stresses based on 
Hooke’s law. Thus, problems of strain concentration in an elastic state are equivalent to those of 
elastic stress concentration. However, once the stress states satisfy the yield condition of the 
material, the strain concentration factor deviates from the value of the stress concentration 
(Figure 14.1). 

Elastic—plastic analysis is much more difficult compared to elastic analysis. There is no per- 
fect and systematic strain concentration solutions for a notch under elastic—plastic conditions. 
Historically, some simple estimation methods of strain concentration have been proposed. One 
typical method is the Neuber rule. Once the notch tip zone yields, strain concentration increases 
and stress concentration decreases. Considering this nature of stress—strain behavior, Neuber 
proposed the following simple formula [1]. 


VKyK:=K, (14.1) 


where K, is the elastic stress concentration factor, K, is the plastic stress concentration factor 
and K, is the plastic strain concentration factor. K, and K, are defined by the following 
equation: 


K,=Omax/On, Ke = €max/€n (14.2) 


where o, is the nominal stress and e€, is the nominal strain corresponding to o, on the o—€ curve. 
In Equation 14.1, within elastic plane stress conditions K, agrees with K,. 

Neuber derived Equation 14.1 based on anti-plane shear (transverse shear) theory. Therefore, 
it must be noted that there is no theoretical basis for 2D plane stress problems, plane strain 
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Nominal stress 


Figure 14.1 Change in stress concentration factor and strain concentration factor in terms of nominal 
stress increase 


problems and 3D problems. There are many applications and extensions of the Neuber rule. 
However, nowadays we can obtain realistic and practically useful solutions by FEM. 

Strain concentration is strongly influenced by plastic constraint, namely by the extension 
morphology of the plastic zone. Figure 14.2 shows FEM analyses of the growth of a plastic 
zone for the following four cases [2]: 


(a) Tension of thin plate containing a notch (plane stress). 
(b) Tension of thick plate containing a notch (plane strain). 
(c) Tension of cylindrical specimen containing a notch. 

(d) Torsion of cylindrical specimen. 


In the cases of (b) and (c), an elastic core (Figure 14.2b, c) close to a tri-axial tension state is 
formed at the center of the specimen even after general yielding. These elastic cores are pro- 
duced across a minimum section of the specimen as the result of plastic constraint and prevent 
growth of the plastic zone into the center of the specimen. As a result, the strain concentration at 
the notch tip under equal nominal stress is lower in the case of higher strain constraint. 

Figure 14.3 shows the experimental observation of the internal growth of a plastic zone. The 
plastic zones were revealed by a special etching method. 

Figure 14.4 shows the strains measured at different locations of notch root across the thick- 
ness. In the case of a thin plate, the strain is almost uniform across the thickness, and with 
increasing plate thickness, the values of strain become different at different locations on the 
notch root across the thickness. The maximum strain occurs at the midpoint of the notch root, 
as shown in Figure 14.4c. Figure 14.5 indicates that a difference of strains at the surface (the 
notch root edge) and the midpoint cannot be ignored. Compared to the case of a thin plate 
(Figure 14.5a), the strain at the notch root for a thick plate (Figure 14.5c) is lower under the 
same nominal stress. The plastic constraint is the reason for this difference. 
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(a) 
A 
v 
6,/oy= 0.61 
(b) 
A 
a v 


6,1 oy = 0.64 0.82 1.00 1.18 Elastic core 1-35 


— 
a 


o,/oy= 0.71 0.94 1.17 1.40 — Elastic core 1-63 


(d) 


= 
= 
_ 
_ 


T/Ty=0.61 0.83 1.04 1.47 1.90 


Figure 14.2 FEM analyses of growth of plastic zone for different loading types and different specimen 
shapes [2]. Only 1/4 of the specimens and plastic zones are shown from the problem symmetry. (a) 
Tension of notched plate (plane stress). (b) Tension of notched plate (plane strain). (c) Tension of 
notched cylindrical bar. (d) Torsion of notched cylindrical bar, Ty = (ad? /12)(oy/V3). o,: Nominal 
stress; oy: yield stress; d: diameter of minimum section; Ty: general yield twisting moment. Source: 
Murakami 1977 [2]. Reproduced with permission of The Japan Society of Mechanical Engineers 
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(a) (b) (c) 


ro=1.82 7ro=1.96 70=2.23 


10mm ; 
Figure 14.3. Growth of yield zone of notched cylindrical bar (0.10% C annealed steel [2]). (a) d = 8.0, 
D=12.0, p = 0.4, 0 = 60°. (b) d= 8.0, D = 16.0, p = 0.4, 0 = 60°. (c) d= 8.0, D = 16.0, p = 0.4, 0 = 30°. 
ro: Nominal stress at minimum section/yield stress, o,,/oy;, d: diameter of minimum section; D: outer 
diameter; : notch root radius; 6: notch open angle. Source: Murakami 1977 [2]. Reproduced with 
permission of The Japan Society of Mechanical Engineers 
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Figure 14.4 Strain in tensile direction at different locations of notch root [2]. In the case of a thick plate 
having a larger thickness h relative to the notch root radius p, the strain at the midpoint of the thickness is 
notably larger than that at the surface. (a) h/p = 0.5. (b) h/p = 1.0. (c) h/p = 2.0. h: Plate thickness; p: notch 
root radius; o,: nominal stress. Source: Murakami 1977 [2]. Reproduced with permission of The Japan 
Society of Mechanical Engineers 


It must be noted that the point of the discussion of the thickness effect is not the absolute size 
of the plate thickness. The concept of thick or thin in the strength of materials must be judged by 
the relative value of thickness to notch root radius as shown in Figure 14.4. 

Figure 14.6 compares the stress and strain distributions for the tension of a notched plate, the 
tension of a notched cylindrical bar and the torsion of a notched cylindrical bar. Looking at 
Figure 14.6 together with the results of Figures 14.3-14.5 and by imagining the plastic con- 
straint produced by the growth pattern of the plastic zone, the reason for the difference between 
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Figure 14.5 Strain in tensile direction at different locations of thickness at notch root [2]. (a) h= 1.0 mm, 
p=2.0 mm. (b)h=2.0 mm, p= 2.0 mm. (c)h=4.0 mm, p = 2.0 mm. (d) = 2.0 mm, p = 0.8 mm. Source: 
Murakami 1977 [2]. Reproduced with permission of The Japan Society of Mechanical Engineers 
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Figure 14.6 FEM analysis of strain distribution ahead of notch [2]. The vertical lines connecting the 
calculated values show the range of variation of calculated values. (a) Tension of notched plate. (b) 
Tension of notched bar. (c) Torsion of notched bar. Source: Murakami 1977 [2]. Reproduced with 
permission of The Japan Society of Mechanical Engineers 
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Figure 14.7 Specimen for comparison of tensile fracture strength at the notched part and at the smooth 
gage part with the same diameter (0.10% C annealed specimen). Notch root radius p = 0.4 mm, notch 
depth t = 4 mm, diameter of minimum section at notched part d = 8 mm, stress concentration factor at 
notched part K, = 7.32 


these three cases can be understood. Thus, the strain concentration and strain distribution 
at a notch are strongly influenced by plane stress state, plane strain state, loading modes and 
specimen shapes. 


Example problem 14.1 
Predict the location of a fracture by tension of the notched specimen of Figure 14.7 and explain 
the reason. Assume that the material is a ductile steel. The specimen has the same shape for both 
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the right and left half sides. The minimum diameter at the notched section and the diameter at 
the smooth gauge section are equal, d= 8 mm. The specimen has thread parts at both ends for a 
testing attachment. 


Answer 

As shown in Figure 14.8b, this specimen fractured at the smooth gage section after the necking 
(for detail, see Figure 14.9). During the tensile test, an elastic core with tri-axial tension, as 
shown in Figures 14.2 and 14.3, is developed at the central part of the notched section and then 
the maximum endurable load with plastic deformation became higher than that of the smooth 
gage section. Thus, for the strength design against static loading only the analysis of the 
notched part is not sufficient. On the other hand, it must be noted that in the case of cyclic load- 
ing the notched part becomes the fracture origin. Thus, analysis from the viewpoint of fatigue 
is necessary (Table 14.1). 


me HN tnt 


(b) 


. 


need heen 


Figure 14.8 Pictures of specimen before and after tensile test. (a) Specimen before tensile test. 
(b) Specimen after tensile test 


Figure 14.9 Magnification of fractured section 
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Table 14.1 Dimensions of specimen before and after tensile test, and mechanical properties 


(a) Dimensions of specimen. 


p=0.4 
fa Fractured section 
/__~, 7 
Sc matbet ab atcitetiniede heated eetletnas (6) eee eee + 5 G)) bees eeeeeeeennies Gps Gentnee [eters Geen ementneneey Benen 
60° 
© > © + 
oO) @ @ @ ) © @ 
Before test 8.016 8.018 8.019 17.41 14.045 16.69 41.361 41.277 
After test 7.017 8.014 4.301 21.49 14.067 21.455 46.730 51.590 
unit : mm 

(b) Mechanical properties. 

Upper yield Lower yield Ultimate tensile True tensile Fracture Reduction of 
stress stress strength strength elongation area 
(MPa) (MPa) (MPa) (MPa) (%) (%) 

256 (276) 208 (210) 390 910 53:1 71.2 


Note: The upper and lower yield stress in parentheses show the values at the second yielding 
corresponding to either side of the smooth gage sections. 


(c) Reference (standard mechanical properties of 0.10% C annealed steel). 


Lower yield stress Ultimate tensile strength Reduction of area 
(MPa) (MPa) (%) 
203 372 67.7 
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Answers and Hints for Part II 
Problems 


Chapter 1 


1. ooa 
The force acting over the region of the circular hole (y= 0 ~ a) when the hole does not 
exist is released and this released force is supported by the region outside the hole, that is 
y=a~ oo. Since the solution is evident, an integral calculation is not necessary. 


Although oy along the x axis is not zero, the stress varies from compression near x= to 
tension as x increases away from the edge of hole. Since o, = 0 at infinity, an integral 
calculation is not necessary. The integral should be 0 from the equilibrium condition. 

3. (1) ooa 

The same reason as Problem 1. 
(2) 0 
The same reason as Problem 2. 

4. Assuming the stress concentration factor as K*, the estimated value of the stress concentra- 
tion is Kkx= ~ 3x k*. 

5. As the stress and strain in the inclusion are uniform (see the note at the bottom of Table 1.2), 
the shape after deformation is an ellipse. 

6. As the thin sheet deforms by following the deformation of the thick plate, the strains inside the 
thin sheet become the same as those of the thick plate. However, since the elastic moduli are 
different, the stresses inside the thin sheet are different from those of the thick plate. The stresses 
are determined by the following equations. The suffixes A and B denote the materials A and B. 


Theory of Elasticity and Stress Concentration, First Edition. Yukitaka Murakami. 
© 2017 John Wiley & Sons, Ltd. Published 2017 by John Wiley & Sons, Ltd. 
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1 


ea (Ox —VAdya) = 


Ex 

E ! (o VAO. ) V a 

yA = \OyA~VAOxA ) = “VAT 
Ea 


Ea 
ExB = ExA 
EyB = €y A 
1 


&3B = Es (ox8 —VBOyp ) 


1 


EyB = Ee (op —Vp0yB) 


7. When a projection exists between A and B in Figure 1.44b, the deformation between A and 
B is constrained and remains smaller than the case with no projection. This situation is 
equivalent to the deformed state from the state of no projection by applying shear stress 
on the edge of the plate in the direction to recover the constrained length (to the direction 
of shortening the length AB). This shear stress produces tensile stress concentration near 
points A and B. 


8. 6) =209. 0 =209/(1+Vv) 


Chapter 2 


1. The stress at crack tip is 6,= —Oxo (see Section 1.2.1) even for the application of 
StfeSS 0; = Oxoo. Stress intensity factor is the quantity related to the singularity of r~°> 
and a constant value of the stress at crack tip does not contributes to the value of stress 
intensity factor. 

2. (1) ooa 

The same reason as Problem 1 of Chapter 1 of Part II. 
(2) 0 
The same reason as Problem 2 of Chapter 1 of Part II. 
3. For example, using the value for notch open angle 30°, the estimated values are 
K, = 5.339 for t/p= 4 
K, = 7.264 for t/p= 8 


Expressing K, as K, A+ By/; 


(Note: A and B are approximately constant, though A and B are not exactly constant 
values.) 


1 t 1 
Kj <5 Valin yp (A+B |") oo= ~/1By/too 
2° p-0 p 2 
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Calculating B from K;, for t/p = 4 and t/p= 8, 


A+B V4= 5.339 
A+B V8=7.264 


And then, 


_ 7,264—5.339 1.925 


= =2.324 
2/2-2 0.8284 


Thus, 
1 
Ki=5x 2.32409 Vat = 1.16209\/at 
The exact solution is Kj=1.121569/zt. 


4. Calculate by the same method as Problem 3 of Chapter 2 of Part IL. 
Ke A+B [25.59 for t/p= 16 
p 


KeA+B [= 10.27 for t/p = 64 
p 


A+BV16=5.55 
A+BvV64= 10.27 
4B = 10.27 — 5.55 
B = 1.18 


Diaz. irr a\ W 
Kj= 5 V7 lim /pK,00 = 5Vilim Va( A+B, /°) Wea 


1 WwW 1 
= ~B:-——o\/na= = X 1.18 x 20\/na=1.180./na 
2 W-a 2 


If we use the equation Kj = F(A)o,/za in Figure 2.10 of Section 2.6, we can confirm the 
accuracy of the above calculation as follows. 


F(A) = (1-0.02527 + 0.061") \/sec(xA/2) 


(1-0.025 x 0.5” +.0.06 x 0.5*) \/sec(z/4) 
(1-0.025 x 0.25 + 0.06 x 0.0625) x 1.189 
( 
1 


1-—0.006 25 + 0.00375) x 1.189 
.186 


Note the definition of o and o. 
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5. Fora < W, the equation in Figure 2.11 of Section 2.6 is used. x is the distance from the edge 
to the interior. 


0(x) =[1-x/(W/2)]-max = [1—x/(W/2)]-M/(tW?/6) 
K= ow Va 1215 ~0.6829 xa/(W/2)] 


6M 2 
= vm (1.1215-0.6829 x 7) 


6. If we magnify the crack tip of Figure 2.32 and imagine a small radius of curvature at 
the tip, the initial crack emanates in the direction of +46°, as shown in Figure 2.31. 
However, as the crack grows by a small distance, the crack changes the propagation 
angle to the direction perpendicular to the maximum tensile stress. This direction is 
70.5°. With the decreasing radius of curvature at the extreme crack tip, the distance 
of propagation to 45° decreases and the actual propagation angle for the crack 
becomes 70.5°. As the length of crack increases more, the propagation angle changes 
again under the influence of remote stress to the direction perpendicular to the 
remote tensile principal stress. 


Chapter 3 


1. na’ po 
This problem is similar to Problem | of Chapter 1. 
2. (a) Midpoint of side AB and midpoint of side CD. (b) Midpoint of side BC. (c) Inner crack 
tip of the annular crack. 
. (a) Points A, B, C and D. (b) Point B 


4. Case (1) a=b: 
ov nb 

E(k) 
From Equation 3.7, Kina, =0.50./a,./area. 

2 
As E(0)=2/2 for a=b, Kip = —oV 2b =0.63660vV ab. 

n 
And Kina, & 0.50\/2./area=0.50V aV 1b* =0.6657ovV ab . 


Thus, the relative error = 4.6%. 
Case (2) a= 2b: 


1 
As E(0.8660) = 1.211(0) for a= 2b, Kig= Tan?” mb = 0.82580V ab 


And Kina, & 0.504/a./area =0.504/2/n(2b)b = 0.79160. ab 


Thus, the relative error = —4.1%. 


iS) 


From Equation 3.9, K7g = 
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Chapter 4 


1. (a) Kp =00\/na, Kip =00\/aC 
(b) Kp = 00, Kyp =o00\/a(a+c) 

2. (a) Kip =00\/ma 
(b) Kis= 500m 
Since Kjp is also Kjp = 1/200,/za, the total stress intensity factor for twin cracks of b/a > 0 
is equal to Ky =00,/za. 

3. Machining additional the notch with R3.5, the corner between the grip end and the smooth 
section with 13 mm diameter has an effect equivalent to a larger radius. If machining only 
one corner radius R to reduce stress concentration, it is necessary to machine the specimen 
diameter smaller than 13 mm or to increase the diameter of the grip end; and this change in 
specimen shape and dimension creates other troubles, such as specimen failure outside the 
gauge section or the necessity of preparing a larger and heavier grip of the testing machine 
which prevents high speed operation of the testing machine. 

4. (1) o, at point B, is larger than that at point Bo. The field of the stress o, around the central 

hole is lower than the fields of the stress o,. around the two outside holes. 

(2) o, at point Ag is larger than that at A;. The field of the stress o, around the central hole is 
higher than the field of the stress o, around the two outside holes due to the superpos- 
ition of the stress distribution by the outside two holes. 

(3) 2369. Use the concept of the equivalent ellipse. 


Chapter 5 


1. Since the notch root radius of Figure 5.9a and b are equal, the stress distributions for both the 
notches are equal when the maximum stresses at notch root are equal. Therefore, 


K;'oy' = K;ow 
, 3-065 3.065 3.065 


0, = Ow= Ow = 6, =0.6130,, 
. 1+2,/5 14+2V4 5 


Chapter 6 


1. Due to the concentrated forces at the four corners of the plate, the bending moment per unit 
length occurs along the dotted line in Figure P6.1a. The bending moment is expressed as 
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Therefore, Figure P6.1a is equivalent to Figure P6.1b. In this state, the maximum stress 
Omax at the edge of the circular hole is calculated using Equations 6.1 and 6.3 as follows: 


M 6M 


BOO 
# h 


_5+3v l-v _4+4v_ 4(1+v) 
~34p 34v 34v 34 


Omax = K; 


t 


(b) 


Figure P6.1 


54+3v l-v 6+2v 

= + = =? 
34+v 34+v 340 

M 6M 


pa 
6 


t 


Omax = K; 


Chapter 7 


1. The use of Airy’s stress function ¢ is known as one solution for elastic plane stress prob- 
lems. ¢ is a bi-harmonic function which satisfies V+ =0 and stresses are given as the sec- 
ond derivatives of ¢ in terms of the coordinates. Therefore, if boundary conditions are given 
by forces and stresses, the solution @ is independent from elastic moduli. In these cases too, 
strains and displacements are naturally influenced by Young’s modulus E and Poisson’s 
ratio v [1] (see Chapter 6 of Part I). 


2. Stress is given by the second derivatives of @. If boundary conditions are given by displace- 
ments or strains, the values of the second derivatives of ¢ are influenced by Young’s modu- 
lus and Poisson’s ratio. As a result, stresses are influenced by Young’s modulus and 
Poisson’s ratio. 
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3. Learning from the nature of stress concentration, stress concentration occurs due to a release 
of the force supported by the region of notches when the notches are absent or being moved 
to other region. The mechanism of stress concentration due to cracks is basically the same. 
The stress which exists ahead of a crack before crack initiation has no relationship with the 
stress singularity. 

Based on this idea, in the problem of Figure 7.9, the following quantity of stress should 
have a relationship with stress singularity. 


(nip - 00) = 4.0409 — 00 = 3.0400 


Likewise, in the problem of Figure 7.10, the following quantity of stress should have a 
relationship with stress singularity. 


(sip —95) = 9.1500 - 1.9609 = 7.1909 


Since the stress intensity factor for the crack of Figure 7.9 is Kj = 1.1870 9,/zc, the stress 
intensity factor for the crack of Figure 7.10 can be estimated as follows: 


Je 
Vate 


7.1960 
3040 


x 1.18700\/nc =2.81loo./ac =2.81lo0.\/a(atc): 


Ki =1.4700\/a(a+c) 


Reference 
[1] Y. Murakami (1976) Trans. Japan. Soc. Mech. Engrs., Vol. 42-360, 2305-2315. 


Chapter 8 


1. See Appendix A.1.4 of Part Il or Example problem 1.1 of Chapter | in Part I. The stresses 
everywhere in circular plates are as follows and there is no singularity. 


O;=—P, O9=—P, Tro = 0. 


Chapter 9 


2. See Appendix A.1.4 of Part II. 
3. Uniform tensile stress 2P/nD (Equation 9.1) acts along the diameter of the direction of the 
load P. 


Appendices for Part II 


A brief summary of useful principles and equations of theory of elasticity and stress 
concentration 


A.1_ Basis of the Theory of Elasticity 
A.l.1 Rule of Shear Stress 


Shear stresses act always at orthogonally intersecting planes as a set, as shown in Figure Al.1. 
Shear stress action as shown in Figure A1.2 is impossible. This is the basic rule of shear stress 
irrespective of coordinates. 


A +— B 


Figure Al.1_ Possible set of shear stress actions 
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Figure A1.3 


A.1.2. Stress Transformation Equations 


A.1.2.1. 2D Stress Transformation 


Of= 6,COS?0 + oysin’O + 27,y cos @sind 
On= oysin’@ + OyCOS"O— 2Tyy cos @sin@ (A1.1) 


Tén = (o, - Gx) cos Asin 6 + Ty (cos*0 -sin’ 0) 
See Figure A1.3 
A.1.2.2 3D Stress Transformation 
Of= 6x)" + oymy” + ony" +2 (taylymy +Ty,mymy + Tl) 


Ten = Onl ly + OyM{ My + OZNj Ng + Ty (Lym + Lym) + Ty2(mMyN2 + M9N1) + Te(M by + N21) 


Tee = Oxly lg + OyMy M3 + ON] N3 + Ty (lym + 13m) + Ty,(mN3 +113N1) + T(M bg +31) 


(A1.2) 


See Figure A1.4 and Table A1.1. 
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E(1,,m 4,11) 


Figure A1.4 


Table A1.1 Direction cosines. A direction cosine is the 
cosine for the angle between two axes 


x y Zz 
é L m, ny 
n l, mM Ny 
¢ l 3 m3 nz 


A.1.3 Principal Stresses 
A.1.3.1 Principal Stresses for 2D Problems 


Principal stresses are defined as the normal stresses which act on planes with no shear stress 
(Figure Al.5b). The larger one is denoted by oj and the smaller one is denoted by op. 
0, and o> are determined by 


=0 (A1.3) 


The roots of this determinant are given by 


2 
y toy) + yy Oy) +4T yy 
— (0, oy) : oy) Txy (A1.4) 
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Figure A1.5 


Once the principal stresses o; and o> are determined, the angles for the direction of the prin- 
cipal stresses, 0, and @> (the principal axes), are determined by the following equations: 


0; =tan7! (=) 
Txy 


01-0 a 
iat! (|= or 6)=0,+— 
Txy 2 


(A1.5) 


The principal axes intersect orthogonally. 


A.1.3.2 The Principal Stresses for 3D Problems 


The principal stresses for 3D problems are also defined as the normal stresses which act on 
planes with no shear stress. Three principal stresses are the roots of the following determinant. 


(o a 0) Txy Tz 
ty (o-6) ty, |=0 (A1.6) 
Tex Ty (o,-0) 


A.1.4 Stress in a Plate of Arbitrary Shape Subjected to External Pressure 
p along the Outer Periphery 


As shown in Figure A1.6, when a plate with no internal hole is subjected to a constant pressure 
p along the outer periphery, the normal stress inside the plate is o= —p and the shear stress is 
t= 0 everywhere irrespective of direction [1] (see Chapter | of Part I). 

Consider a rectangular plate subjected to pressure p along the outer periphery, as shown in 
Figure A1.7. The stresses inside the rectangular plate in the xy coordinate system are 0, = —p, 
Oy = —P, Txy = 0. Draw a closed loop I’ with the same shape as Figure A1.6 inside the rectangu- 
lar plate, as shown in Figure A1.7. Draw the normal line to the periphery at an arbitrary point 
B of I and define the line as the € axis. Take an arbitrary point O’ on the & axis and define the 


Appendices for Part II 429 


1 
A 
' 
| 
i) 
| 
i 


| E= P 


Figure A1.6 Plate of arbitrary shape subjected to external pressure p 
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Figure A1.7_ Rectangular plate subjected to external pressure 


&—n coordinate system with the origin O’. Denoting the angle between the x and é axes by 0, the 
stresses at point B are calculated by Equation A1.1 as follows. 


Oc= o,C0s’O + oysin’@ + 2T,, COS O-sin 9 = —pcos’6—psin?0+0=-p (A1.7) 


Tey = (0y— 0x) COSO-SiNO + Tyy (cos’0- sin’@) =0 (A1.8) 


Since point B is nota special point on I’, normal stress is —p everywhere on I and shear stress 
is 0. This means that the boundary condition for a plate encircled by I’ drawn in the rectangular 
plate is identical to the boundary condition of Figure A1.6. Therefore, in order to determine the 
stress state at point A inside the plate of Figure A1.6, it is only necessary to determine the stress 
state at the same point inside I’ of Figure A1.7. As explained above, since point B is not a spe- 
cial point in the rectangular plate, the stress at point A can be expressed in the same manner as 
point B. Consequently, the stresses inside [' are o= —p and t= 0 everywhere and in every 
direction. 
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Figure A1.8 


In this problem, the stress state inside the plate can be obtained only with the boundary con- 
dition and stress transformation equation. It should be noted that, in this problem, nothing about 
the material properties except for homogeneity is assumed. The conclusion obtained from this 
problem is notably important to be memorized not only for elasticity problems but also for vari- 
ous plasticity problems. 

Applications of this problem appear in many problems throughout Parts I and II of this book. 


A.1.5 Relationship between Strains and Displacements in Axially 
Symmetric Problems 


Assume an axially symmetric hollow circular cylinder as shown Figure A1.8 which is subjected 
to axially symmetric loading such as internal pressure and external pressure. (Also see 
Chapter 2 of Part I.) 

The displacements and strains at radius r are denoted as follows: u: displacement in r dir- 
ection; v: displacement in @ direction; 

€,: normal strain in r direction; ¢g: normal strain in @ direction. 

The relationship between strains and displacements is expressed as follows: 


du 
€p = — 

dr 

. (A1.9) 
€g=— 


It must be noted in the above equation that ¢, is expressed with a derivative of u and eg 
is directly related to u. Therefore, in order to determine the displacement in radial direction 
u, it is important to pay attention not to radial strain €, but to normal strain €9 in the 0 dir- 
ection. This important nature of the displacement-strain relationship is not well known among 
engineers. 
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A.1.6 Hooke’s Law of Isotropic and Homogeneous Elastic Material 
E: Young’s modulus; v: Poisson’s ratio; G: shear modulus. 
E 
G= Al.10 
2(1+v) ( ) 
A.1.6.1 2D Plane Stress (6, = 0) 
1 
&y= E (o,-voy) 
= (6-¥0%) 
€y = — (Oy —-Vo, 
Ode (A1.11) 
€,= —=(6,+0y) 
Txy 
Vxy = G 
A.1.6.2 2D Plane Plane Strain (¢, = 0) 
1-1? V 
plate pepe 
E -V- 
l- 2 
ey=—— [o,-~«,| (A1.12) 
E l-v 
Tx 
Vy = Gon =v(0, + oy) 
A.1.6.3 2D Polar Coordinate System (r, 0) 
r) 
E-= por 400) Ep = 5 
lo Al.13 
£9 = —(09-V0;) cya oe ( ) 
_ To lou ov v 
t= G 0-30 Or or 
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Ly 
x 


Figure A1.9 


As shown in Section A1.5, the relationship between strain and displacement for axially sym- 
metric problem is expressed as 


du 
= = 
of (A1.14) 
€g=—- 
; 
A.1.6.4 3D Orthogonal Coordinate System (x, y, z) 
See Figure Al.9. 
= = [o,-v(0y+0,)] 
oe 
éy : [o,-v(o, + 0;)] 
(A1.15) 
we Geavetes) 
— 7 
Txy Tyz Tx 
Vay GE? Yyz = G’ Vx = G 
A.1.6.5 3D Cylindrical Coordinate System (x, 0, z) 
See Figure A1.10. 
i 
aa [o, -v (69 +.0,)| 
1 
€9 = —|o9-v(6, + 0;)| 
E (A1.16) 


E,= ple Ulor +09)] 


Trd TOz Tzr 


z 


Yro= Glee Gr G 


Important point: Normal strain ¢ = 0 does not necessarily mean o = 0 in the same direction. 
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Figure A1.10 


(a) (b) (c) 
oes 7 a 
EE 


Figure A2.1_ (a) Mode I (opening mode). (b) Mode II (in plane shear mode). (c) Mode III (out of plane 
shear mode) 


Figure A2.2 Crack in infinite body. The z axis is perpendicular to the page plane 


A.2 Stress Field at Crack Tip 


The equations of the stress fields in the vicinity of a crack tip expressed in terms of stress inten- 
sity factor in plane stress and out of plane shear problems are given as follows (Figure A2.1). 


A.2.1 Expression of Stresses and Displacements (u, v) in x, y, z Orthogonal 
Coordinate System 


A.2.1.1 Mode I (Opening Mode) 
See Figure A2.2. 
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0 30 
5 008-5 (A2.1) 


oa 59 
1+2 
atl sin 5) 
. 0 
eau) o(« + 1-2cos” 5) 


v: Displacement in y direction 


A.2.1.2 Mode II (in-Plane Shear Mode) 


Ky. (2 i 0 ) 
Ox=- sin— cos—-cos— 
V2ar 2 2 2 
Ky . 0 0 0 
Oy= sin=-cos—-cos 
i Qar 2 2 2 
Ky 0 ake 0. 30 
t= cos —sin=-sin 
y ae 5 5) (A2.2) 


ae g 2 ae 
Yel =sin; K Oe 5 


K 
aa gael eaicose” 
2G\ 2x 2 2 


v: Displacement in y direction 


A.2.1.3 Mode III (out of Plane Shear Mode) 


Cg Ain ane 
w Viar 2 
C= An pre A2.3 
y= ECS 5 (A2.3) 
2Kin ry, 0 
= —,/—siIn= 
G 2x 2 


where G: shear modulus, v: Poisson’s ratio and 


Appendices for Part II 435 


(3-v)/(1+v) : Plane stress 
K= (A2.4) 
3-4v — :Plane strain 
A.2.1.4 Stress Components in Polar Coordinate System 
K; 0 1 7) a Ky 5.060 e 3. 30 
o ae 4°85 qoos 5 a qsing qsin 5 
0 K 0 0 
0g= : ( cos= + ee ) {24 (~jsin Se ) (A2.5) 
/2nr \4 2 2nr 4 2 4 2 


A.3 Stress Concentration for a Circular or an Elliptical Hole with 
Diameter Approaching to Width of Strip (a/W — 1.0) 


The stress concentration at the limiting configuration of this problem was solved by W. T. Koiter [2]. 
Here, the stress concentration for the limiting case of a hole, which has the notch tip curvature of anm 
degree curve (m> 1), is determined (Figure A3.1). 

Consider the half part of the configuration of a hole approaching the strip edge, as shown in 
Figure A3.2. 


O x 
+ > 
Oo >o 
+ > 


Figure A3.1 Circular or elliptical hole approaching the strip edge 


y=h(1+x") 


Figure A3.2 Limiting configuration of hole approaching the strip edge 
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P is the resultant force and M is the bending moment acting at the minimum remaining 
section of the strip. The width of the minimum section is denoted by / and the thickness of 
the plate is assumed 1. h is assumed sufficiently small compared to other sizes of the plate 
and the curvature of the hole is expressed as y=h(1+.’"). If h is sufficiently small, the stress 
distribution at the section near the minimum section may be assumed linear as the combined 
result of the resultant force P and the bending moment M. Thus, assuming the part near the 
minimum section as a beam, the basic equation of the strength of materials is applied to cal- 
culate the inclination of beam y’ at the origin, as follows. 


Jo EI 


’ pee eh ax (A3.1) 


where xo > 1. E is Young’s modulus and J = (1/12)h3(1+x")°. The following integral for- 
mula is used to calculate Equation A3.1. 


q 
I|p,q,m| = [2"(a" +b) dx 


F (A3.2) 
xP*l(ax™+b)2*"  p+m+qm+l 


= Ifp,q41 
(q+1)mb + (q+1)mb [p.q+ l,m 


Putting J, =/[0, —3,m] and J; =1[0, —2, mJ, and considering xo >> 1, the relationship between 
I, and J, is derived as follows: 


a if (A3.3) 


Thus, using Equation A3.3, Equation A3.1 is expressed as 


Sap tp) (2maB) fp | 12h no 
1= 2 Im } 2 { ER 


Since y’ = 0 at the origin, M and P must satisfy the following relationship: 


es A3.5 
~ 2(2m-1) eee) 


Consequently the stress concentration K; at the edge of hole is given by 


6M 3 
Fre ce ie ee AB. 
ct pps mal Ca 


From Equation A3.6, K,= 2 for circle and ellipse (m= 2). In the case of m= ov, naturally 
K,= 1, uniform tensile stress state. 
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A.4 Stress Concentration and Stress Distribution Due to Elliptic Hole in 
Infinite Plate Under Remote Stress (6,,6y,Txy) = (6x .00sy os Txy o ) 


When an infinite plate containing an elliptic hole with major axis a and minor axis b, as shown 
in Figure A4.1, is subjected to a remote uniform stress (0) ,., Ox005 Txy o, )» the maximum or min- 
imum normal stress o,, along the edge of the hole is given by the following equation [3]. 


- (R4 + 2R? —1-2R* cs 20) 6x00 + (R*-2R? — 1 +2R* cos 20) 0y 00 —AR* Ty 00 sin 20 


a R! —2R?cos20+1 


where @ is the value which satisfies the following equation. 
O00 (R°—R'—R? + 1) Sin 20-609 (R°+ R'—R? — 1) Sin 20 + 2tyyo0R? {2R’ — (R* + 1)cos20} =0 


and 


When the remote stress is only 7,,,,, the maximum or minimum normal stress o,, along the 
edge of the hole is given by the following equation [3]. 


Ozto, 6, _ 4K sin20 
Tryco Tryon. +=: 2R2 cos 20—R4-1 


where @ is the value which satisfies the following equation. 


2 2s: 
cos20= a = iiss 
R*+1 W741 
A=a/b 
yoo 
a 
—> —_> —> Tryoo 
a Txyoo 
+ — 
’ Blb. On t 
A 
Ox00 4 uf -—_s t —> Px00 


Figure A4.1 
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A.5 Verification of Stress o¢, o,, 7,, at a Disk Center Subjected 
to Periodical Point Forces Around the Outer Periphery 


O;, Oy, Try are given in Equation A5.1. 


es nP 

x nD 

~_  mP (A5.1) 
ot = —- 

y xD 
Try =O 


where n> 3 (Figure A5.1). 
First of all, let us start from the easy problem of n= 4. 
The stress at the center for Figure A5.2 can be determined by the superposition of a pair of 


point forces © and another pair of point forces ©, using Equations 9.1 and 9.2 (or 
Equations 6.92 and 6.93 of Part I). 


The stresses at the center due to the pair of point forces © are 


(A5.2) 


Figure A5.1 This is the same as Figure 10.6 
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P 

D 
<————> 
Figure A5.2 


The stresses at the center due to the pair of point forces @ are 


ee 
a, nD 

A5.3 
ne ( ) 
»”~ £D 

Superposing Equations A5.2 and A5.3, the stress at the center becomes 

«. 4P 
a nD 

AS.4 
2 Ae ( ) 
yD 


Next is the case of n = 3. Regarding the problem of Figure A5.3, the shear stress at the center 
(0, 0) is ty" = 0 from the symmetry of the problem (from 7,,° = 0, try" = Gy," = 0). 

Although the normal stresses at the center (o,", o)*) are unknown, considering the nature of 
Txy* = 0, the normal stress o* in the radial direction of 0 = — fs is calculated by stress transform- 
ation as 


62" =0," COs” (-<) +oy"sin* (-<) (A5.5) 


Since the y axis is the direction of the application of the same point force P, the stress o¢* 
should be equal to o,*. It follows 


va 90 
Oy" = 6x" Cos” 6t oy" sin 6 (AS5.6) 
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Figure A5.3 
Thus, 
0," cos" = oy" 00s" (A5.7) 
Consequently, 
a, =o, (A5.8) 


This result describes that at the center of Figure A5.3 the stress state is hydrostatic compres- 
sion aS Txy* = 0 and o,* = o,*, namely the normal stress at the center has the same value not only 
in the x and y directions but also irrespective of direction. 

Therefore, the stress at the center of Figure A5.3 is 1/2 of the stress at the center of 
Figure A5.4 for n= 6. 

The stress o,* at the center of Figure A5.4 is determined by the superposition of the pairs of 
point forces ©, @, @. The influences of @ and © on o,* are equal. Therefore, superposing 


Equation A5.2 and the stresses in the y direction transformed from the stress due to pairs of 
forces @ and ©, o,* is given as follows. 


1 
(A5.9) 
_ 6P 
~ aD 
The nature of stress field o,* =0,* is already described. 
Consequently, the solution for the case of n= 3 is 
e328 
a) 
A5.10 
3P ( ) 


Appendices for Part II 441 


Figure A5.4 


When 7 is an even number, all point forces make a pair in the diameter direction respectively 
and the stresses at the center can be determined using Equations A5.2 and A5.3, stress trans- 
formation and superposition. When n is an odd number, following the same method of the solu- 
tion for n= 3, 2n forces are applied and the problem for the even number is first solved. The 
final solution is 1/2 of the result of this calculation. 

After the solutions for n = 3, 4 are obtained, the solutions for the problems with multiple n are 
simply multiplied with the multiplication number for n = 3, 4. The specific nature of this prob- 
lem is that the stress state at the center is hydrostatic, that is o,* =o," and 7," = 0. 
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